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PREFACE 


This edition, like the previous ones, aims to give sufficient develop- 
nent of the theory of concrete design with illustrative examples to ensure 
he beginner a thorough understanding of the fundamentals,—CoDQLpiote^ 
lesigns of some of the more common structures are given in order to fur- 
lish a’vehicleTor ISriiiging^together all the fundamental theory involved, 
t presehTs“lhe niaferial for a first course and one or two advanced courses 
)n the design of reinforced concrete structures covering the entire field of 
)f the customary reinforced concrete design with the exception of some 
lighly specialized and involved unusual structures, such as shell construc- 
ion and the like. 

I In order to take into consideration the many new developments and 
:‘haiiges in design codes in the last fifteen years, the book has been 
:ewritten, while still retaining the basic method of presentation and the 
general arrangement of material. Greater emphasis has been given to 
i thorough ^discussion of basic structural performance, fundamental 
nechani(‘s, and physical explanation. 

The treatment of rigid frames has been completely revised to include, 
jbesides a new treatment of slope deflection, an extensive discussion of 
|the moment-distribution method, including side sway as well as the 
bustomary abbreviated methods of analyzing tier buildings for vertical 
and horizontal loads. As now constituted, the section on rigid frames 
[*aii be used without reference to other texts to provide all or nearly all 
the information on indeterminate analysis in connection with an advanced 
course in reinforced concrete design. 

The great attention given in the last few years to ultimate design is of 
sufficient importance so that the student even in an elementary course 
should be cognizant of this trend. The same is true of the development 
3f prestressed concrete. Therefore a new section covering these features 
las been added. 

In general, the provisions of the American Concrete Institute’s Build- 
ng Code or those of the American Association of State Highway Officials 
lave been followed, although examples have been included not completely 
ollowing those provisions, since all building and highway codes do not 
onform to these standards in all respects. The new system of number- 
ng bar sizes has also been used throughout. 
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SECTION 1 


PLAIN CONCRETE 


1.1. Introductory. Since the })ef 2 ;inninp: of llie twentieth century, con¬ 
crete has taken its place as one of the most useful and important struc¬ 
tural materials. (Jwinji; to the (‘omparative ('ase with which it can he 
molded into any desin^d shape, its structural uses are almost unlimited; 
therefore wherever Portland cement and suitable a^gre^ates can be 
obtained, it has, for c(»rtain classes of work, displa(*ed older materials. 
This apparent ease with which concrete may be ])repared has led to its 
being employed by anyone who feels that the material is suited to his 
particular pur})ose. In many instances, proper knowledge of the sub- 
si ance and skill in its manufacture are not available, so that the resultant 
concrete is little more than a bulky, heavy material, lacking the strength 
and other properties which it should have attained, and often failing to 
fulfill that piir})ose for w'hich it was intended. 

To the individuals who obtain such results, concrete is merely a shov¬ 
eled-! ogether mass of cement, sand, stone, and water, wdiich in a short 
time attains a varying degree of haT*dness and an uncertain strength. To 
the engineer who is more or less familiar wdth the many factors and vari¬ 
ables entering into its manufacture, the process of making concrete does 
not appear quite so elementary. Experience show^s that the quantity 
and quality of cement, aggregates, and water and the process of mixing 
and curing are all involved in the production of concrete. Results arc 
dependent upon all these variables. It is, therefore, the problem of the 
engineer so to study and control these factors that a concrete of the 
desired (piality may be obtained. 

1.2. Cements, Portland cement is the product obtained by finely 
pulverizing the clinker obtained by calcining to incipient fusion an inti¬ 
mate and properly proportioned mixture of argillaceous and calcareous 
materials with no additions subsequent to calcination except w^ater and 
calcined or uncalcined gypsum. All Portland cement used in reinforced 
concrete construction should pass such standard specifications as those 
of the American Society for Testing Materials.^ The color and rapidity 

1 ASTM C 150-49. 
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of hardening of different brands of cement vary considerably and may 
be elements requiring special attention for the particular work involved. 

Portland cement is manufactured by either the c/r// process or the wei 
process.^ In the dry process the calcareous material is usually limestone 
and in the wet process marl. In all cases its content is principally cal¬ 
cium carbonate. 'Phe argillaceous material may be shale, clay, argilla¬ 
ceous limestone, or blast furnace slag which provides the silica and 
alumina. 

In the dry process the raw materials are ground separately, mixed in 
the proper proportions, pulverized, and burned in a kiln. The resulting 
clinker is cooled and seasoned, materials are added to control the rate of 
setting, and the clinker is ground to a fine powder. In the wet pro(‘ess 
the procedure is similar except that the marl is stored in the form of a 
thin mud in vats and the argillaceous material in powder form is mixed 
with it before grinding and burning. 

The finished product contains from 25 to 61 per cent of tricalcium sili¬ 
cate, from 7 to 44 per cent of dicalcium silicate, about 10 per cent of tri¬ 
calcium aluminate, about 8 per cent of tetracalcium alnmino ferrile, and 
about 3 per cent of calcium sulfate. The tricalcium silicate and the tri¬ 
calcium aluminate are the predominating influences in producing strength 
up to 28 days.^ The former continues to be effective in producing 
strength beyond that period, but the efiect of the latter rapidly dimin¬ 
ishes after 28 days and becomes zero or negati\e in 1 or 2 years. The 
dicalcium silicate contributes very little to the strength during the early 
stages but is the principal strength-producing compound beyond the 
28-day period. 

Hicjli-earli/sircngth portland cements are made from mixtures having a 
high lime content and are ground to a greater degree of fineness than the 
ordinary portland. The finished product contains a large proportion of 
tricalcium silicate, the percentage by weight usually being at least 65 
and often as high as 75, with a corresponding decrease in the amount of 
dicalcium silicate. With such a chemical content these cements harden 
and gain strength very rapidly and their use is economical where their 
extra cost is justified by the desire for high strength in a short period of 
time. 

High-alumina cements contain about 40 per cent of lime, 40 per cent of 
alumina, and 15 per cent of ferric oxides. While they set at about the 
same rate as portland, they gain strength much more rapidly on account 
of the high alumina content, so that in 24 hr a concrete made with a 

1 For dosc*rip+ion of cemont manufacture, see J. B. Johnson^s Materials of Con¬ 
struction,” 8th ed , p. 310, John Wiley & Sons, Inc., New York. 

* For effect of cement composition on mortars and concretes, see Proc, ASTM^ 
vol. 34, part II, p. 241. 
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cement of this type will reach a strength equal to or greater than a con¬ 
crete made with standard portland will achieve in 28 days. However, 
as the age of such a concrete increases, there is a tendency toward a 
slight retrogression in strength. 

Other special (;ements, such as mnd cement, tufa cement, pozzuolana 
cement, and natural cement, have been used in various projects, but in 
general they do not piK)duce as strong or as durable a concrete as port- 
land cement. Reference to cement in future discussions means portland 
cement. 

1.3, Fine Aggregate. Fine aggregate should consist of sand, stone 
screenings, or other inert materials with similar characteristics, or a com¬ 
bination thereof, having clean, hard, strong, durable, uncoated grains, 
and free from injurious amounts of dust, lumps, soft or flaky panicles, 
shale, alkali, organic matter, loam, or other deleterious substances. In 
general, all particles passing a No. 4 sieve (4 meshes per linear inch) are 
considered as fine aggregate. Most specifications, however, allow some 
degree of latitude from this requirement. 

It is, in general, advantageous that the fine aggregate he well graded 
from fine to coarse, but considerable latitude must be allowed in any 
grading specified in order that economi(*al use of availalile aggregates 
may be made. Extremely fine particles, if present in any great amount, 
are not beneficial to the strength of the resultant concrete, since they 
furnish so great an excess of surface area to be covered by the cement- 
water mix. 

Sand. All sands are derived from rocks which have broken down or 
disintegrated through the operation of physical agencies. In .some cases, 
in addition to disintegration, ther^* has been more or less decomposition 
involving the formation of new compounds. The principal disintegrat¬ 
ing agencies are temperature changes, weathering, and abrasion. The 
former cause cracking and a spalling off of particles of the constituent 
rock, because of the unequal expansion and contraction of the component 
minerals. The latter may be caused by the flow of water, wind, or gla¬ 
cial action. Chemical decomposition is brought about through the sol¬ 
vent power of water, aided often by the presence of various chemically 
active substances, such as acids, which are carried by the water. 

Quartz is the mineral which makes up the bulk of the particles of most 
sands. This is due to the fact that only the harder constituents of rocks 
survive disintegration and decomposition, and quartz is a common con¬ 
stituent of most rocks and capable of resisting these destructive agencies. 
Not all quartz sands, hoAvever, make suitable concrete aggregates, for 
comparatively small amounts of organic impurities will render the sand 
unfit for use. Sandstone is a common source of quartz sand. Here the 
character of the binder of the original rock will determine the quality of 
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the sand, since the individual particles of the sand are made up of still 
smaller particles of quartz, bound together by silica, iron oxide, lime 
carbonate, or clay. 

Pyroxene and hornblende are complex silicates possessing a degree of 
hardness, strength, and dui*ability slightly inferior to that of quartz. 
Hornblende has inferior weathering qualities. Feldspars are consider¬ 
ably less strong and durable than (jjuartz. Mica is a very objectionable 
constituent of sand, being soft, low' in strength, and be(*ause of its 
laminated structure, offering opportunity for the percolation of 
w^atcr. 

Sand deposits, being usually the result of stream or glacial action, and 
also of such character that the percolation of surface water through the 
beds is very easy, are often contaminated by matter of organic origin 
carried in suspension by the water. Thus the coating of the grains by 
such substances as tannic acid, sew^age, manure, sugar, etc., is fre(iuently 
eiK'oujitered Such a coating on the sand grains appears ind only to 
prev(mt the cement from adhering but also affecds it chemically. Thus 
the effect of such substances is extremely detrimental, but at the same 
time their presence is hard to detect, a fact whi(*h increases the impor¬ 
tance of carefully testing concrete sands. 

Screenings. Limestone screenings or crusher dust are sometimes used 
as fine aggregates, Init the concrete made thei-efrom is usually inferior in 
quality to that made with an average sand and is apt to be or become 
more permc^able. 

1.4. Coarse Aggregate. Coarse aggregate should consivst of crushed 
stone, gravel, or other approved materials of similar characteristics or 
combinations then'of, having clean, hard, strong, durable uncoated par¬ 
ticles free from injurious amounts of soft, friable, thin, elongated, or 
laminated pic'ces, alkali, and organic or other deleterious matter. 

Crushed Stone. The ciuality of an aggregate of this type obviously 
depends upon the character of the original rock. The principal classes 
of ro(*ks from which aggregates are derived are granites, traprocks, lime¬ 
stones, and sandstones. Cranite is an igneous rock whose principal min¬ 
eral constituents ai-e (|uartz and feldspar, w'ith varying amounts of mica, 
hornblende, and other materials. The structural (jualities of granite 
vary greatly, but granites as a class rank among the hardest, strongest, 
and most durable stones. Traprock includes basalt, diabase, and a num¬ 
ber of other igneous rocks possessing similar chemical and physical prop¬ 
erties. The principal mineral constituents of most of these rocks are 
pyroxene and feldspar. They are genc'rally rather fine grained, hard, 
tough, and durable. Limestone is a sedimentary rock which contains 
carbonate v)f lime, calcite, or carbonate of lime together wdth a double 
carbonate of lime and magnesia, dolomite, as the essential constituent. 
Sand and clay are common impurities, some varieties of which contain 
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large amounts of shells and other fossils. Limestones vary greatly in 
strueture, strength, hardness, and durability, and, although there are 
some limestones which have superior structural qualities, the average 
limestone is inferior to average granites and traprocks as a concrete 
aggregate. Sandstones consist of grains of varying sizes, chiefly quartz, 
bound together by various cementing agencies or binders. A silicious 
binder produces a sandstone of the greatest structural strength, while an 
iron oxide or lime car})()nate binder is much less efficient. A sandstone 
w^hose binder is (*lay is the least valuable of all as a concrete aggregate. 

VThc maximum size of coarse aggregate advisable depends upon the 
character of the w^ork. Since the stone is one of the strongest constitu¬ 
ents of concrete, it is desirable to ha\e as many and as large parti(‘les as 
possible. The greater the size of the particles, the less surface area there 
is to be coated, and the smaller amount of cement recpiired for a concrete 
of given strength.) When, however, the maximum size is comparatively 
large, it is very important that it l)e well graded dowui to the minimum 
size in order to make a dense, compact mass. In small reinforced con¬ 
crete members the maximum size usable is as small as in. in diameter, 
and rarely in any reinforced work is a iliameter greater than 1^2 
advisable. On the other hand, for large, massive work, with no struc¬ 
tural reinforcement, much larger si/(*s may be used to advantage. 

Gravel, (Iravel of good (jualit> makes a suitable concrete aggregate. 
Gravel is nothing more than pieces of natural rock f)roken away from the 
parent ledges and W'orn dowui by str(‘am or glacial action. Its strength 
as an aggregate depends u})on the rock from which it came, provided it 
has not become dei*ayed or coated with objectionable organic matter. 
Too much emphasis cannot be given to the necessity of determining the 
cleanness of the gravel. A clayey coating is easily detectable, but the 
transparent organic coatings which prevent adhesion are not so easily 
discerned, without chemical analysis, so that many weak and inferior 
concretes result from the use of an apparently clean but really “ dirty 
gravel as an aggn'gate. 

Natural gravel may have a large proportion of particles so small as to 
be classed as ‘^fine aggregate.^^ These may be screened out l)efore using, 
or, a sieve analysis of the natural gravel being made, the proper amount 
of additional fine aggregate (if any) to add to obtain the desired propor¬ 
tions may be determined. 

Slag, Slag from blast furnaces is a hard though porous material of 
high compressive strength, which in some localities can be obtained much 
more cheaply than stone of good quality. Jt offers a very rough surface 
for the adhesion of the cement, and, provided the sulfur conlent is low, 
it may make an excellent aggregate for massive concrete construction. 
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Generally it should not be used in thin sections exposed to any action 
from water on account of its porosity. 

Cinders, Cinders as an aggregate have the advantage of making a 
resultant concrete considerably lighter in weight than that made from 
stone or gravel. Formerly it was thought that well-burned cinders made 
a more fire-resisting concrete than other aggregate, but more recent expe¬ 
riences have shown that cinder concrete is little, if any, better in this 
respect. Cinder concrete is inferior in strength to other concrete, and 
on account of the danger from the probable sulfur content, it is not used 
where any great structural strength is required. Its principal use occurs 
for filling where no great strength is necessary. When used, cinders 
should be free from unburnt coal or fine ashes. 

1.5. Selection and Tests of Aggregates. For most concrete, eco¬ 
nomical consideralions dictate that the aggregates be selected from those 
locally available and the choice often lies between natural deposits of 
gravel with or without the addition of sand or crushed material and sand 
or screenings. P^or work of sufficient importance to justify design and 
control of the mixture, the physical characteristics, uniformity, and grad¬ 
ing of the aggregate's must be determined preliminary to such a design. 

Grading, The grading and the uniformity of grading are important in 
that a favorable grading reduces the quantity of cement paste required to 
produce concrete of a given strength, while uniformity of grading ensures 
the uniform workability of different batches. Grading is evaluated by 
the sieve analysis,^ from which are recorded the percentages of a sample 
passing or retained on a graded series of sieves, No. 100, 50, 30, 10, 8, 
and 4 for fine aggregates and No. 4, ^ j, 1.5, 3, etc., for coarse aggregates. 

Grading of Fine Aggregate. In ASTM (/ 33-52T it is specified that fine 
aggregate he graded from coarse to fine within the limits shown in the 
following table. 

Sieve Total pasftingy 

size % by weight 

%'m .100 

No. 4. .. . 95-100 

No. 8.80 100 

No. 16.50-85 

No. 30 .25-60 

No. 50 .... 10-30 

No. 100.2-10 

The wide range of grading indicated in the above table should be per¬ 
mitted only when it is economically impracticable to obtain aggregates 
meeting more restrictive rec^uiroments, as a decrease in the percentage 
passing each oieve will result in a more favorable grading. However, 
such a restriction should not be carried to extreme, and a range of about 

I ASTM C 136-49. 
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20 per cent or less for the No. 16 sieve, about 15 per cent or less for the 
No. 50 sieve, and about 5 per cent for the No. 100 sieve is the greatest 
restriction that should be specified. 

Grading and Size of Coarse Aggregate, ^Tn general, the most economical 
concrete is one which contains the largest proportion of coarse aggregate 
which can be incorporated in the mixture without undue harshness.^ It 
also follows that the larger the maximum size of the coarse aggregate, the 
smaller will be the required amount of cement paste to surround the sur¬ 
face area of the aggregate. In mass concrete it has been found econom¬ 
ical to use aggregate as large as 6 or 9 in., and in structures where water¬ 
tightness is not important even larger pieces where available prove 
economical. 

In reinforced concrete, however, the size of the member and the dis¬ 
tance between reinforcing bars dictate the maximum size of the coarse 
aggregate that may be used without causing wedging and (consequent 
probable honey(com})ing in the bottom and sides of the member. It fol¬ 
lows that the maximum size of the aggregate should not exceed about 
one-fifth of the minimum dimension of the form and no larger than three- 
fourths of the minimum clear spacing between reinforcing bars. The 
common designation for coarse aggregate is based on the maximum size, 
2 .C., a 1-in. aggregate contains no pieces that will not pass a 1-in. sieve 
and is graded downward to the No. 8 sieve, with very small percentages 
passing that sieve. The grading of the various sizes of coarse aggregate 
specified in ASTM C 33-52T is given in the following table. 
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Uniformity of Grading. On(ce a concrete mixture has been designed 
from the samples of the aggregate to be used, it is important that all 
aggregate furnished for that particular project have gradings similar to 
the original samples, as any change in the grading affects the workability 
of the resultant concrete. 
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^ne of the best measures of the grading as it affects the workability of 
the mixture is the fineness modulus^ The fineness modulus is an abstract 
number which is the summation of the percentages retained on the stand¬ 
ard series of sieves, enumerated above, divided by 100. It is a definite 
indication of the surface area of the aggregate. Many combinations of 
different-sized particles may possess similar fineness moduli but for any 
particular type of aggregate similar fineness moduli will give reasonable 
assurance of similar plastic properties when incorporated in a concrete 
mixture. Typical sands, used as fine aggregate for concrete mixtures, 
have a fineness modulus varying from 2.4 to 3.2, with an average value 
of about 2.9. In general, sands with a fineness modulus less than 2.5 
should not be used for concrete. It is often specified that any shipment 
of fine aggregate, made during the progress of the work, which shows a 
variation in fineness modulus greater than 0.20 ± from the original sam¬ 
ple be rejected or that a complete redesign of the concrete mixture be 
required. 

Organic Impvrities and Deleteriovs Substances. Organic impurities in 
sand, usually coatings deposited by water filtering through sand deposits, 
may be detected by the colorimetric test.^ Foreign substances su(‘h as 
clay lumps, coal, and lignite, if present in any great amount, make the 
sand which contains them an undesirable aggregate. Any aggregate hav¬ 
ing more than 1 * 2 ^^nt by w^eight of clay lumps or more than 1 per 
cent by weight of coal and lignite should be rejected. The amount of 
coal and lignite may be determined by the test specified in ASTM 
C 123-44, while tlie amount of clay lumps may be determined by examin¬ 
ing the various fractions wdiich remain after the test for grading. Any 
particles that can be broken up with the fingers shall be classified as clay 
lumps, and the total percentage by weight of all the clay lumps shall be 
determined as a percentage of the original weight of the sample. 

Extremely fine particles, such as Avill pass a No. 200 sieve, are not 
desirable in any great amount and it is recommended that aggregates 
containing more than 5 per cent of such particles for all concrete mixtures 
he rejected, with a limit of 3 per cent for those concretes which are sub¬ 
ject to abrasion. The amount in any aggregate may be determined by 
the test specified in ASTM C 117-49. 

Mortar Strength. A final test for a sand as a fine aggregate may be 
made by comparison with standard Ottawa saiid.^ It is generally speci¬ 
fied that mortar specimens made with the fine aggregate when tested in 

1 ASTM C 40-48. 

* Standard Ottawa sand is a natural sand obtained at Ottawa, Ill., passing a screen 
having 20 meshes and retained on a screen having 30 meshes p(‘r linear inch, prepared 
and furnished by the Ottawa Silica Co., Ottawa, Ill. 
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accordance with the mortar-strength test^ shall have an average compres¬ 
sive strength of at least 90 per cent of the strength of similar specimens 
made with the same cement and Ottawa sand when tested at the age of 
not less than 7 days. 

Soundness, Where the finished concrete is to be exposed to the 
weather or other destru(‘tive agencies, it is important that the aggre¬ 
gates be sound and hard so that the varying effects of the weathering or 
other destructive agencies will not act upon the exposed surface to pro¬ 
duce pitting and disruptive action. Where such exposure is anticipated, 
the aggregates should be subjected to the accelerated soundness test as 
specified in ASTM Designation C 88-46T. Wheni an aggregate is sub¬ 
jected to five alterations of this test the loss of weight should not exceed 
8 per cent and in no case exceed 12 per cent for a fine aggregate, with 
corresponding limits of 12 and 15 per cent for a coarse aggregate. 

1.6. Water. Water used for concrete should be clean and free from 
oil, acid, alkali, organic matter, or other deleterious matter. Sea water 
is not so desirable as fresh water, although where it has been used in 
structures subject to the weathering action of sea water no greater dis¬ 
integration has resulted. 

1.7. Proportioning of Ingredients. Haphazard and careless propor¬ 
tioning of the ingredients of concrete was formerly the rule rather than 
the exception, but the number of resultant failures is surprisingly small. 
In the early years of concrete constru(*tion little attention was paid to 
any of the ingredients except the cement. Specifications might reciuirc 
a clean, sharp sand and a coars(i aggregate of a specified crushed stone, 
but there was little emphasis on the grading of the aggregates or on the 
amount of water to be used. On the other hand, on almost all work 
of any magnitude, frecjuent and exhaustive tests of the cement were 
required. Under those conditions the practi(‘e grew of specifying certain 
arbitrary proportions for the mix, such as 1:2:4, or 1:3:6. When a con¬ 
crete of high structural strength was desired, a rich mix was specified, 
and mixtures as rich as 1:1:2 have oc(*asionally been used, while for less 
important or more massive work, mixtures as lean as 1:4:8 have been 
specified. Unfortunately this practice of arbitrary proportioning has 
persisted to some extent to the present day, although it is now generally 
recognized that the relative consistency (amount of water used) has some 
relation to the strength of the resultant concrete. 

The measuring of the quantities of the constituent materials is done 
either by volume or by weight. The latter method is much more accu¬ 
rate, but the former method requiring less equipment and having been in 
use for so many years was hard to replace. However, in the last few 

»ASTM C 87-52. 
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years the uniformly better results which have been obtained where meas¬ 
urement by weight has been used has caused the construction industry to 
accept it without question for projects of any magnitude or importance. 
The development of the ready-mixed concrete industry in the last few 
years has contributed greatly to adoption of measurement by weight. 
As each ready-mix plant distributes concrete to a large number of proj¬ 
ects, the cost of the weighing equipment and its accompanying facilities 
is readily amortized. 

The proportions referred to above are proportions by volume, t.e., a 
1:2:4 mixture indicates 1 cu ft of cement, 2 cu ft of fine aggregate, and 
4 cu ft of coarse aggregate. Since the volume occupied by a given weight 
of cement varies by as much as 30 per cent for different degrees of com¬ 
pactness, it is necessary that the degree of compactness when used be 
known. For this reason it is usual to specify that one bag of cement 
weighing 94 lb shall be considered as 1 cu ft. Cement is sold by the bag, 
or in barrels of four bags each, or in bulk. Where used in bulk, means 
must be provided for weighing the loose cement in order to ensure the 
proper proportions. 

The space oc(;upied by a given number of sand grains varies consider¬ 
ably with the moisture content. Increases in volume of 25 per cent or 
more, caused by the addition of water to dry sand, are not uncommon.^ 
Natural sand as it comes from the bank ordinarily contains from 2 to 4 
per cent moisture by weight. Sand used in the laboratory is often 
entirely free from moisture, and sand used on the work may have either 
more or less moisture content than natural sand. For accurate propor¬ 
tioning, the moisture content must be taken into consideration when the 
measuring is done by volume. The bulking factor at the usual degree of 
moisture must be ascertained and proper allowan(*cs made, while at the 
same time the degree of moisture must be maintained as nearly constant 
as possible. 

1.8, Design of Mortar Mixtures. In selecting the proportions of 
materials that are to go into a mortar it is often necessary and usually 
desirable to be able to predict the strength, permeability, and the amount 
of mortar that will result from a given proportion of the ingredients. If 
there are no air voids in a wet mortar (and tests show that this is prac¬ 
tically true for consistencies used in practice), the resultant volume^ of 
the mortar is equal to the absolute volume of the cement plus the abso¬ 
lute volume of the sand, plus the volume of water used. In the average 
cubic foot of cement (1 sack of 94 lb) there is 0.487 cu ft of solids. In 
1 cu ft of sand the amount of solids depends upon the grading and the 

1 See Proc. ASTM, vol. 20, part II, p. 147. 

* The absolute volume is the volume of the solid material, or the gross volume 
minus the volume of voids. 
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size of the grains. In beach sand there are from 0.60 to 0.63 cu ft and in 
commercial building sands about 0.68 eu ft of solids. The exact amount 
may be determined for any sand by obtaining its weight per cubic foot 
and its specific gravity.^ 

Strength, The water in a mixture chemically reacts upon the cement 
and produces a colloidal coating on the particles. The finest particles 
of cement become completely colloidal, while some of the larger particles 
are never completely penetrated. This colloidal coating is the whole 
cementing action, and once sufficient water is present to produce this 
reaction, additional water tends to weaken the cementing material. 
Therefore, it is reasonable to expect that the strength of a mortar at any 
given age will vary with the amount of mixing water per unit quantity 
of cement, and the larger the amount of water, the weaker the mortar. 

In Fig. 1.1 are shown the results of studies of several investigators. 
The increased strength shown by the later studies is due to the stronger 
cements produced today in comparison with those of 30 or more yeaiB 
ago. Figure 1.1 brings out clearly the direct relation between strength 
and water-cement ratio. Figure 1.2 shows the same relation, but here the 
water-cement ratio is expressed in gallons of water per sack of cement. 
This relation was first stated by Abrams^ in 1918, whose curve of that 
date is shown in the figure. A more recent curve® by the same investi¬ 
gator shows the improvement in cement in later years, and since the 
strength of plastic mixtures is independent of the amount and gradation 
of the aggregates, this later curve is applicable to the design of mortars 
for strength which use present-day portland cements. This curve can¬ 
not be used unless damp curing conditions are maintained. 

In the measurement of water in a mixture all water outside the solid 
particles is included. Most sand is delivered in a more or less damp con¬ 
dition and the moisture that is carried must be determined and allow¬ 
ance made in determining the amount of water to add. 

Permeabiliig^ The permeability of a mortar is measured by the rate 
alrwhlcB water under a given pressure will pass through a given thickness 
of the material. When the mortar is mixed, not all the water reacts with 
the cement, and a large portion of it is really free water necessary in the 
mix to make it workable. As the mortar hardens, this free water grad¬ 
ually evaporates, thus providing air voids. The longer the mortar is 
cured in a damp condition, the greater the amount of water in permanent 
combination with the cement, and the less the amount of air voids. 
Excess water in the original mix will, of course, increase the air voids and 
make the mortar more permeable. Repeated tests have shown that a 

^ ASTM C 128-42. 

* Eng, News-Recordy May 2, 1918. 

»Proc. ACI, 19e31, p. 1330. 
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reasonably watertight mortar cannot be obtained with a water-cement 
ratio greater than lYi gal of water per sack of cement. In addition to a 
low water-cement ratio and prolonged curing, as dense a mixture as pos¬ 
sible should be used. 

Density, Other things being equal, a coarse-graded sand will produce 
a denser mortar than fine-graded sand. For any given proportion of 
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Fig. 1.1. Rolation between compressive strength and absolute volume of cement to 
volume of water 


sand to cement, the voids in the mortar \\ill vary with the volume of the 
mixing water used. In a very dry mortar the percentage of voids may 
be greater than in a wetter mix so that the voids decrease as water is 
added until the point of minimum voids (minimum volume of mortar) 
is reached. The addition of more water increases the voids. The exact 
proportions of cement, sand, and water that will produce the densest 
mortar vary for each sand, depending upon its gradation. In general, 
coarse sands take less water and less cement than fine sands. 
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Workability, There are so many factors affecting the workability of a 
mortar that no satisfactory method of measuring it has ever been devel¬ 
oped. Gradation, shape of particles, and proportions all have their 
effect. A mortar allowed to stand for 1 or 2 hr and then reworked often 
is found more workable than the original mortar. Fine sand makes a 
more workable mortar than coarse sand, but since its water requirement 
is higher, the strength is decreased. In providing a workable mortar, 
care must be taken that strength and durability are not sacrificed. 



Fig. 1.2. Relation between cuiupressive btieiiKth and water-cement ratio. 


1.9. Determination of Yield and Strength. It is desired to supply 
100 cu yd of 1:3 mortar which will reach a strength of 3000 psi in 28 
days. The sand available has 35 per cent voids, weighs 100 pcf w^hen 
dry, and contains 2 per cent of moisture by weight, in which condition 
it weighs 83 pcf. What quantities of materials arc required? 

Reference to Abram^s curve in Fig. 1.2 shows that a 3000-psi mortar, 
cured damp for 28 days, should have 7.2 gal of water per sack of cement. 
A one-sack batch will yield 

0.487 + 3 X 0.G5 + 7.2 X 0.134 = 3.40 cu ft = 0.126 cu yd 
In 100 cu yd there will be 


100 ^ 0.126 = 793 one-sack batches 
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Therefore the quantities required are 
Cement: 793 sacks 

Sand: 3 X 793 27 = 88.1 cu yd dry 

Water: 7.2 X 793 - 5710 gal 

However, since the sand contains 2 per cent moisture, the number of 
cubic yards in its moist condition is 

X 88.1 = 106 cu yd 

If this mortar were to be mixed in approximdriely 1-cu-yd batches (8 
sacks), the sand and water for each batch would be as follows: 

Sand: 3 X 8 X = 28.9 cu ft 

Water: 7.2 X 8 ~ (0.02 X 28.9 X 83) 8.35 = 52 gal 

In actual work some of the water in the mix is lost either by absorption 
by adjacent materials or by evaporation so that the actual yield is reduced 
from 2 to 4 per cent. This should be considered in making estimates of 
quantities of materials required for a given volume of mortar. 

1.10. Concrete Mixtures. Concrete may be considered as a mortar 
mixture into which the coarse aggregate particles have been mixed, or it 
may be considered as a combination of the separate ingredients. In any 
case the factors governing the strength of a mortar hold true for a con¬ 
crete, provided a suitable coarse aggregate is used, /^nce the water in 
the mixture has to wet the surfaces of the coarse aggregate particles as 
well as those of the cement and sand grains, it follows that the larger the 
size of the coarse aggregate, the less the water that will be required for a 
given consistency; hence greater strength and durability^ 

Design specifications have not kept pace with the improvement in 
cement in recent years. For this reason caution should be exercised in 
designing for low specified strengths. With fair curing conditions a com¬ 
pressive strength of 2000 psi in 28 days maj^ be obtained with a very lean 
mixture, but the resulting concrete will be neither watertight nor capable 
of withstanding ordinary weather conditions. Experience has shown 
that concrete exposed to the elements should not have a water content 
of more than 7J'^ gal per sack of cement. 

A concrete must have a certain degree of workability, but, as for 
mortars, no method has yet been developed which is an accurate measure 
of workability. In the case of a concrete, this quality is influenced by 
the nature and amount of the coarse aggregate, as well as by the amounts 
of cement and water, and the amount and nature of the fine aggregate. 
A method of measuring the workability, or more properly the consist¬ 
ency, is the slump teStJ A conical shell of 16-gauge galvanized metal 
with a base 8 in. in diameter, a top 4 in. in diameter, and a height of 12 
in. is filled to overflowing with concrete rodded into the shell in three 


1 ASTM C 143-62. 
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separate layers, each receiving 25 strokes of a ?^^-in. bullet-end rod 24 in. 
in length. The excess is carefully struck off and the mold is at once 
lifted slowly vertically. The amount of drop of the top of the mass 
below the original 12-in. height, measured in inches, is known as the 
slump. [Mass concrete and highway mixtures are workable with a slump 
of from 1 to 3 in. Concretes for reinforced beams and columns require 
a greater degree of workability, with slumps of from 4 to 6 in. \ 

As in mortar, excess water in concrete dries out as the concrete ages, 
so that a watertight concrete should not have a water content of more 
than gal per sack of cement. Careful grading of aggregates to obtain 
as dense a mixture as possible also tends to decrease the permeability, 
but the waste and consequent additional expense rarely warrant such a 
procedure. 

1.11. Design of Concrete Mixtures. The determination of the rela¬ 
tive proportions of cement, fine aggregate, coarse aggregate, and water 
constitutes the design of a concrete mixture. The requirements to be 
met are usually specified in terms of strength and workability (or slump). 
When severe exposure to the elements or other disintegrating agencies 
are to be expected, the strength requirement usually is superseded by 
the necessity of designing a concrete of greater strength than that 
required structurally. The workability or slump specified will be depend¬ 
ent upon the type and size of the members in the structure. In small 
members or those containing closely spaced reinforcement, a concrete 
should be designed with a comparatively large slump, while in mass con¬ 
crete, large members, and lightly reinforced slabs, a concrete with very 
little slump will prove the most economical. 

The trial-batch method of design is the one most widely used. From a 
table or from a curve similar to Fig. 1.3 is selected the water-cement ratio 
corresponding to the strength desired. To a water-cement paste or 
slurry of these proportions is added fine and coarse aggregate, until the 
appearance and successive slump tests indicate that the mixture has 
reached the specified workability. Normally such a trial batch is hand- 
mixed, the total weight being from 40 to 50 lb. The aggregates should 
previously have been brought to a saturated surface-dry condition^ in 
order that they neither add nor extract water from the mixture. 

From the relative weights of cement, water, and aggregates of the trial 
batch, it is possible to compute the yield, i.e., the number of cubic feet 
per sack of cement, the cement factor, i.e., the number of sacks of cement 
per cubic yard of concrete, and the actual quantities of each material to 
be incorporated in the size of batch to be used on the project. 

The amount of “water to be used in the project batch must be corrected 
for absorption by the aggregates during the period of mixing, if the aggre¬ 
gates are dry, and for the free water in the aggregates, if they are wet and 

»ASTM C 128-42 
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carry free moisture. Moisture tests* on representative samples of the 
aggregates as the work progresses furnish the necessary information for 
this correction. 



Fio. 1.3. Relation between water-eement ratio and eoinpif'ssjve stiengtli at 28 days. 
{Portland Certunl AsvKHitwn Hull. T12, 1945 ) 

1.12. Illustrative Design by the Trial-batch Method. With accepted 
aggregates it is re(|uired to design a concrete mivtiire having a 4-in. slump 
and a 28-day standard-cured^ compressive strength of 3000 psi. The 
specific gravity of both fine and coarse aggregate is 2.05. J3y reference 
to Fig. 1.3 it is indicated that 714 gal of water per sack of cement should 
produce a 3000-psi concrete. Five pounds of cement is arbitrarily 
selected for the trial batch. The amount of water to be used is there¬ 
fore ^94 X 7.25 = 0.386 gal = 3.22 lb. By successive additions of fine 
and coarse aggregate and occasional slump tests after thorough mixing it 
is found that 12.0 lb of saturated surface-dry fine aggregate and 21.4 lb 
of saturated surface-dry coarse aggregate produce the mixture desired. 
By multiplying the respective specific gravities by 02.4 the solid volumes 
in the batch are computed as follows: 



Weight in 

Solid weight 

Solid volume, 


batch, lb 

of 1 cu ft, lb 

cu ft 

Cement (sp. gr 3 15) 

5 00 

190 6 

0 026 

Water.. 

3 22 

62 4 

0 052 

Fine aggregate 

12 6 

105 4 

0 070 

Coarse aggregate 

21 4 

105 4 

0 129 

Total weight and solid volume 

42 2 


0 283 


1 ASTM C 70-47. 

* ASTM C 192-49. 
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The space occupied by the freshly mixed concrete consists of the solid 
constituents and the voids filled with the total amount of free water and 
the entrapped air. Unless an air-entraining agent is used (see Art. 1.18), 
the amount of entrapped air is so small that it may be neglected. The 
solid volume of the trial hatch as computed above is 0.283 cu ft, and divid¬ 
ing the solid volumes of the constituents by 0.283, the relative solid vol¬ 
ume of each material in a unit hatch of any size is obtained as follows: 


Cement: 0.02G 0.283 = 0 092 

Water: 0.052 0 283 - 0 183 

Fine aggregate 0.076 0.283 == 0 269 

Coarse aggregate: 0.129 0.283 = 0 456 

rooo 


The weight of each material in a 
obtained as follows: 

Cement: 0.092 X 196.6 = 

Water: 0.183 X 62.4 = 

Fine aggregate: 0.269 X 165.4 = 

Coarse aggregate: 0.45() X 165.4 = 


l-cu-ft or 

1 -cu-yd 

batch can then be 

Per cu ft, 


Per cu yd, 

Ib 


lb 

J8 1 

X 27 = 

189 = 5.20 



sacks 

11 4 

X 27 ■= 

308 = 36.9 



gal 

44 () 

X 27 = 

1205 

75 C 

X 27 = 

2011 

149 7 


4043 


This concrete would he termed a 5.20 hag mix,^ ?.c., the cement factor is 
5.20, as 5.20 sacks of c(uneiit are recjuiird per cubic yard of concrete. 
The yield, i.(., the quantity of concrete for one sack of cement, is 


27 ^ 5.20 = 5.19 cu ft 


Proportioning hy Volume. The hulk unit weight- of the fine aggregate 
has been determined to he 104.4 pcf and that of the coarse aggregate 
105.0 pcf. The (piantities required for 1 cu yd of concrete are 

Cu ft 

Cement: 489 -f 94 = 5 20 

Water: 308 - 62.4 = 4.94 

Fine aggregate: 1205 104.4 = 11.54 

Coarse aggregate: 2041 105.0 = 19.44 

The proportions hy volume are 5.20:11.54:19.44, or 1 :2.22:3.73. 

Adjustments for WateT^^ Content of Aggregates. In the above calcula¬ 
tions from the trial hatch the aggregates were assumed to he in the satu¬ 
rated surface-dry condition. In the field this condition rarely exists, 

^ Often referred to tlie nearest 34 bag, in which case this would be a 51^-bag mix. 

2 ASTM C 29-42. 


= 5 20 sacks 
= 36.9 gal 
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and the amount of water in the aggregates as they are actually used may, 
if not considered in the design, seriously affect both the workability and 
the strength of the resultant concrete. 

During the period of mixing and placing the aggregates will absorb a 
certain amount of water. It is usual to assume that saturated surface- 
dry aggregates will absorb approximately 1 per cent by weight during 
this period. For the 1-cu-yd mix designed above, therefore, the fine 
aggregate will absorb 0.01 X 1205 = 12.05 lb and the coarse aggregate 
0.01 X 2041 = 20.41 lb, a total of 32.46 lb, or 3.9 gal. Thus the mixing 
water for the 1-cu-yd batch should be increased from 36.9 gal to 40.8 gal. 
However, such a correction rarely is necessary in the field as the aggre¬ 
gates are very seldom bone dry, but usually contain free water. 

The aggregates may carry considerable free moisture, and where batch 
proportioning is by weight the mixture will, if uncorrected, contain not 
only an excess amount of water but also lack the proper amount of aggre¬ 
gate. If the accepted aggregates, as used in the field, are found to con¬ 
tain^ 3.5 per cent of free water and 1.0 per cent of free water in the fine 
and coarse aggregates, respectively, the weights of the moist aggregates 
must then be increased and become: 

Fine aggregate: 1.035 X 1205 = 1247 lb, of which 1205 is fine aggre¬ 
gate and 42 lb is free water. 

Coarse aggregate: 1.01 X 2041 = 2061 lb, of which 2041 lb is coarse 
aggregate and 20 lb is free water. 

The original weights are now corrected for field use as follows: 



Saturated 
surface-dry, lb 

Corrections, 

lb 

Revised weights, 
lb 

Cement. 

489 

0 

489 

Fine aggregate. 

1205 

+42 

1247 

Coarse aggn'gate. 

2041 

+20 

2061 

Water. 

:m 

-62 

246 - 29.5 gal 


Without the above correction for the free water in the aggregates the 
total amount of water in the mix would have been 308 + 62 = 370 lb, 
or 44,1 gal. This is equivalent to 44.1 -v- 5.20 = 8.50 gal per sack of 
cement with a consequent reduction in strength to 2000 psi. 

As mentioned in Art. 1.7, the bulking effect on fine aggregate contain¬ 
ing free water must be considered if proportioning is to be done by vol¬ 
ume. In this example the fine aggregate containing 3J^ per cent of free 
water has a weight of 88.1 pcf, while this same quantity when thoroughly 
dried has a weight of 84.3 lb. Dividing the bulk unit weight of the fine 


1 ASTM C 70-47. 
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aggregate (104.4 lb) by 84.3 lb, a bulking factor of 1.24 is indicated. 
Therefore the volumetric proportions shown on page 17 must be cor¬ 
rected in order that sufficient fine aggregate is provided in the mixture, 
i,e.y the amount of fine aggregate must be increased from 11.54 cu ft to 
11.54 X 1.24 = 14.31 cu ft and the proportions by volume become 
5:20:14.31:19.44, or 1:2.75:3.73, instead of 1:2.22:3.73. Unless the 
coarse aggregate has a grading which contains many small particles, the 
bulking effect is small and may be neglected. 

The correction in the amount of mixing water must be made the same 
as for proportioning by weight. The fine aggregate contains 

14.31 X 84.3 X 0.035 = 42 lb of water 
and the coarse aggregate (neglecting the slight hulking factor) 

19.44 X 105.0 X 0.01 = 2011) 

Therefore the amount of mixing water is reduced to 29..> gal per cu yd, 
the value determined previously for weight proportioning. 

1.13. Control of Concrete Mixtures. Where a small quantity of con¬ 
crete is to be placed, elaborate examination and inspection of each batch 
are not warranted and economy is best served by keeping the water- 
cement ratio within the specified limit. 

On the other hand, where large quantities of concrete are to be placed 
in important structures, special considerations are desirable to ensure 
economy and a uniform quality of concrete. Once the proportions of the 
constituent materials are selected, as long as the aggregates come from 
the same source, little trouble should be encountered in providing in each 
batch the proper amount of fine aggregate. The coarse aggregate may 
segregate in the stock pile and in such cases care must be taken to ensure 
uniformity. The percentage of moisture in the aggregates in the stock 
pile may have a considerable variance, and, as shown in Art. 1.12, this 
may have considerable effect on the strength and workability of the con¬ 
crete. Therefore periodic determinations of the amount of moisture in 
the aggregate must be made. Whether measurement is to be made by 
weight or volume, and considerable variance of the amount of water in 
the aggregates is anticipated, a “job curve'’ for each aggregate and the 
amount of mixing water to be added is warranted. Such a series of 
curves shows the weight or volume of each aggregate and the amount of 
mixing water for the range of percentages of moisture expected in the 
a-ggregates. 

In addition, tests of the quality of the concrete are made by taking 
representative specimens either at the mixer or at the forms for testing, 
usually at ages of 7 or 28 days after having been standard cured. ^ Job- 


^ ASTM C 39-49. 
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cured specimens, cured as nearly as possible as the concrete in the job is 
cured, are also sometimes advisable both to ascertain the (quality of the 
concrete and to determine the safe time of form removal and the ability 
of the concrete to sustain a portion or all of its design load. 

1.14. Mixing. Practically all concrete is machine-mixed. The ordi¬ 
nary mixer consists of a rotating drum, in the interior of which are 
blades so placed that, as the drum rotates, they lift the ingredients, which 
in turn slide off the blades and drop to the mass then at the bottom. 
Mixers vary from small laboratory machines of 1 or 2'cu ft capacity and 
small job one-bag mixers up to large mixers of 5 or 6 cu yd capacity. 

A batch of concrete is normally mixed from 1 to'4 min after all mate¬ 
rials are in the mixer, the longer periods being for the larger batches. 
Overmixing, if not.carried to extreme, is objectional only because of the 
added cost and the grinding action on the fine aggregate, which tends to 
stiffen the mix. 

Mixing for longer periods is the rule where concrete is delivered from a 
central mixing plant by means of a mixer mounted on a truck known as 
a transit mixer.Experience has shown that these transit mixers may 
continue to rotate the concrete for an hour or more with no injurious 
effects. However, it is usual to specify that the (*oncrete must be dis¬ 
charged into the forms within 1^ from the time of the beginning of 
the mixing. 

1.15. Placing. For many years it was the usual practice either to 
hoist the fresh concrete to a high tower for chuting or to locate the 
mixer above the job. The more fluid the mix, the greater the lengths of 
chutes that could he used, and the larger the area that could be covered 
from one location. This practice encouraged overwet mixtures, but with 
the ac(*eptance of the water-cement ratio this practice was gradually dis¬ 
continued. Placement of most building concrete is now made on hori¬ 
zontal runways by wheelbarrows or buggies that have been brought to 
the horizontal runways by hoists or elevators. The concrete should be 
deposited in horizontal even layers and not dumped all in one place and 
allowed to flow horizontally. It should then be tamped, spaded, or 
vibrated thoroughly before another layer is deposited. It is especially 
important that thorough spading or vibrating be done near the face of 
the form in order to ensure a smooth non honeycombed surface. 

Excess working of the concrete brings too much of the water and fine 
aggregate to the upper portion of the layer, which produces a weak chalky 
layer of material known as laitancc. Where continuous deposition is 
impossible, any such deposit of laitance should be scraped off and the 
concrete beneath roughened and wetted before placing is resumed. 
Where the deposition is continuous, which is of course desirable, it is 
good practice to decrease gradually the water-cenient ratio toward the 
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top of the lift in order to offset the water gain on the surface of the sev¬ 
eral layers as the work progresses. 

1.16. Curing. The principal variations in curing conditions which 
affect the process of hardening and the strength of the concrete are varia¬ 
tions in moisture and temperature conditions. While it is important 
that the amount of water used in mixing be controlled so that the con¬ 
sistency be kept as nearly normal as possible, it is just as important that, 
th e concrete be not allowed to dry out immediately, if the maximu m 
st rength is to be obta ined. All concrete should be protec'tod against 
premature drying out for at least 1 wei3^ and for a longer time when low 
temperatures prevail. This may be accomplished in several ways, the 
more usual of which follow: 

1 . Covering with an impervious paper, to minimize evaporation losses, 
and wetting down under the paper at short iiiK'rvals to keep surfaces 
moist. 

2. Covering surfaces with burlap whi(*h is kept wet by sprinkling at 
frequent intervals. 

3. Ponding with earth dykes holding the water. 

4. Covering with earth or straw whi(*h is kept moist. 

5. Sprinkling at intervals. 

0 . Applying a liquid which forms a membrane_which prcwx^nts evapora - 
tionjnascs. This is often colored to ensure full coverage. 

The importance of keeping the concrete moist while hardening (*annot 
be too strongly emphasized. Tests show that a concrete allowed to dry 
out immediately will usually reach a strength of not more than 50 per 
cent of the strength of similar concrete kept moist over the entire period 
of curing. Figure 1.4 shows this relation‘ graphically. All test speci¬ 
mens were tested at 4 months, having had various intervals of storage in 
damp sand. Each value is the average of 24 tests (four each for six 
consistencies). 

The relation between the mean temperature during the curing period 
and the strength of concrete is illustrated by Fig. 1.5.^ The tests from 
which the curves were plotted covered a wide range of temperature con¬ 
ditions, and the results were fairly consistent. A knowledge of the effect 
of the mean temperature upon the strength is very necessary in deter¬ 
mining the time when forms may be removed and loads applied, and a 
careful study of Fig. 1.5 will furnish the necessary information for deter¬ 
mining the relative length of time the forms should be kept in place under 
different temperature conditions. 

By combining high temperatures with a saturated condition of the 
atmosphere, it would follow that accelerated hardening of the concrete 

^ Taken from Lewis Inst. Structural Materials Research Lab. Bull. 2. 

* Taken from Univ. III. Eng. Expt. Sta. Bull. 81. 
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would be obtained. These conditions are brought into being by the 
application of live steam to concrete while hardening. This method is 
especially useful in the manufacture of concrete blocks, tile, small pipe, 
etc., where the saving in forms, storing space, and time is important. By 
placing the concrete products in a confined space, and applying the steam 
under pressure, a still more rapid increase in strength will be attained. 

Pressures up to 150 psi with temperatures as high as 350° have resulted 
in the concrete obtaining in a few hours the strength which it would have 
attained under normal curing conditions in., a period of several weeks. 

1.17. Freezing. The effect of low temperatures in delaying the hard¬ 
ening of concrete is shown in Fig. 1.5. When water reaches a tempera- 



Fig. 1.4 

ture of 39°F, some subtle change occurs which decreases its chemical 
ability for combination. This change becomes more marked as the freez¬ 
ing point is approached, and concretes placed with the temperature near 
the freezing point take several times as long to obtain a final set as con¬ 
cretes cured at normal temperatures. In case of dry atmospheric con¬ 
ditions much of the water may evaporate before the final set takes place, 
and insufficient water be left to combine chemically with the cement. 
In case the temperature falls below the freezing point before final set, the 
expansion of the water while freezing exerts a force sufficient to destroy 
the cohesion between the particles of the green concrete. 

The injurious effect of freezing is lessened by two factors, namely, that 
concrete is a very poor conductor of heat, and that the chemical action 
of setting and hardening generates a certain amount of heat to combat 
the freezing action of the atmospheric conditions. Thus the serious 
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injury is usually confined to the surface of the concrete, and rarely pene¬ 
trates more than an inch or two in depth. In massive members this may 
not seriously impair the strength, but be harmful only to the appear¬ 
ance. In the smaller members, however, a large percentage of the 
strength may be lost. 

Various methods are used to prevent the freezing of concrete, such as 
heating the constituent materials and covering the green concrete. In 
building construction the fresh concrete is often housed in by canvas 



Age, Days 
Fig. 1.5 


curtains and the interior heated by stoves or ^^salamanders” to maintain 
above-freezing temperatures. In such cases it is important that suffi¬ 
cient moisture be supplied by sprinkling or the interjection of live steam 
in order that the artificial heat not dry out the concrete. 

Generally it is advisable to protect the surface of the freshly poured 
concrete for a period of about a week and in all cases for a period of at 
least three days against freezing temperatures, keeping the surface tem¬ 
perature of the concrete well above the freezing point. 

1.18. Effect of Admixtures. Air-entraining Agents. About 15 years 
ago it was discovered that air bubbles of microscopic proportions in the 
hardened concrete add greatly to its resistance to deterioration under 
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alternate freezing and thawing. Air-entraining agents are either intro¬ 
duced as additions interground with the clinker in the manufacture of 
the cement or introduced later as an admixture. The most commonly 
used agents are Vinsol resin and Darex. The usual increase in voids by 
the presence of the entrained air ranges from 3 to 6 per cent. When such 
an agent is used, the mixture becomes more workable and a higher ratio 
of coarse to fine aggregate may be used. The amount of water may also 
be reduced, usually by a penjentage equal to about two-thirds of the per¬ 
centage of the entrained air. Even with this reduction in water-cement 
ratio the (jompressive strength of ri(*h mixtures is slightly reduced, while 
that of lean mixtures is slightly increased. However, the increase in the 
durability of coruTcte pavement against alterations of freezing and thaw¬ 
ing where such an agent is present has led to its wide use, and it has also 
often been used for less exposed structures because of the favorable 
effect on the workability and texture of the concrete. 

Accelerators. Calcium chloride is the most widely used accelerator. 
When used in the ratio of about 2 per cent of the weight of the cement, it 
increases the early strength of the concrete and provides a certain protec¬ 
tion against freezing temperatures. If larger amounts are used, the ulti¬ 
mate strength of the concrete is substantially reduced. 

Hydrated Lime, 'J^he use of hydrated lime in quantities up to 15 per 
cent of the weight of the cement has been advocated by various authori¬ 
ties on the theory that it improved the workability of the concrete or 
increased its strength and waterl ightness. In lean mixtures it is true 
that the addition of hydrated lime does have a marked effect in produc¬ 
ing a more plastic and better working concrete. In the richer mixes this 
effect is less pronounced. Some tests have shown a slight increase in 
strength with the use of a small percentage of hydrated lime. It appears 
that if the hydrated lime is added without decreasing the amount of 
cement or increasing the amount of water, such an ijicrease usually 
o^'curs, but if some of the cement is replaced by hydrated lime, a reduc¬ 
tion in strength can be expected. 

Water-repelUny Agents. Various waterproofing compounds in pow¬ 
dered or li(]uid form are sometimes used to make a more impervious 
concrete. They are either added to the mixing water, mixed with the 
cement on the job, or added to the cement during its manufacture. 
Their function is to fill the voids or pores of the concrete with a more or 
less soapy, insoluble filler, and thus prevent the percolation of water 
through the concrete. The results obtained are varied. Some prac¬ 
tically impervious concrete has been produced, while on other work the 
waterproofing has not been successful. Practica lly all the compounds in 
use detract from the co mpressive strei ^h of TBe^ofir retgT^'ullv^as 
impervious concrete can generally be obtained by usinga slightly richer 
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mix, well-graded fine aggregate, as stiff a consistency as possible, and 
thoroughly puddling the concrete as it is placed. 

PROPERTIES OF CONCRETE 

\.iv. Compressive Strength. The ultimate strength of a concrete 
normally increases with age. This increase proceeds very rapidly for 
the first few days after the concrete is placed, but becomes more gradual 
as time goes on, though continuing at a more reduced rate for an indefi¬ 
nite period. The compressive strength of concrete at the age of 28 days, as 
determined by test specimens made and cured in accordance with ASTM 
C 192-49, is generally used as a measure of the quality of the concrete. 
This assumes propter mixing and placing and suitable curing conditions. 

The ultimate compressive strength expressed in pounds per scjuare 
inch is used as a basis for determining the unit stresses to be used in 
design, for it has been found that practically all the other structural 
properties of a concrete are proportional to the compressive strength. 

1.20. '’^nsile Strength. The tensile strength of concrete is a property 
of little importance, because it is so low in comparison with the compres¬ 
sive strength that it is usually neglected altogether in the desigg of roin^ 
f orced concrete structures. It may roughly be estimated as having a 
value of about 10 per cent of the compressive strength. 

1.21. Transverse Strength. The transverse, or flexural, strength of 
concrete i§^w as compared with its compressive strength, but much 
greater than the strength in pure tension. The transverse strength is 
measured by the stress developed in beam action. Tn a reinforced con¬ 
crete member this strength is usually disregarded, and steel reinforce¬ 
ment is placed in the member to develop the flexural stresses on the ten¬ 
sion side. Load tests, however, on reinforced concrete structures have 
shown that the transverse strength of the concrete contributes to a 
marked degree in increasing the capacity of the structure. Tests made 
by Duff A. Abrams^ indicate that, at 28 days, the transverse strength 
varies from 26 per cent of the compressive strength for a lOOO-psi con¬ 
crete to 15 per cent for a 4000-psi concrete. 

1.22. Shearing Strength. T he shearing strength of concrete is 
i mportant in that failure bv shear on a diagonal plane often occurs in^ 
s hort compression specimenj j. The direct shear must not be confused 
with the combination of shear and diagonal tension that occurs in the 
web of a beam. The resistance of concrete to direct shear is difficult to 
determine, as it is almost impossible to eliminate the effect of bearing, 
diagonal tension, and other stresses, so that different series of tests show 
quite a variation from one another. For most concrete the shearing 

^ See Lems Inst. Structural Materiah Research Lab. 11. 
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strength is at least 60 per cent of the compressive strength, and will need 
to be considered in design only in exceptional cases. 

1.23. Elasticity;^^ Concrete is not a perfectly elastic material, there 
being a slight decrease in the ratio of stress to strain as the stress increases. 
Concrete also shows a permanent set under the smallest loads, but within 
working limits there is a fairly constant relation between temporary 

stress and strain, which may be consid- 
Y ercd as the modulus of elasticity of the 

/ concrete. 

/ Since the stress-strain line is curved 

/ Y almost from the beginning, the method 

^ of calculating the modulus of elasticity 

/ needs to be considered. Figure 1.6 is a 

/ / I typical stress-strain diagram with the 

2 / V I curvature somewhat exaggerated. A 

^ / n I load producing a stress Oc has been ap- 

/ / I plied and removed a sufficient number of 

I times until the permanent set Oa shows 

^ / I _ no further appreciable increase, and all 

^ . A points on the stress-strain line oc? fall on 

e ormation ^ ^ approximately straight lino, 

formation measured from the original 
positio n, for a stress 6c, is Ob, and the slope of the line Od is called 
theI^elgaS^ modTJ The slcy^e of t he tangeu i^ to the curve, repre¬ 
sented by OT, is known as thA YMnitial modulus [| or ^^initial tangent 
modulus.” 

In reinforced concrete design the principal use of the modulus of elas¬ 
ticity is to determine the value of the relative stresses carried by the steel 
and concrete , assuming t hat there is perfect bond between the two mate¬ 
rials. For such a computation the deformation should be measured 
from the original posi^n, and th ^secant m odulus should be used. In 
the case of a beam ^^mcre tlm stress inJJia-cmiLcrete yarics a^^ to 

the ^^str aight-line” theory , th e scca r it mndnlu s, while not exactl}'' repre¬ 
senting the conditions, is nearer to the exact conditions than the initial 
modulus. The relation between the secant modulus and the initial mod¬ 
ulus is not a constant, but for all but the smallest loads the former is the 
smaller. 

There is a relation between the modulus of elasticity of a concrete and 
its compressive strength, but this relation is not linear. Stanton Walker^ 
expresses this relation for usual concretes as = 33,000 where E is 
the initial modulus and S the compressive strength of the concrete. The 
tests from which this relation was determined covered a wide range of 
1 See Lewis Inst. Structural Materials-Research Lab. Bull. 5. 
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consistencies, mixes, times of mixing, curing conditions, and age at time 
of test. These tests also showed that the modulus of elasticity increases 
as the aggregate becomes’ coarser (within certain limits), that it increases 
with age, the richness of the mix, and time of mixing, and is less for wet 
than for dry consistencies. 

The value for this initial modulus for concrete at the age of 28 days 
varies from about 1,500,000 to 5,500,000 psi with a somewhat narrower 
range for the usual concretes. The values most often used in design are 
generally somewhat smaller, the ACI Code specifying that the modulus 
of elasticity of the steel be taken as 30,000,000 psi and that of the con¬ 
crete as 1000/', where /J is the ultimate compressive strength determined 
as described in Art. 1.19. 



1.24. Elastic Limit. For the same reasons as those given at the begin¬ 
ning of the previous section, there can be no elastic limit in the true sense 
of the term. There appears to be a stress, however, below which repeti¬ 
tion of the same load docs not cause appreciable increase in set, while 
beyond this stress, repetition of load causes increased set indefinitely, 
and final failure far below the normal ultimate strength. This stress 
may be considered as the elastic limit. Tests show quite a range of 
values, varying from 25 to 90 per cent of the ultimate compressive 
strength, but for the average concrete it is probably in the neighborhood 
of from 40 to 60 per cent of the ultimate compressive strength. 

1.25. Plastic Flow.'^ Tests have shown that all concrete under a sus¬ 
tained load continues to deform or ‘‘plastically flow" for a long period of 
time. This deformation is independent of that due to shrinkage caused 
by the decrease in moisture content. The results of tests by R. E. and 
H. E. Davis^ on 4- by 14-in. cylinders of 1:5.05 concrete with a water- 
cement ratio of 1.03, loaded at 28 days, and stored in air of 70 per cent 
humidity are shown in Fig. 1.7. For specimens stored under water the 
deformations due to flow were much smaller. 

^Proc. ACI, vol. 27, p. 837, 1931. 
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The effect of this plastic flow in a reinforced concrete column is, under 
sustained load, to relieve gradually the compressive stress in the concrete 
until the yield point of the steel is reached. Tests of reinforced concrete 
columns, sponsored by the American Concrete Institute, made at Lehigh 
University and at the University of Illinois,^ have shown increases in the 
steel stress of from two to four times that obtained under the initial 
loading. 

In beams and slabs the effect of the shrinkage and plastic flow is to 
move the neutral axis toward the tensile reinforcement, thus decreasing 
the stress in the concrete and increasing that in the steel. 

In all cases the removal of the load shows some recovery or backward 
flow, which often continues for an appreciable period, but such values 
are always less than the deformations under the sustained load. 

1.26. Contraction and Expansion. Concretes expand as the tempera¬ 
ture is raised, and contract as the temperature is lowered. The coeffi¬ 
cient of expansion per degree of temperature change increases somewhat 
with the richness of the mix, but the range of values is small. Tests 
made in the laboratories of Cornell Univ^ersity gave a range of values of 
from 0,0000()()77 for a 1:112*^ concrete to 0.00000537 for a 1:3:0 con¬ 
crete, with an average for all tests of 0.00000004. Other tests have shown 
a close agreement. The value generally used is 0.000000 per degree 
Fahrenheit. 

Concretes expand in volume if kept wet or immersed in water, and 
contract if exposed to air. This property is not confined to freshly 
placed concrete but is characteristic of concretes of many years^ servi(‘e. 
A concrete which dries out in air may be exi)ected to contract from 0.02 
to 0.05 per cent, and when immersed in water may expand at least one- 
half of this amount. 

This tendency to change in volume with different moisture conditions 
and changes in temperature does, of course, set up stresses of both ten¬ 
sion and compression in a restrained reinforced concrete structure. The 
tensile stresses often exceed the amount that the concrete can sustain, 
and (Tacks result. 

1.27. Bond. The adhesion of new concrete to work previously placed 
becomes an important consideration in certain classes of construction. 
Very few tests of this property, however, have been made. Tests made 
by Hector St. Cleorge Hobinson in 1912 indicate that a thorough cleaning 
of the old surfar'e is beneficial to bond. When the old surface was 
roughened, cleaned, either treated with hydrochloric acid or coated with 
cement grout, a joint of about 80 per cent efficiency was obtained. 
Merely wetting the surfa(*e gave an efficiency of about 40 per cent, and 
wetting and roughening something more than 50 per cent. If the old 

iPror. ACI, vol. 27, pp. 677, 761, 1931; vol. 28, p. 157, 1932. 
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concrete is not thoroughly wetted, it will draw the moisture from the 
new concrete, often leaving not enough in the latter for a normal con¬ 
sistency, and resulting in weak concrete near the joint as well as produc¬ 
ing a joint of low efficiency. (For bond between concrete and steel, see 
Art. 2.6.) 

1.28. Weight. The weight of a concrete varies somewhat with the 
proportions of the mix, the consistency, and the character of the aggre¬ 
gate. The richer concretes are slightly heavier, and the wetter consist¬ 
encies are lighter, except when porous lightweight aggregates arc used 
as the coarse aggregate. A stone or gravel concrete will usually weigh 
between 140 and 150 pcf, with an average of about 145 pcf. In rein¬ 
forced concrete the steel adds from 3 to 5 pcf, and the weight of rein¬ 
forced concrete (including the steel) is usually taken as 150 pcf. The 
weight of some structural lightweight concrete may be as low as 100 y)cf. 

1.29. Resistance to Fire. C oncrete is not only incombustible^ but als o 
a poor conductor of he at. Hence it is a splendid fire-resisting and fire¬ 
proofing material. Clay products and building stones are eouany non - 
c ombustib le, but they possess great er condu(>tivity and a higher coeffi - 
ciento ^xpansioiC The low coeffic^nt of e xpansion lessens th e tendency 
to crack w hen heated, and the low conductivity prevents the transference 
( ^the heat of the fire to the interior of tlie mass and to the reiii furf^^^ 
s^e^ Tests of conductivity have shown that when the surface of a mass 
of concrete is exposed for hours to a high heat, the temperature at a 
depth of 1 in. beneath the surface is considerably lower, while at a depth 
of 3 in. or more the rise in temperature is very slight. 

The low therma l conductivity of concrete is to a lar ge extent due to 
voids in the materia.1 Neat cement, A\ith a void content about twice 
hhat of the average concrete, shows a corresponding decrease in its con¬ 
ductivity. It is also partly due to the absorption of the heat of vaporiza¬ 
tion by the water of combination in the hardened cement. The absorp¬ 
tion of heat by the surface material .as it becomes dehydrated retards the 
dehydration of the concrete beneath. The surface concrete which is 
injured by heat, but which remains in place, affords protection for the 
material farther in, as it is a poorer conductor than the original concrete. 

The experience gained from some of the great fires, for example, those 
of Baltimore and the Edison Plant, etc., has shown that concrete exposed 
to high heat for a considerable length of time becomes calcined to a 
depth of from )4 to in. but shows no tendency to spall off except at 
exposed corners and edges. 

For fire-resistant construction it is required that all metal reinforce¬ 
ment should be protected against fire by at least IJ'^ in. of concrete in 
beams, girders, and columns and at least % in. of concrete in slabs. 
This minimum requirement applies only when the aggregates consist of 
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materials which change in volume a relatively small amount when exposed 
to high temperature. For other aggregates such as granite, quartzite, 
siliceous gravel, sandstone, gneiss, and cinders containing from 25 to 
40 per cent of combustible material, the protection should be increased 
to 2 in. for beams, girders, and columns and to 1 in. for slabs. 

An idea of the severe test which concrete may be expected to pass as 
a fire-resisting material may be obtained from the following specification 
of the Building Code of the City of New York for fireproof partition 
walls. 


A vertical panel of not less than 14 ft. long and 9 ft. high shall be subjected to a 
fire continuous for not less than 1 hour at an average temperature of 1700 deg. 
Fahrenheit during the latter half hour, followed by an application for not less 
than minutes of a hose stream from a l^-in. nozzle at 30 lb. nozzle pressure, 
without passage of flame during the test. 

1.30. Weathering Qualities. The principal weathering agencies 
affecting the durability of concrete are variation in temperature, wind, 
rain, and variation in moisture conditions. Changes in temperature and 
moisture conditions cause more or less expansion and contraction in con¬ 
cretes, which in turn are apt to cause cracking that may result in ulti¬ 
mate failure. Cracking due to variations in temperature is likely to be 
confined principally to the surface of a structure, and may be made less 
harmful by the use of steel reinforcement so placed that a multitude of 
small cracks, which often are not visible to the naked eye, replace a few 
large and deep cracks. Expansion and contraction due to moisture 
changes are oftentimes more serious, as the moisture may penetrate the 
concrete farther and cause dangerous stresses to be introduced. The 
expansion and contraction of rich mixes are considerably more than those 
of the leaner mixtures, when moisture and temperature conditions vary. 
This circumstance is often responsible for the cracking off of a rich sur¬ 
face coat floated or plastered on a leaner base. The surface material not 
only tends to expand and contract more on account of its comparative 
richness, but it protects the underlying material from going through the 
extensive temperature and moisture changes which it itself is experienc¬ 
ing. To prevent the ultimate spalling off of this surface layer, as lean 
and as thin a surface coat as possible should be used, and where practi¬ 
cable, it should be applied before the leaner base has set so as to make the 
bond between the two as strong as possible. 

1.31. Abrasive Resistance. The extensive use of concrete in the con¬ 
struction of roads, pavements, and floors makes its resistance to wear or 
abrasion an important consideration. In general, a concrete of high 
compressive strength will have a high resistance to abrasive action. 
Abrasion either wears away the cement and sand' grains or it pulls the 
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sand grains out of the cement matrix. It follows, therefore, that with 
soft aggregates more cement will be needed in order to keep the wear low, 
while with hard and durable aggregates just sufficient cement is needed 
to hold the aggregate against the abrasive action. The quantity of mix¬ 
ing water used, however, the length of time of the mixing, and the curing 
conditions have more effect on the abrasive resistance than the hardness 
of the aggregate, and a good wearing surface can be produced with 
inferior aggregates if other conditions are favorable. Provided the 
proper precautions are taken, and a good-quality concrete produced, the 
actual wear on the surface of either a pavement or a floor will not be of 
any serious amount, no matter how heavy the traffic. 

1.32. Effect of Various Substances on Hardened Concrete. Sea 
Water, Almost invariably, specifications forbid the use of sea water in 
mixing concretes. The detrimental effect to the concrete itself is usually 
not so large except in very lean mixtures, but in reinforced concrete con¬ 
struction where sea water is used in mixing, the corrosion of the steel is 
likely to be serious, and may eventually result in the complete destruc¬ 
tion of the work. 

The reliability of concrete and reinforced concrete when exposed to the 
action of sea water is variable, but, under favorable conditions and with 
proper care, structures comparing favorably in durability with those of 
timber or steel can be constructed. A richer and denser mix should be 
used than for ordinary construction, in order to ensure against the infil¬ 
tration of water into the concrete, whi(*h causes, in the case of plain con¬ 
crete, complete disintegration due to chemical reaction, or in the case of 
reinforced concrete, failure due either to electrolysis or to rusting of the 
steel. Just enough fresh water should be used in mixing so that the con¬ 
crete settles around the reinforcing rods with light tamping. The forms 
should be oiled to ensure a smooth surface, and if practical, a richer 
mortar coat should be applied next the forms at the same time the other 
concrete is placed. Reinforcing material should be protected by at least 
3 in. of concrete. Construction joints should be avoided, and the 
concrete should not be exposed to the sea water until it is thoroughly 
hardened. 

Reinforced concrete in sea water subjected to intermittent saturation 
should have a water-cement ratio not greater than 5 gal of water per 
sack of cement, and where complete continuous submergence in sea water 
is to be realized, the water-cement ratio should not exceed 6 gal per 
sack of cement. All reinforcement should be protected by at least 3 in. 
of concrete. 

Alkali Waters. Alkali waters have the same effect on concrete as sea 
water and the same precautions should be exercised as for sea water, 
where the concrete is to be subject to this exposure. 
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Oils, Acids, and Sewage. Concrete thoroughly hardened is unaffected 
by mineral oils such as ordinary petroleum or engine oils. Various ani¬ 
mal and vegetable oils may slightly weaken and disintegrate a concrete, 
but such cases are rare. 

Acids which seriously injure other materials will also injure concrete. 
The condition where this is most likely to occur is in the discharge of 
acids in sewage. Strong sulfuric acid in contact with the concrete con¬ 
verts the carbonate of lime into sulfate of lime, which is soft and easily 
corroded. Two factors, however, tend to make this effect less marked: 
(1) the likelihood of the acid being so much diluted by the water of the 
sewage as to be practically harmless, and (2) the greasy .substance which 
is usually found to coat the perimeter of a .sewer under the water line 
prevents the full action of the acid upon the cement. 
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become inoperative and the entire tension force in the beam is resisted 
by the steel reinforcement. The cracks propagate to a level only slightly 
below the neutral axis. They do not cross the axis, since they are caused 
only by the^low resistance of concrete to tensionUnd hence will not prop¬ 
agate into the compression zone of the beam. 

These cracks are directed perpendi(‘uiar to the tension stresses by 
which they are caused. Hence, in the central portion of the beam of 
Fig. 3.1 where pure bending prevails and tension stresses are horizontal, 
the cracks are vertical in direction. In the outer portions of the beam, 
where shear combines with momqnt, the cracks form approximately per¬ 
pendicular to the inclined tension stresses t (see Ai’t. 3.1) and, hence, are 
inclined to the horizontal by an amount approximately equal to 90° — a. 

It is evident from this discussion that cracks will form on the tension 



cracks, in well-designed beams, are so small that they usually (‘scape 
detec'tion, and are known as hairline cracks . They are an inevitable 
occurrence and have no detrimental effect on the performance of the 
beam. 

In a section through a crack, such as aa in Fig. 3.1, the portion of the 
beam which carries stresses consists of the part of the concrete above the 
neutral axis, which is in compression, and the tension steel. The cra ck, 
which actually stops slightly below the neutral axis, for the ^ke of Sim 
pllcity is assumed to have propagated toTEe^axis'ttSelf. 

For this reason the stress analysis that follows is based only on the 
uncracked part of the concrete section, that is, on the shaded portion of 
the section shown in Fig. 3.2. 

Figure 3.2 represents a portion of a rectangular reinforced concrete 
beam. Let AB represent any cross section before the load is applied to 
the beam and A'B' the same cross section after the load is applied. The 
upper fibers of the beam (th^ compression fibeife) will tend to shorten, 
and the lower fibers will lengthen. Ac(‘ording to Assumption 1, Art. 3.2, 
the deformation at any horizontal plane in the beam is proportional to 
the distance from that plane to the neutral axis. With proper interpre- 
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tation^ ^ l^ft rynfliHftrftH to represent the shortening 

of the .extreme uppej^fibers for^a unit length of beam, and BB' the unit 
elongation-<rf-the^ steel. In the stress diagram,/r represents the unit 
^compressive stre^ in the extreme fibS”"a? the* section AB* The total 
Ijompressive v = (f^fM)'Er= }^Jckhdf and the total tension. _neglectin g 
in fliA pr»npr#>f.p^ in wTiich /g is the unit stress in the steel 

^d A, the cr oss-sectional area of the steel. For the general notation 
used in the following discussion, see Appendix A. 

For equilibrium, the total compressive force^in a beam must equal the 
total tensile force. From Fig. 3.2y 

}ifMd = Asf, (a) 


From the assumption that deformations vary as the distance from the 
neutral axis, 


kd 

BB' ^ d - kd 


(h) 


1 

Since B = 


unit stress 
unit deformation^ 


it follows that 


II 

and BB' = ^ 


Hence 

j E,]f, _ nfc 


AA' 

(c) 

BB' 

\Ee U f. 

Equating (b) and (c), 



nfc 

kd 

id) 

/. 

1 

1 

from which 



/. 

_ n/c(l - k) 
k 

(3.1) 

or 



fc 

II 

(3.1a) 


Equations (3.1) and (3.1o) give the relation between the actual simul¬ 
taneous stresses in the steel and the concrete in any beam at any stage of 
loading, provided the value of k is known. The equation for k is derived 
in the following paragraph. 

The actual ratio of the area of the steel to the effective cross-sectional 
area of the concrete is^ 


^ In this definition the effective area of the cross section is taken as bd rather than 
ba for the following reason: Since the concrete below the neutral axis is cracked, its 
only function is to hold the steel bars in place, t.e., to fix the distance d. Any con- 
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Hence, from Eq. (a), 




(e) 


Substituting in Eq. (e) the value of /* from Eq. (3.1), 

k = 2pn(l - k) 
k 

Solving for k, 

k = \/2pn + (pny — pn (3.2) 

This value of k is independent of the unit stresses in the steel and con¬ 
crete but is dependent upon the proportion of stee] in the beam and the 
ratio of the moduli of elasticity of the two materials. It is to be used in 
reviewing, i.e., in calculating unit stresses or resisting moments of a beam 
A\hose dimensions and amount of reinforcement are known. 

From Fig. 3.2, the lever arm jd of the internal stress couple is 


hence 


jd = d 


kd 



(3.3) 


The resisting moment of a beam is dejiendent upon the strength of 
either the steel or the eoncn^te. The resisting moment of each is equal 
to the total force in each, i.c., compression in concrete and tension in 
steel, multiplied by the lever arm jd of the couple, or 

= i^ifMd)jd = Hfrkjbd^ (3.4) 

Ms = AJJd (3.5) 

Since == pbdy Eq. (3.5) may also be written as follows: 


Ms = pfjbd^ (3.5a) 

The actual internal moments as expressed by Eq. (3.4) and (3.5) are 
each equal to the external bending moment at all stages of loading (for 
equilibrium), but if the maximum allowable value of the resisting moment 
of the concrete Me is reached before that of the steel Ms, it means that 
the beam will be overstressed on the compression side before the maxi¬ 
mum allowable fiber stress in the steel is reached; i,e., the beam has more 
steel than is theoretically required—^it is overreinforced. 


crote below the level of the bars is, therefore, ineffective structurally and is provided 
only to furnish insolation and protection for the bars. 
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In designing a reinforced concrete beam, it is desirable to place in the 
beam an amount of steel such that the limiting unit stresses or limiting 
resisting moments as expressed by Eqs. (3.4) and (3.5) or (3.4) and (3.5a) 
shall be reached simuftaneously. If this ideal steel ratio is obtained 


Me = ilf. = y2frkjbd^ = AJ^jd = pfsjbd^ if) 


or 

M = Kbd^ (3.6) 

where K = yjrkj or 

If the ratio fjfc = r, Eq. (d) reduces to thb form n/r = k/{l — k), 
and solving for /c, 


k = 


_ 

n + r 


(3.7) 


This value of k depends only upon the unit stresses in the steel and in 
the concrete and upon the value of the ratio n. Therefore Eq. (3.7) 
cannot be used in review, since the simultaneous values of /, and fc are 
not known. 

An expression for the ideal steel ratio may be obtained as follows: since 
with this ideal percentage of steel = pf,j [Eq. (/)], it follows that 

p = k/2rj and since for any given values ofand/c, k = n/(n + r), the 
equation for p becomes 


_ n 
^ 2r{n + r) 


(3.8) 


This ratio is known as balanced reinforcement. 

The values of Me and Ms will be equal to each other only when the 
amount of steel placed in the beam is such that the actual steel ratio, 
p = As/bd, is e(|ual to the value given by Eq. (3.8). On account of the 
commercdal sizes of reinforcing steel in use, the actual ratio wdll usually 
be greater or less than the ideal. In the former case Mg will be greater 
than Mr and the strength of the beam will be limited by that of the con¬ 
crete. For underreinforced beams, in which the actual steel ratio is less 
than the ideal ratio, the reverse will be true. 

3.5. Application of Equations to Design and Review Problems. The 
equations previously developed arc summarized below. 


. n/,(l - k) 

k 

(3.1) 

n(l - k) 

(3.1a) 

k — \/2pn + {pny — pn (review) 

(3.2) 

■k ICO 

1 

rH 

II 

(3.3) 

= Hf.kjbd^ 

(3.4) 
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M, = A,f^d 

(3.5) 

= p/JW* 

(3.5a) 

M = Kbd^ 

(3.6) 

Tl 

^ only) 

(3.7) 

n 

(3.8) 

^ ~ 2r{n + r) 


To design a beam, either Eq. (3.4) or (3.0) may he used to determine 
the cross section required to ensure against crushing of the concrete under 
any given bending moment, and Eq. (3..5) may be used to determine the 
area of steel necessary to develop the full strength of the concrete in 
compression. Values of k and j are obtained from Eqs. (3.7) and (3.3). 

Economic and constructional considerations are usually best served w hen 
the cross section of a rectangular beam is so proportioned that 6 is from 
one-half to three quarten^t^d. Construction limitations make it unde¬ 
sirable to select d in multiples of less than ^2 h)., and sometimes 1-in. 
multiples are used. Also, in order to keep the amount of mill or car¬ 
penter work as small as possible, the width of beam h should be chosen so 
that a plank of standard width may be used for the bottom form. In 
fulfilling this requirement, most designers consider the nominal width of 
the plank and hence proportion all beams for widths of even integral 
inches. Some designers, however, prefer to consider the actual width of 
the lumber available after dressing and to proportion their beams accord¬ 
ingly. The nominal width is used in all the problems in this text. 

To determine the resisting moment of a given beam of known dimen¬ 
sions and reinforcement, Eqs. (3.4) and (3.5) or (3.4) and (3.5a) should 
be solved foi Me and i/*; the smaller value is the recjuired moment. To 
determine the maximum unit stresses /s and /, in a beam of knowm dimen¬ 
sions and condition of loading, Eqs. (3.4) and (3.5), or (3.4) and (3.1), 
or (3.5) and (3.1a) can be used, substituting tor 4/, or the maximum 
external bending moment M. In any review problem, values of k and 
j are obtained from Eqs. (3.2) and (3.3). 

3.6. Approximate Design Moments. The value of the external bend¬ 
ing moment varies with the form of support and the type of loading. 
For beams resting on two supports, one at each end, and not restrained 
way, with a uniformly distributed load the moment is equal to 
A partially continuous b^am-(continuous over one support only) 
^s a moment of approximatel^^^^o'*^^^ J/^^^&ative over support and posi¬ 
tive at the center of span), and aliillyl^ntinuous beam fia>ntiftnous over 
two or more supports) has a moment of approximateljM^fjgj/i/i^ 
over support and positive at center of span), where w is the load per unit 
of length and I is the distance center to center of supports. Concen- 
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trated loads, partial loads, or irregular uniform loads cause a variety of 
moment coefficients, depending upon the number of spans and the amount 
of continuity to be considered. 

When reinforced concrete construction was in its infancy, design fol¬ 
lowed the procedure outlined above. However, most reinforced con¬ 
crete building construction consists of an arrangement of slab, beams, 
and columns built monolithically with slab and beam supports, often of 
considerable width, so that the critical negative moment section is not at 
the center of the support but at the edge of the support. With the 
critical negative-moment section at this point, the maximum positive 
moment at the center of the span (or elsewhere) is also reduced, as the 
leffective span length becomes the distance between faces of supports and 
the restraint at the support further reduces the positive moment. 

In order to take the above conditions into consideration, the ACI Code 
specifies that a satisfactory approximate method of design for buildings 
of the usual type of construction, spans, and story heights is as follows. 

In case of two or more approximately equal spans (the larger of two 
adjacent spans not exceeding the shorter by more than 20 per cent) with 
loads uniformly distributed, where the unit live load does not exceed 
three times the unit dead load, design for the following moments and 
shears is satisfactory: 


Positive moment at cent(‘r of span: 

End spans*. 

Interior spans. . 

Negative moment at exterior face of first interior support: 

Two spans. . 

More than two spans. 

Negative moment at other faces of interior supports. 

Negative moment at face of all supports for (a) slabs with spans not exceed¬ 
ing 10 ft and (b) beams and girders where ratio of sum of column stiff¬ 
nesses to beam stiffness exceeds 8. 

Shear in end members at first interior support. 

Shear at other supports. 


H4 

He wV^ 

H wn 
Ho wn 
Hi 


H2 



2 


* Where a condition such as (a), below, exists, it is recommended that the positive 
moment at the center of the (md span be taken as H i 

t V is the clear span for positive moment and shear and the average of two adjacent 
clear spans for negative moment. 


It will be noted that the Code does not specify a negative-moment 
coefficient for an exterior support. Three conditions may exist at such 
a support: (a) the beam or slab may rest freely on the support or be 
bricked in a supporting wall, (h) the beam or slab may be constructed 
integrally with a supporting beam, (c) the beam may be constructed 
integrally with a supporting column. Where a condition such as (a) 
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exists, the negative moment is zero or so small that it may be neglected. 
For the condition described in (fe), the amount of negative moment devel¬ 
oped depends upon the torsional resistance of the supporting beam. It 
is recommended for this condition that the negative moment at the face 
of the exterior support be taken as For the condition described 

in (c), due to the greater stiffness of the column support, a larger negative 
moment can be expected and the negative moment recommended for con¬ 
sideration at the face of the support is unless the ratio of the sum 

of the column stiffnesses to the beam stiffness exceeds 8, in which case 
the moment coefficient as given above is used. 

The span length I of members that are not built integrally with their 
supports is, however, taken as the clear span plus the depth of the slab 
or beam, or the distance center to center of supports, whichever is the 
lesser. 

In order not to complicate the introduction of continuity into the 
design of reinforced concrete beams, the majority of the illustrative prob¬ 
lems of this chapter will consider that beams and slabs are not built 
integrally with their supports, and the span length will be taken as the 
distance center to center of supports. 

The moment values given here are reasonably accurate and somewhat 
conservative for average conditions, i.c., for uniformly distributed loads 
and for nearly equal spans. They should not be used except for these 
conditions. For all other situations it is necessary to find moments and 
shears by detailed analysis. Rince most reinforced concrete structures 
are continuous, z.c., do not consist of individual simple beams, methods 
of analysis of statically indeterminate structures must be used for deter¬ 
mining moments, shears, and forces. Such statically indeterminate anal¬ 
ysis has become an integral part of reinforced concrete design. The most 
important pertinent methods are briefly discussed in Sec. 6. For a more 
detailed treatment of this important topic, the reader is referred to any 
of a number of good texts on indeterminate structures. 

3.7. Placing the Reinfpreement. In placing the reinforcement, three 
general requirements must be fulfilled. First, there must be sufficient 
space between the bars to permit proper placing of the concrete around 
them; second, there must be sufficient concrete in the plane of the bars 
^operly to transmit the stresses of tension and shear; third, there must 
be suJffciehT'TioncreTe" below the steel to afford ample”' protection for the 
steel against moisture and fine damage. 

The ACI Code specifies that the clear distance between parallel bars 
shall be not less than (a) 1 in.; {h) the nominal diameter of the bars; 
(c) times the maximum size of the coarse aggregate. 

The ACI Code also specifies that the concrete protective covering for 
reinforcement at surfaces not exposed directly to the ground or weather 
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shall be not less than ^ in. for slabs and walls and not less than in. 
for beams, girders, and columns. If the concrete surface is to be exposed 
to the weather or in contact with the ground, a protective covering of at 
least 2 in. is required, except that if the concrete is to be poured in direct 
contact with the ground, without the use of forms, a covering of at least 
3 in. must be furnished. 

In general, the centers of bars in beams should be at least 2}^ from 
the bottom surface of the beam, in order to furnish at least in. of 
clear insulation below the bars and the stirrups that are used for web rein¬ 
forcement (see Fig. 3.3). If no stirrups are required, this distance from 
the center of the bar to the surface can be made 2 in., provided that the 
bars are not larger than 1 in. in size. In slabs, 1 in. to the (‘enter of the 
bars is ordinarily sufficient to give the required in. insulation. These 
conditions are illustrated in Fig. 3.3. Although the distances 23^, 2, and 

Stirrups 



{o) Beam with Stirrups (5) Beam without Stirrups (c) Siob 

Fig. 3.3 


1 in., shown in Fig. 3.3, are not the exact distances required to furnish 
the clear insulation specified in the (^ode, they will in practically all 
cases satisfy the minimum requirements and are sufficiently exact for 
all design purposes. Total depths of beams should be taken in multiples 
of not less than ^2 ^^'d preferably 1 in., so that effective depths (d) 

will also be in multiples of ^2 hi., or 1 in., if the above-mentioned dis¬ 
tances to the centers of the bars are used. 

3.8. Allowable Unit Stresses. The allowable unit working stresses 
in the concrete, as specified in the ACT Code, are given in Appendix B. 
These stresses are given as a percentage of the ultimate compressive 
strength, /', of the concrete at the age of 28 days (see Art. 1.19). Thus, 
the safe working unit stress in flexure is 0.45 /', which gives for 2500-psi 
concrete a value of 0.45 X 2500, or 1125 psi. A somewhat lower unit 
stress in flexure is specified in many municipal building codes. To 
emphasize this fact, some of the following problems are solved with 
assumed working stresses which do not agree with the recommendations 
as given in Appendix B. Where such exception is taken, the assumed 
allowable unit stresses are given in the data of the -problem. 
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Concretes used in ordinary building construction are proportioned so 
as to develop ultimate compressive strengths varying usually from 2500 
to 3750 psi. The lower-strength concretes are normally used for the 
floor systems and for footings, while the higher-strength concretes are 
used for the columns. In special cases, greater-strength concretes may 
be used. 

3.9. Illustrative Examples. I. A rectangular simply supported rein¬ 
forced concrete beam has a total cross section of 12 by 24 in. and a length 
of 20 ft-0 in. It is reinforced with four No. 8 bars in one row, the centers 
of the bars being 2}/2 i^^- above the lower surface of the beam. Assuming 
a 2500-psi concrete, structural-grade steel, and following the specifica¬ 
tions of the ACI Code, Appendix B, what is the resisting moment of the 
beam? 


hd 


3.14 

12 X 21.5 


= 0.0122 


/r = y/2 X 0.0122 X 12 +‘(0.0122 X 12)^ - 0.0122 X 12 
, 0.414 

j = 1 _ 


0.414 


0.862 


From Eqs. (3.4) and (3.5), 

Mo=- 1125 X 0.414 X 0.862 X 12(21.5)= = 1,114,000 in.-lb 
M. = 3.14 X 18,000 X 0.862 X 21.5 = 1,017,000 in.-lb 

The beam is therefore undorreiuforced, the strength of the steel gov¬ 
erns, and the resisting moment is 1,047,000 in.-lb. 

II. Use the beam of the preceding problem, and compute the value of 
the unit stress in the steel (/,) and in the concrete (/,), if a uniform live 
load of 1400 lb per lin ft is placed upon it. 


19 V 94 

Weight of beam = X 150 = 300 lb per ft 

Total load = 1400 4- 300 = 1700 lb per ft 
M = X 1300 X 20= X 12 = 1,020,000 in.-lb 

From Example 1, k = 0.414, and j = 0.862. riubstituting in Eq. (3.5), 


From Eq. (3.1a), 


1,020,000 = 3J4 XJ^ X 0.86 2 X 21^ . 
/. = 17,500 psi 

, 17,500 X 0.414 . 

ott4) - I*' 


The value of fr could also have been obtained from Eq. (3.4) as follows: 

1,020,000 = Vz X/o X 0.414 X 0.802 X 12 X (21.5)? 
fe = 1030 psi 
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III. If the beam of Example I were to support a single concentrated 
load at the mid-span, what would be the maximum safe load that could 
be so placed? From the solution of Example I, the resisting moment is 
1,047,000 in.-lb. The weight of the beam is 300 lb per ft, and the moment 
caused by this dead load is X 300 X 20^ X 12 = 180,000 in.-lb. The 
maximum moment available for the concentrated load is 


1,047,000 - 180,000 = 867,000 in.-lb 


The maximum moment caused by the concentrated load is M = }^Pl; 
hence 


from which 


Ht" X 20 X 12 = 867,000 
P (maximum) = 14,700 lb 


It should be noted that if the concentrated load were not at the mid¬ 
span, the maximum moments due to the dead load and the concentrated 
load would not occur in the same cross section. If the concentrated 
load were near the mid-span, it is very probable that the section of maxi¬ 
mum moment would coincide with the section at which the concentrated 
load was placed. The dead-load moment at this section, instead of the 
maximum dead-load moment, should be deducted from the resisting 
moment of the beam in order to obtain the maximum moment available 
for the concentrated load (see Example III, Art. 3.11). 

IV. Determine the cross section of concrete and area of steel required 
for a simply supported rectangular beam with a span of 18 ft-0 in. which 
is to carry a uniform live load of 1400 lb per lin ft. A 2500-psi concrete 
is to be used, and the allowable unit stresses are to be as specified in the 
ACI Code. The allowable unit stress in the steel is 18,000 psi. 

Assuming that the weight of the beam is 200 lb per lin ft, the total 
load to be carried is 1600 lb per lin ft, and the actual external bending 
moment is 


M = 


r = 


Vs X 
1125 


1600 X 18* X 12 
= 16.0 


778,000 in.-lb 


From Eq. (3.7), 


/c = - - 

12 + 16.0 


J = 1 - 


0.428 


0.428 

0.857 


Substituting in Eq. (3.4), 


778,000 = H X 1125 X 0.428 X 0.857 X 


from which 


= 3770 in.* 
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Let b be taken as 10 in.; then d (required) = 19.4 in., and 

d (selected) = 20 in. 

Adding 2 in. below the center of the steel, the total cross section is 10 by 
22 in., and the weight of the beam is 230 lb per lin ft. 

The actual weight of the beam does not agree with the assumed value. 
Hence it is necessary to check back to see whether any revision should be 
made in the design. The revised bending moment is 

M = X 1630 X 182 X 12 = 792,000 iii.-lb 
792,000 = H X 1125 X 0.428 X 0.857 X hd^ 
bd^ = 3830 in.3 

With 6 = 10 in., d = 19.6 = 20 in. Since these results agree with those 
assumed in the revision, the design is satisfactory. 

With these values of b and d, the required area of steel is obtained from 
Eq. (3.5) as follows: 

792,000 = X 18,000 X 0.857 X 20 
As = 2.57 sq in. 

Two No. 8 bars and one No. 9 bar, area 2.57 sq in., are selected. 

If the ideal steel ratio had been used in determining the quantity of 
steel to be placed in the beam, the procedure would have been as follows: 
from Eq. (3.8), 

12 

^ l(i.0(12 + IG.O) "" 

and 

As = 0.0134 X 10 X 20.0 = 2.68 sq in. 

This, it will be noticed, is slightly in excess of the reejuired area, as 
determined by the first method. This difference may be accounted for 
as follows: The value of as computed by this latter method, repre¬ 
sents an area of steel that will develop a tensile force in the steel equal to 
the full allowable compressive strength of the concrete of a beam whose 
effective dimensions are 10 by 20 in. But in order fully to develop 
a moment of 792,000 in.-lb as required by the problem, an effective 
cross section of only 10 by 19.6 in. was needed. The greater value of 
d = 20.0 in. was selected to simplify the dimensioning of the plans. The 
development of the full strength of a 10- by 20-in. beam therefore fur¬ 
nishes an excess of steel over that required to provide for the maximum 
external bending moment in the beam, and hence is a waste of material. 
In this case the two No. 8 bars and the one No. 9 bar would not be suffi¬ 
cient. A greater difference between the theoretical value of d required 
and that actually furnished would emphasize this to a greater extent. 
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The latter method involving the ideal steel ratio is therefore not recom¬ 
mended for general use. 

Problems 

1. A simply supported rectangular beam has a total cross section of 10 by 16 in. 
and a length of 20 ft-0 in. It is reinforced with four No. 5 bars in one row. The 
distance from the centers of the bars to the lower surface of the b(»am is 2)4, in. With 
2500-psi concrete and intermediate-grade steel, what is the resisting moment of the 
beam? 

2. If a concentrated load of 3500 lb were plact'd on the beam of Prob. 1, at a distance 
of 7 ft-0 in. from the support, what would be the ma'xiinum unit stn^ss in the concrete 
and the maximum unit stress in the steel? 

3. A simply supported rectangular beam with a span of 18 ft-0 in. supports a uni¬ 
form live load of 975 lb per lin ft and a concentrated load of 3000 lb at the middle of 
the span. With ff == 3000 psi and with intermediate-grade reinforcing steid, deter¬ 
mine the required cross section and steel area. 

4. A simply supported rectangular beam with a span of 17 ft-0 in. supports a live 
load which varies in amount from zero at the left support uniformly to an amount of 
1000 lb per lin ft at the right support. A 2500-])si concrete and structural-grade 
reinforcing bars are to be used. Design the beam 

6. A rectangular beam, simply supported, has a width of 14 in. and an effective 
depth of 26 in. If n = 12 and if the allowable unit strcNsses arc‘ 1000 psi and 20,000 psi 
for the concrete and stei'l, respectively, what st(*el area must be usc'd in ortler that the 
resisting moment with respect to the strength of the concr('t(‘ may be the same as 
the resisting moment with respect to the stcM'!**^ 

6. What would be the resisting moment of the beam in Prob. 5, if the nunforcement 
consisted of four No. 7 bars? 

3.10. Tables for Rectangular Beams. Many of the computations 

involved in the design and review of rectangular beams may be eliminated 
by the use of previously prepared tables. For example, in design, the 
value oik — n/{n + r) depends only upon the ratio of the moduli of elas¬ 
ticity and the allowable unit stresses of the two materials. Table 5, 
Appendix D, gives, for the most common values of n and for all practical 
combinations of fs and /c, the values of k as determined by the above 
equation. Corresponding values of J = 1 — (/c/3), K = = P/j 

(for use in the formula M = Khdr)^ and p = n/2r{n + r) are also given. 

Similarly, Table 6, Appendix D , for use in the review of beams, gives 
the value of k = \/2pn + (pn)'^ — pn, and ./ = I — (/r/3) for sufficient 
values of the variable p and n to make the solution of ordinary problems 
possible with but a slight amount of interpolation. 

3.11. Illustrative Examples Involving the Use of Tables. I. The use 
of Table 5, Appendix 1), in designing a beam may be shown by its appli¬ 
cation to Example IV, Art. 3.9. From this table (for values oi n = 12, 
fc = 1125, and = 18,000), K = 207 and j = 0.857. Therefore, from 
Eq. (3.0), 


792,000 = 207 bd^ 
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and 

= 3830 in.3 - 

Let 6 = 10 in.; then d = 19.6, or 20 in. From Eq. 3.5, 

792,000 = X 18,000 X 0.857 X 20 

from which 

As — 2.57 8q in. ^ 

The use of the equation M = Khd^ is identical with the use of 

Mo = 

since K = 

TI. Problem I, Art. 3.9, may be solved by reference to Tables 5 and 6. 
The problem might be reworded as follows: A rectangular reinforced con- ^ 
Crete beam has a total cross section of 12 by 24 i n. It is reinforced with 
four No. 8 bars in one ro w, the centers of the bars being 2^2 in. above the 
lower surface of the beam. As the load is increased, which will reach the 
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spe(‘ified stress limit first, the concrete or the steel, fc., is the beam over¬ 
reinforced or underreinforced? What is the resisting moment of the 
beam? Use a 2500-psi concrete, structural-grade steel, and allowable 
unit stresses as given in the ACT Code. 

'J"he ideal percentage of steel recjuired to give equal strengths in ten¬ 
sion and compression, with allowable unit stresses ofJ8,000 and 1125, 
and with n = 12, is given in Table^as 0.0134. The axaual value oi p 
in the beam = 3.14/(12 X 21.5) = 0.0122. The beam is, therefore, 
underreinforced and its strength is limited by that of the steel. From 
Tabled, k = 0.414, and j = 0.862, and the resisting moment is 

M = 2.14 X 18,000 X 0.862 X 21.5 = 1,047,000 in.-lb 

Note: Table 6 has been used only to determine the relative strengths 
of the steel and the concrete in the beam, and not to determine the 
values of k and j. 

III. The concrete used in constructing the beam shown in Fig. 3.4 
has an ultimate 28-day strength in compression of 2500 psi and the rein¬ 
forcing bars are of intermediate-grade steel. What maximum concen¬ 
trate load P can be placed in the position shown without exceeding 
stresses of 1000 psi in the concrete and 20,000 psi in the steel? 
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V = 


2.41 

12 X 19.5 


= 0.0103 


From Table 6, fc = 0.390, and j = 0.870. Table 5 shows that the beam 
is overreinforced (ideal p = 0.0094), and the strength is governed by that 
of the concrete in compression. 

Me = X 1000 X 0.390 X 0.870 X 12 X (19.5)2 = 776,000 in.-lb 

Since the principal load is the concentrated load (the only other load is 
the weight of the beam, which is comparatively small) and since this load 
is fairlj'’ close to the center of the span, it is'probable that the maximum 
moment will occur under the load, i.c., at a distance of 8 ft from the left 
support. At this section, the moment Md due to the weight of the beam 
(275 lb per ft) is 

Md = ( 27 r> X ^ X 8 - "" ]-'^8,400 in.-lb 

The moment available for the concentrated load is then 


770,000 - 158,400 = 617,600 in.-ll) 

The moment under the concentrated load, caused by this load, is 
P X 12^0 X 8 X 12 = 57.67" in.-lb 
Equating this to its maximum allowable numerical value, 

57.0P = 617,600 

from which 

P = 10,700 lb (maximum) 

With this load on the beam, in addition to the weight of the beam, the 
shear passes through zero under the concentrated load 

(Fg = 10,700 X + 275 X - 275 X 8 - 10,700 = -37301b) 

which indicates that the maximum moment occurs at this section, as 
assumed. 

3.12. Analysis of Rectangular Beams by the Principle of the Trans¬ 
formed Section. In a homogeneous beam the neutral axis passes through 
the center of gravity of the cross section. A reinforced concrete beam 
can be treated as a homogeneous beam, if the steel is considered to be 
replaced by concrete, so placed, and of such an amount, as to produce 
the same effect as the steel in resisting the bending moment. This hypo¬ 
thetical concrete is assumed to be able to resist tension, in contrast to 
the real properties of the material. This alternate approach of replacing 
the real reinforced concrete section by fictitious, ecjually strong homo¬ 
geneous sections gives the same results as those derived in Art. 3.4. For 
beams of standard configurations, it has no advantage over the first 
method. However, for beams of unusual cross-sectional shape or for 
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reinforcement of an unusual type or distribution, it is often useful since 
it allows the application of the simple, familiar formulas for the analysis 
of homogeneous beams. The equivalent amount of concrete and the 
required location of this concrete are obtained from the following analysis. 

According to the theory of flexure, the unit stress on any fiber of a 
homogeneous beam at a given distance from the neutral axis is the same 
as the unit stress on any other fiber at the same distance from the neutral 
axis. Hence, if the moduli of elasticity of the steel and the concrete were 
equal to each other, the steel could be replaced by the same area of con¬ 
crete in the same horizontal plane as the steel. The moduli of elasticity 
are not equal, however, and in order to resist the same total tensile stress 
the equivalent area of concrete must be modified ac(;ordingly. The defor¬ 
mation of the hypothetical equivalent concrete, which will be assumed in 
the same horizontal plane as the steel, is the same as that of the original 
steel, and, in Fig. 3.2, the deformation of a unit length of beam can be 
represented by the distance BB\ Since E — unit stress divided by unit 
deformation, if the unit stress in the equivalent concrete is fee and the 
unit stress in the steel is/*, the following relations are obtained: 


BB' 

BB' 


or 


or 


BB' = 
BB' = 


Hence 


F, - F 


f =: 

J 8 Jl£ 


nfei 


It is thus seen that the unit stress in the steel is n times the unit stress 
in the equivalent concrete, and in order to resist the same total force 
(caused by a given bending moment) 
every square inch of steel must be replaced 
by n square inches of concrete, all in the 
same horizontal plane as the steel. The 
resulting equivalent homogeneous beam 
will then be as shown in the cross section 
in Fig. 3.5, all the tension being resisted by 
the shaded strip of concrete, of area 
at a distance d below the extreme compres¬ 
sion fiber, and all the compression being 

resisted by the shaded concrete area above the neutral axis. The un¬ 
shaded concrete area below the neutral axis is cracked and serves only as 
a means of connecting the effective tension and compression areas so as 
to permit the development of the stresses on these areas. The cross 
section shown in Fig. 3.5 is called the transformed section and represents 
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the homogeneous section which would be equivalent, as far as resisting 
bending stresses is concerned, to the original composite steel-and-concrete 
beam. 

Since the neutral axis of the homogeneous beam passes through the 
center of gravity of the cross section, the moment of the area A BCD in 
the transformed section (Fig. 3.5) about the neutral axis DC must equal 
the moment of the equivalent area EF about DC, or 


= nAsy ~ nA^{d — x) 

This one equation, in conjunction with others which are obvious from 
the fundamental flexure theories and assumptions, is all that is necessary 
to complete the analysis of beams with tension reinforcement. 

3.13. Illustrative Examples. I. Solve Example I, Art. 3.9, by means 
of the principle of the transformed sec*!ion. This problem involves the 
determination of the resisting moment of a beam whose dimensions and 



reinforcement are known. The neutral axis is located from the equation 
in the preceding articles, as follows: 


= 12 X 3.14(21.5 - x) 

6x2 = 810.1 _ 37 7^ 

X = 8.90 in. 


The arm of the resisting couple (see Fig. 3.6) is equal to 
21.5 - (8.90/3) = 18.53 in. 

If the full strength of the steel is developed, the total tension will be 
18,000 X 3.14 = 56,500 lb, and the simultaneous total compression will 
be the same. If the maximum allowable extreme compression fiber stress 
is developed, the total compressive force will be 

Yi X 1125 X 8.90 X 12 = 60,100 lb 

and the simultaneous total tensile force will also be 60,100 lb. The full 
strength of the concrete obviously cannot be developed without over¬ 
stressing the steel in tension. The beam is therefore underreinforced, 
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and the resisting moment is equal to the total allowable tension multi¬ 
plied by the lever arm of the internal stress couple, or 

M = 56,500 X 18.53 = 1,047,000 in.-lb 

This agrees with the value obtained in Example I, Art. 3.9. 

II. By means of the principle of the transformed section, design the 
beam which is described in Example IV, Art. 3.9. Assuming that the 
weight of the beam is 230 lb per lin ft, the maximum bending moment is 

71/ = X 1030 X 182 X 12 = 792,000 in.-lb 

In an ideal beam, the steel and the concrete are both stressed to the limit. 
When the l)eam is fully loaded, the extreme fiber stress in compression at 
the section of maximum moment should be 1125 psi and the simultaneous 
stress in the equivalent tension concrete should be 18,000/12 = 1500 psi. 



The stress diagram is shown in Fig. 3.7. In order that these stresses may 
be realized, the following proportion must be true: 

_n25_ 

d 1125 + 1500 

from which 

a; = = o.428d 

'Jlie lever arm of the stress couple is then d — (0.428r//3) = 0.857d, and 
the resisting moment of the beam, expressed in terms of the strength of 
the concrete in the compression area, is 

il/ = 3^ X 1125 X 0.428d X 5 X 0.857d = 2076^^ 

Since the resisting moment must be equal to the maximum bending 
moment, the following equation can be written: 

792,000 = 207M2 


from which 


hd^ = 3830 in.« 
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with 6 = 10 in., d = 19.6, or 20 in., and the weight of the beam is 230 
Ib per ft, as assumed. 

With d = 20 in., the maximum compressive stress in the concrete will 
be slightly less than 1125 psi and the value of x as computed above will 
no longer be the true value of x. The error will not be great, however, 
unless the discrepancy between the true value of d and the actual value 
is of an appreciable amount. For design purposes, the neutral axis can 
be assumed to be in the same position relative to the top of the beam as 
computed above, and the lever arm of the stress couple is 

0.857 X 20 = 17.14 in. 

The total tension in the steel is then 


_ 792,000 
^ 17.14 


46,200 lb 


The required steel area is therefore 


^ 46,200 
18,000 


2.57 sq in. 


These results agree with those obtained in Example IV, Art. 3.9. 

If a theoretically correct solution wore desired for the steel area, the 
true value of x, for d = 20 in., could be obtained by equating the resist¬ 
ing moment with respect to the strength of the compression concrete to 
the maximum bending moment. The maximum unit compressive stress 
in the extreme fiber in this equation would be 1500 X .r/(20 — x) 
instead of 1125 lb. The remainder of the solution is similar to that 
given above. The essential computations are as follows: 


X 1500 X - X 10.T^ (20 - 0 = 792,000 in.-lb 
X = 8.31 in. 

8 84 

= 1500 X 20 ^ P"*' 



T = 
18,000 ' 


X 1070 X 10 X 8.34 = 44,600 lb 
= 2.48 sq in. 


SLABS 


3.14. Types of Slabs. Slabs may be supported on two sides only, or 
[they may rest on beams along all four edges. A slab which is supported 
|on two sides only is essentially a rectangular beam of comparatively large 
ratio of width to depth. There are, however, certain modifications enter¬ 
ing into the design and review of such slabs which it was not necessary 
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to consider in the solution of rectangular beams. Slabs which are sup¬ 
ported on four sides, with reinforcement in two directions, present the 
additional problems of determining the proportion of the total load that 
is transmitted in each direction to the supporting beams, and also of 
allocating this proportion of the total load to the various strips into which 
the slab is assumed to be divided. These problems are considered in 
Arts. 3.19 to 3.22. 


Floor slabs in buildings are usually designed for a uniform live load 
covering the entire slab area. The following discussions are intended 
to apply only to the analysis of such uniformly loaded slabs. Concen¬ 
trated loads on concrete slabs are supported by a greater width of slab 
than the mere contact width. Methods of computing the probable dis¬ 
tribution of concentrated loads arc explained in Sec. 11. Multiples of 
in. may be used in selecting the total thickness of slabs. 

3.15. Slabs Supported on Two Sides Only. The simplest form of slab 
lb one of indefinite width, supported by only two beams, one at each edge 
of the slab. If a 12-in. strip of slab were cut out at right angles to the 
supporting beams, such as either of 
the shaded areas in Fig. 3.8, a rec¬ 
tangular beam 12 in. in width would 
lesult, with a depth equal to the 
thickness of the slab and a length 
('qual to the distance between sup¬ 
ports This strip could then be 
analyzed by the same formulas 
which were used in prolilems deal¬ 
ing with rectangular beams, the 
bending moment being computed 
for a width of 1 ft. The load per 
square foot on the slab would then 
be the load per linear foot on the 
imaginary beam. SincejJl the load 
oil the slab iMst be transuutted_to 

the two supporting beams, it follows that all the reinforcing steel should 



be^jilacc ^ at rig ht ang les^to the ^ beam s, with the exception jgif^ny bars 
that may be placed in the other direction to take care of shrinkage and 
temperature stresses. A slab which is supported on two sides only thus 
consists (in theory) of a series of rectangular beams side by side 
The ratio of steel in a slab may be determined by dividing the sec¬ 
tional area of one bar by the area of concrete between two successive bars, 
the latter area being the product of the depth to the center of the bars 
and the distance between them, center to center. The ratio of steel may 
also be determined by dividing the average area of steel per foot of width 
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by the effective area of concrete in a 1-ft strip. The average area of steel 
per foot of width is ecjual to the area of one bar times the average num¬ 
ber of bars in a 1-ft strip (12 divided by the spacing in inches), and the 
effective area of concrete in a 1-ft (or 12-in.) strip is equal to 12 times the 
effective depth d. 

To illustrate the latter method of obtaining the steel ratio p, assume a 
5-in. slab with an effective depth of 4 in., and with No. 4 bars spaced 
4J^ in., center to center. The average number of bars in a 12-in. strip 
of slab is 12/4)^ = 2.7 bars, and the average iStcel area in a 12-in. strip 
is 2.7 X 0.20 = 0.54 sq in. Hence p = 0.54/(12 X 4) = 0.0112. By 
the other method, p = 0.20/(4^2 X 4) == 0 0112. 

The spacing of bars which is necessary to furnish a given area of steel 
per foot of width is obtained by dividing the number of bars required to 
furnish this area into 12. F'or example, to furnish an average area of 
0.46 sq in. per ft, with No. 4 bars, requiies 0.46/0.20 = 2.3 bars per foot; 
the bars must be spaced not more than 12/2.3 = 5.2 in., center to center. 

I If the slab is of one span only and if it rests freely on its supports, the 
maximum positive moment il/, assuming a uniform load of w psf, is 
M = The span length I is taken as the distance center to center 

of supports, but it need not exceed the clear span plus the depth of the 
slab. If a single-span slab is built monolithically with the supporting 
beams, the positive and negative moments are computed in accordance 
with the provisions of the ACT C^ode given in Ait 3 6. Where the width 
of the support is not known, it may be assumed as 1 ft in order to obtain 
the value of the clear span for use in computing the moments. Such an 
assumption usually can be made with sufficient accuracy so that no revi¬ 
sion is recpiired Avhen the exact width of the support becomes known. 

3.16. Placing the Reinforcement. The insulation at the bottom should 
follow the recommendation of the ACT Code unless conditions \\ arrant 
some change (see Art. 3,7). In the average slab, a depth of 1 in. below 
the (‘(uitcr of the steel may be used. 

The lateral spacing of bars, except those which are used only to pre¬ 
vent shrinkage and temperature cracks, should not exceed three times 
the thickness of the slab; the minimum spacing is given in Art. 3.7. 

3.17. Temperature Reinforcement. Concrete shrinks in the process of 
hardening of the cement paste, as was pointed out in Art. 1.26. It is 
advisable to minimize such shrinkage by using concretes with the smallest 
possible amounts of water and cement compatible with other require¬ 
ments, such as strength and w^orkability, and by thorough moist curing 
of sufficient duration. However, no matter what precautions are taken, 
a certain amount of shrinkage is usually unavoidable. If a slab of mod¬ 
erate dimensions rests freely on its supports, it can contract to accom¬ 
modate the shortening of its length produced by shrinkage. Usually, 
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however, slabs and other members are joined rigidly to other parts of the 
structure and cannot contract freely. This results in tension stresses 
which are known as shrinkage stresses. A decrease in temperature rela¬ 
tive to that at which the slab was poured, particularly in outdoor struc¬ 
tures such as bridges, has the same efff ct as shrinkage. That is, the slab 
tends to contract and, if restrained from doing so, becomes subject to 
tensile stresses. 

Since concrete is weak in tension, these temperature and shrinkage 
stresses are likely to result in cracking. Clacks of this nature are not 
detrimental, provided their size is limited to what is known as hairline 
cracks. This can be achieved by placing reinforcement in the slab to 
counteract and ecjualize the contraction. As the concrete tends to 
shrink, such reinforcement resists the contraction and, conse(|uently, 
becomes subject to compression. The total shrinkage of a slab so rein¬ 
forced is less than for one without reinforcement and, in addition, what¬ 
ever cracks do occur will he of smaller width and more evenly distributed 
by virtue of the reinforcement. 

\ In one-way slabs (supported on two sides only) the reinforcement pro¬ 
vided for resisting the bending moments at the same time has the desired 
effect of reducing and equalizing shrinkage. However, as contraction 
takes place e(pially in all directions, it is necessary to provide special rein¬ 
forcement for the shrinkage and temperature contraction in the direction 
perpendicular to the main reinforc(‘ment. This added steel is known as 
temperature or shrinkage reinforcement. 

Reinforcement for shrinkage and temperature stresses normal to the 
principal reinforcement should be provided in slabs where the principal 
reinforcement extends in one direction only. The ACT (^ode specifies 
th(‘ following minimum ratios of reinforcement area to effective concrete 
area, but in no case shall such reinforcement bars be placed farther apart 
than five times the slab thickness or more than 18 in. 


Floor slabs whore plain bars are us(*d. . . 0.0025 

Floor slabs where deforin('(l bars are used 0.0020 

Floor slabs where wire fabric; is used, having welded intersections not farther 

apart in the direction of stress than 12 in .0.0018 

Roof slabs whc're plain bars are used. 0.0030 

Roof slabs where deformed bars are used. 0.0025 

Roof slabs where wire fabric is used, having welded intersections not farther 

apart in the direction of stress than 12 in. 0.0022 


3.18. Illustrative Examples. ^1. Design a simply supported slab, not 
built integrally with its supports, to sustain a live load of 125 psf. The 
span of the slab center to center of supports is 11 ft-0 in. and the concrete 
specified is a 2000-psi concrete with the design stress in accordance with 
the ACI Code. The design stress for the steel is 18,000 psi. Assuming 
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a 5-in. slab and considering a 12-in. strip at right angles to the support, 
the maximuni external bending moment on this strip, which may be con¬ 
sidered as a rectangular beam 12 in. in width, is 

if = X 187 X IP X 12 = 33,900 in.-lb 

Since M = Kbd^, in which K = 165 (Table 5, Appendix D), the required 
depth of the imaginary beam is 


d = 


r 33,TOO” 
Vl2 X 165 


4. 15Mn . 


Providing 1 in. from the center of the steel to the bottom of the slab, it is 
seen that the depth of the slab will exceed IHi^and revision is necessary. 

Taking a dej)th of slab of 5^2 hi., the total load per square foot is 194 
lb., M = 35,200 in.-lb, and d = 4.21 in. Selecling d = 4^^ in., the total 
thickness of slab is 5^2 in., as assumed. From Table 5, j = 0.857 and 
the area of steel re(juired is 


35,200 

18,000 X 0:857 X 4h.; 


0.507 sq in. 


Using No. 4 bars, 0.507/0.20 = 2.5 bars are recjuired per foot of width. 
The maximum spacing is then 12/2.5 = 4.8 in. In order to simplify the 
construction, a* spa(‘ing of 1^2 hi. will be used throughout the width of 
the slab. Tlie reinforcement re(|uired normal to the main reinforcement 
for shrinkage and temperature stresses is 

0.002 X 4;l2 X 12 = 0.108 sq in. per ft of slab 

This will be provided by using No. 3 bars placed on 12-in. centers which 
furnish an area of 0.11 sq in. per ft of slab. 

IT. Review the slab designed in Example T, to determine the maxi¬ 
mum unit stresses in the steel and in the concrete. The maximum 
bending moment on a 12-in. strip of slab, as computed in Example I, 
is 35,200 in.-lb. The area of steel provided in a T2-in. strip is 


12/Ui X 0.20 = 0.53 sq in. 
From Table 6, k — 0.414 and j 0.862, and 


/« - 35,200/(0.53 X 0.862 X 4>i) = 17,100 psi 
The unit stress in the concrete is 




17,100 X 0.424 
15(1 - 0.414) 


= 810 psi 


III. A reinforced concrete slab is built integrally with its supports and 
consists of two equal spans, each with a clear span* of 15 ft-0 in. The 
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live load is 100 psf and 2500-psi concrete and intermediate-grade steel is 
to be used. Design the slab following the provisions of the ACI Code. 

It is e\ident that the negative moment at the intenor support will 
govern the design. Assuming a 6-in. slab, the total load per foot is 175 lb 
and the negative bending moment is 


3^ X 175 X 152 X 12 = 52,500 in-lb 
From Table 5, /C = 196 and j = 0.866 and 


d = 


r^,500 
Vi96 X 12 


4.72 in 


With d taken as 5 in. and allowing 1 in. from the center of the reinforce¬ 
ment to the top or bottom of the slab, the total thickness of the slab is 
6 in., as assumed. 

The area of reinforcement required per foot of width in the top of the 
slab at the interior support to resist the negative bending moment is 
52,500 -T- (20,000 X 0.866 X 5) = 0.61 sq in. The positive bending 
moment is ^^4 X 175 X 15“ X 12 = 33,700 in.-lb, and the area of rein¬ 
forcement required per foot of width in the bottom of the slab to resist 
this moment is 0.39 sq in. The negative momiait at the exterior support 
is 3^4 X 175 X 15^ X 12 = 19,700 in.-lb, and the area of reinforcement 
required per foot of width- in the top of the slab is 0.23 s(| in. These 
steel areas may be provided in a variety of different ways, but whatever 
the selection is, due consideration must be given to actual placing of the 
steel during construction. The arrangement should be such that the 
steel may be placed rapidly with the minimum of labor costs even though 
excess steel is necessary to achieve this end. 

Two possible arrangements of reinforcement are shown in Fig. 3.9. In 
(a) bent bars are used, while in (h) all bars aie straight. The arrange¬ 
ment of (a) requires more steel and the additional cost of bending, but 
on the other hand requires less supporting chairs and is somewhat easier 
of placement. 

In the arrangement shown in Fig. 3.9a, the bent No. 5 bars furnish 50 
per cent of the reinforcement required over the interior support. From 
'Diagram 2 , Appendix D,^ it is determined that 50 per cent of the rein¬ 
forcement may be bent dowuiward at a distance of 

0.13 X 15 = 1.95 ft = 1 ft-11)^ in. 


from the face of the support. However, to comply with the ACI Code 
(902), the point of downward bend must be 12 diameters of the bar 


1 Diagram 2 has been constructed using the moment coefficients spec ified in the 
ACI Code with the addition of curves for — He and — H 4 as given in Art. 3.4. 
It may be used for uniformly loaded beams and slabs wherever the moment coefficients 
of Art. 3.6 arc used for design. 
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farther from the support, or X 12 = in., so that the actual point 
at which these bars may be bent downward must })e at least 2 ft-7 in. 
from the face of the support. The No. 5 straight bars over the interior 
support are required for a distance of 12 diameters beyond the point 
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Fig. 3.9 


where the negative moment becomes zero, which, from Diagram 2, is 
0.33 X 15 ft + 73^2 in. = 5 ft-7 in. from the face of the support. At the 
exterior support, the negative moment becomes zero at a distance of 
0.09 X 15 = 1.35 ft = 1 ft-4 in. from the face of the support. There- 
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fore, the No. 5 bent bars may be bent downward a distance of 1 in. 

from the face of the support. The No. 4 bars in the bottom of the slab 
furnish 0.20 -r- 0.39 = 50 per cent of the positive reinforcement required. 
Therefore, the remainder of the positive reinforcement (the No. 5 bent 
bars) may be bent upward at the point where 50 per cent of the reinforce¬ 
ment is no longer needed. This distance is (from Diagram 2) 

0.33 X 15 = 4.95 ft 

from the face of the interior support, or, in accordance with the provi¬ 
sions of the ACl Code, these bars may be bent upward at a distance of 

4 ft-lD 2 in. — 6 in. = 4 ft-5i 2 im from the face of the support. (While 
No. 3 bars rather than No. 4 bars would furnish sufficient additional 
positive reinforcement, they would not allow the bending up of the No. 

5 bars.) 

In the arrangement shown in Fig. 3.95, the short No. 5 bars in the top 
of the slab over the center support may be dis(*ontinued at the theoretical 
point of downward bend of the bent bars of Fig. 3.9a, or 2 ft-7 in. from 
the face of the support, \\hile the longer bars are disccyiilinued at a dis¬ 
tance of 5 ft-7 in. from the face of the interior suppoH and 1 ft-llj^ in. 
from the face of the exterior support. The No. 3 bars in the bottom of 
the slab furnish 0.11 -f- 0.39 = 28 per cent of the positive reinforcement 
required, indicating that the remainder of the reinforcement (72 per cent) 
must be continued (Diagram 2) to a distance of 0.18 X 15 — 12 bar 
diameters, or 2 fl-8i 2 I'l* —7^2 in. = 2 ft-1 in. from the face of the sup¬ 
ports. In order to avoid the ])lacement of so many short bars, it is often 
preferable to run the ’’^-in. bars recpiired at both supports continuously 
across the slab, as shown by the dotted lines in Fig. 3.95. 

Problems 

1 . D(\siRii a slab fn'oly siijjportod on two .sides only, to support a uniform live load 
of 200 p.sf. Tin* span of tin* slab is 10 ft-0 in., and a 2500-psi concrete is to be used, 
with structural-Kia-de reinforcing .steel. 

2. A slab of one span, freely .supported on two sides only, has a span of 11 ft-0 in. 
and a total thickness of 5 in. and i.s reinforced with No. 4 bars 7 in. on centers, the 
centers of the bars b('ing 1 in. above the lower surface of the slab. If fg = 2500 psi 
and = 20,000 psi, what is the safe uniform live load, in pounds per square foot, that 
can be placed upon the slab? 

SLABS SUPPORTED ON FOUR SIDES 

3.19. General Considerations. When a slab panel is square, or nearly 
so, and there are beams or walls at the four edges of the panel, the slab 
should be reinforced in two directions so as to transmit the total load to 
all four supports. The amount of load that is transmitted in each direc- 
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tion will depend upon the relative lengths of the sides of the panel and 
the conditions of continuity that exist at the four edges. 

If the panel is square and if the construction is such that the same 
degree of restraint exists at each edge, one-half of the total load will be 
carried in each direction. If the panel is longer in one direction than in 
the other, more than one-half of the load will be transmitted in the shorter 
direction, and the remainder will be transmitted in the longer direction. 
If, however, one side of the panel is very much longer than the other, 
such a large proportion of the total load will be transmitted in the shorter 
direction that reinforcement parallel to the longer side would be of little 
practical value. 

When a slab is reinforced in two directions, the value of d that is estab¬ 
lished for one set of bars definitely fixes the corresponding value to be 
used in the computations of the other set. The two sets of bars are 
placed one above the other, the upper resting directly on the lower. In 
a sfiuare slab it is customary to use the effective depth for the upper row 
in all computations and to place the same reinforcement, similarly spaced, 
in the lower row. On account of the larger value of d, this provides a 
slight excess of steel in the lower row, but it simplifies the details of con¬ 
struction. In rectangular slabs, it will generally be found economical to 
pla(!C the shorter bars, which carry the larger part of the load, underneath 
the longer l)ars, thus making the d for the short bars as great as possible 
with a given slab thickness. 

3.20. Distribution of Load Based on Deflections. A theoretical analy¬ 
sis of a slab sup])orte(I on four sides is complicated by many factors, such 
as the condition i)f restraint or continuity at each edge of the panel and 

the effect of the stiffening action of the beams 
on the portions of the slab adjacent to these 
beams, 

A strip of slab such as strip A, Fig. 3.10, 
parallel and adjacent to a supporting beam sup¬ 
ports practically none of the load in the middle 
portion of the span of the strip (for example, 
the load on area ab ); the strip B at right angles 
to A supports the entire load in that region. 
The load on an area such as ac, near the corner 
of the panel, would be supported more or less 
ecpially by the strips A and C. In a square 
slab, the loading curve on any strip actually approximates a parabola with 
ordinates varying from a minimum at the center to w psf at the ends, w 
being the total load per square foot on the slab. The center minimum 
depends upon the location of the strip in the slab, decreasing from w/2 
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for a strip at the center of the panel to zero for a strip close to one of the 
supporting beams. 

In a rectangular slab of length 1 and width the amount of load car¬ 
ried by each system of reinforcement is found analytically by equating 
the deflections of two strips, parallel to and midway between each pair 
of beams. The deflection of each strip is proportional to the load per 
foot multiplied by the fourth power of the span. Hence, since the deflec¬ 
tions of the two strips must be equal at the center, if Wi represents that 
part of the load w which is transmitted in the short direction and W 2 
that part which is transmitted in the long direction, the following equa¬ 
tion can be written 


WiV^ = W2l^ 

from which 

^ _ 1 ^ 
1^2 ■ 1 '" 


The amount of load per square foot that is carried by each of the two 
sets of bars is thus inversely proportional to the fourth p^’ver of the span 
of the strip in which the bars are placed. Moment computations based 
on this theory, which assumes a uniform distribution of the load on each 
strip, are not theoretically coirect, since for points near the short edges 
of the panels the proportion of the load carried by the longitudinal strips 
will be greater than indicated above, and for points near the long edges 
of the panels it will be smaller. The theory does not recognize any effect 
of conditions of continuity on distribution, and another error is thus 
introduced in practical application, 

3.21. Design of Two-way Slabs According to the ACI Code. An exact 
analysis of a concrete slab panel which is supported on four sides should 
take into consideration the conditions of contiriuity along each edge of 
the panel, the relative stiffness of the beams compared with that of the 
slab, and the relative stiffness of each adjoining panel. Several condi¬ 
tions of continuity are represented in the following types of panels: (1) 
a single panel, (2) the end panel in a single row of panels, (8) an inter¬ 
mediate panel in a single row of panels, (4) a corner panel, (5) a wall 
panel in a rectangular group of panels, and (6) an interior panel in a rec¬ 
tangular group. 

Elaborate mathematical analyses have been made of the magnitude of 
moments in slabs in the six enumerated conditions. Load tests made on 
slabs indicate that their actual strength is in excess of that which should 
obtain from the theoretical computations. This seems to be due not to 
the inadequacy of the theory but to the fact that in shallow slabs the 
tension in the concrete in the two directions contributes significantly to 



72 BEAMS AND SLABS [Art. 3.21 

the ultimate strength of such slabs. For this reason the moment coeffi¬ 
cients indicated by the mathematical theory are usually reduced by a 
percentage to conform with the results of the load tests. These factors 
were considered in the development of the reasonably simple method of 

two-way slab design that appears in 
the ACI Code. 

In this method, the slab is con¬ 
sidered to be built monolithically 
with the supporting walls or beams, 
so that a negative moment is devel¬ 
oped on all exterior edges. The 
panel is divided into middle strips 
and column strips (sec Fig. 3.11). 
If the panel is nearly square, the 
middle strip has a width of one-half 
panel, and ea(*h column strip has a 
width of one-(jiuirter panel. In panels where the ratio of the short 
span to the long span is less than 0.5, the width of the middle strip that 
extends in th(‘ short direction is e(jual to the difference between the long 
and short spans, the remaining area being divided ecpially between the 
two column strips.^ 

The span lengths are taken as the distance between the centers of sup¬ 
ports or the clear s})an plus twice the thickness of the slab, whichever is 
the smaller. The critical sections for bending moment are along the 
center lines of the paiu'l for positive moment and along the edges of the 
panel at the faces of the supporting beams or walls. The bending- 
moment coefficients for several conditions of continuity are given in the 
table on i)age 73. I'hese coefficients are for a strip of slab I ft wide in 
the middle strip and are i^ terms of where tv is the uniform load per 
s(|uare foot on the panel and >S' is the short-span length. The bonding 
moment in a strip I ft wide m the parallel column strip is equal to two- 
thirds of th(» bending moment in the 1-ft strip of the middle strip. The 
bending moments in both the short- and long-span directions are com¬ 
puted in terms of the short-span length, that is, M = CwS^ for both 
directions. In determining the spacing of the reinforcement in the col¬ 
umn strip, the bending moment in the column strip may be assumed to 
vary from a maximum at the edge of the middle strip to a minimum at 
the edge of the support. However, the principal reinforcement shall not 
be spaced farther apart than three times the slab thickness and shall be 
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1 Where the ratio of the short span to the long span is less than 0.5, it is doubtful if 
any appreciable amount of tlie load is carried in the long direction, and conservative 
design would consider all load carried in the short direction with moment coefficients 
as for continuous beams, as given in Art. 3.6. 
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TABLE 3.1. Moment Coefficients in Middle Strip for Two-way Slabs 
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Positive moment at mul-span 

0 025 

0 030 
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Case 2. One edi 2 ,e discontinuous 
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Continuous edge 

0 011 

0 018 

0 055 
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0 041 

Discontinuous edg(‘ 

0 021 
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0 027 
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0 

0 012 

0 021 

Positive moment at mid-span 

0 031 
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0 017 
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0 061 

0 031 

Case 3 Two edges discoutinuouh 
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0 004 

0 071 
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0 049 

Discontinuous edge 

0 025 
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Nc^gative moment at 








Continuous edge 

0 05S 

0 (M)0 

0 071 

0 0S2 

0 000 

0 098 
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Discontinuous edge 

0 020 

0 033 

0 037 

0 041 

0 015 

p 049 

0 029 

Positive moment at iriid-s])an 

0 014 

0 050 

0 05() 
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0 074 

0 044 
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Disc oiitinuous c dge 

0 033 

0 038 

0 043 

0 017 

0 053 

0 055 

0 033 

Positive moment at mid-sjian 

0 050 

0 057 

0 0(>4 

0 072 

0 080 

0 083 

0 050 


sufFicieiit in amount to satisty the re(iuireinents tor .shrinkage and tem¬ 
perature reintor(‘ement 

The loads on the supporting beams for two-way rectangular panels 
may be assumed to be uniformly distributed throughout the span of the 
beams. The amount of load supported by each beam is considered to 
be all the load on an area bounded by the intersection of 45° lines from 
the corners of the panel with the center line of the panel parallel to the 
long side, as shown in Fig. 3 12. The ec^uivalent uniform load per lineal 
foot of beam for each panel supported may be taken as 
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for the short span 


and 

wS (3 — rn^) « ,, , 

1 ——i for the long span 

where w is the load per square feet on the panel, S is the short-span 
length, and m is the ratio of short span to long span. 


Beam A 


Centerline 
parallel to 
long span 
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3.22. Illustrative Example. Design a slab panel 20 ft-0 in. by 25 ft-0 
in. to support a uniform live load of 125 psf. The panel is the corner 
panel of a group. A 2500-psi concrete and structural-grade steel is to 
be used and the provisions of the ACT Code are to be followed. 

Assuming a (i-in. slab, the total load is 200 psf. The ratio of the short 
span to the long span is 0.8. The moments for the I-ft strips are: 

Short span, middle strip, positive moment: 

M = 0.048 X 200 X 20^ X 12 = 46,100 in.-Ib 
Middle strip, negative moment at discontinuous edge: 

M = 0.032 X 200 X 202 X 12 = 30,700 in.-lb 
Middle strip, negative moment at continuous edge: 

M - ().()()4 X 200 X 202 X 12 = 61,400 in.-lb 
Long span, middle strip, positive moment: 

M = 0.037 X 200 X 202 X 12 = 35,500 in.-lb 
Middle strip, negative moment at discontinuous edge: 

M - 0.025 X 200 X 20^ X 12 = 24,000 in.-lb 
Middle strip, negative moment at continuous edge: 

M == 0.049 X 200 X 20"- X 12 = 47,000 in.-lb 
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The critical momeat to be used in deterniiiiing the slab thickness is 
61,400 in.-lb, and the depth to the steel in the short span is 

^ _ r 61,400 , 

^ ^207 X 12 4.96, or 5 in. 

[Tsing a c/ of 5 in. for the bars in the short direction and allowing 1 in. 
from the center of the steel to the bottom of the ^lab, the total thickness 
of the slab is 6 in., as assumed. 

The area of steel required in the short span, middle strip, at the center 
of the span is 

A, = 4(),100 (US,000 X 0.8r>7 X 5) - 0 (>0 s(| in. 

This amount can be provided with No. 5 bars^ 0 in. on centers. The 
area of steel required at the continuous edge is 

As = 61.400 -r- (18,000 X 0.857 X 5) = 0.80 sq in. 

This amount can be provided by bending up two out of every three bars 
from this panel and two out of three bars from the adjacent panel. This 
will result in having four bars in every 18 in. over the support, giving an 
average spacing of 4} 2 in. which provides a steel area of 0.82 sq in. The 
other bars (one out of three) from each panel are straight bars and may 
be carried straight through the support or may be cut off short of the 
support where not required to resist the positive moment. 

The area of steel re(|uireJ at the discontinuous edge is 0.40 sq in., 
which can be furnished by bending up two out of every three bars of the 
positive moment reinforcement. 

The point of inflection in panels of this type may, in accordance with 
the AC'*! Code, be assumed to be one-eighth of the clear span length from 
the face of the support. Reference to Diagram 2 shows that two-thirds 
of the positive reinforcement may be bent up at a distance of 0.09 of the 
distance between the points of inflection, or 0.09 X XS = 0.075.^ 
This indicates that the two bars may be bent upward a distance of 
0.125 + 0.07, or 0.195 X 20 = 3.90 ft from the face of the support. 

In the column strip the amount of steel recjuired being two-thirds of 
that recpiired in the middle strip, the spacing of the No. 5 bars may be 
increased to 9 in. and the same arrangement of bent-up and straight bars 
used as has been indicated for the middle strip. 

1 This actually gives protection to the steel of in. less than the in. usually 
required. However, since reinforcing bars cannot be placed with this degree of 
accuracy, this slight infringement on the requirements is allowable. 

* This distance could be computed as follows: In the parabola representing the 
moment curve (between points of inflection the oidmatt* </ from the vertex is taken as 
two-thirds the maximum y. Then = 2/3?/ (where x is the horizontal distance 
measured from an axis through the vertex) or x = 0.82 of one-half the distance 
between points of inflection. 
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The depth of slab reciuired in the long direction for the positive rein¬ 
forcement is 

— 35,500 — o 7Q 


With the longitudinal bars laid directly on and in contact with the bars in 
the short direction, the d furnished is 4.7 in. For negative moment, the 
steel can be placed within 1 in. of the top of the slab so that d — B in. 
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The area of steel rec^uired in the long-span middle strip at the center 
of the span is 

A, = 35,500 - (18,000 X 0.857 X -1.7) = 0.49 sq in. 

This amount can be provided with No. 5 bars 7} 2 in. on centers. 

The area of steel required for negative moment at the continuous edge 
of the panel is 0.61 sq in. and at the discontinuous* edge 0.31 sq in. At 
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the continuous edge, by bending up two out of every three bars from this 
panel and two out of every three from the adjacent panel, an average 
spacing slightly in excesws of oj 2 in. will be realized and an area of about 
0.67 s(i in. per ft strip furnished. By bending up two out. of every three 
bars at the discontinuous edge, 0.34 sq in. per ft strip is furnished. 

In the column strip, the spacing of the reinforcement could be increased 
to 7^ 2 ^ order to simplify the construction, the same 

spacing as in the short direction (9 in.) will be used. The arrangement 
of steel shown in Fig. 3.13 satisfies the recpiirements for botli positive and 
negative moments and also the requirements for l)ond^ (see Art. 3.35). 

Where a large number of interior panels are involved in the structure 
of which this panel is a part, since the reinforcement required in those 
j)anels is only three-fourths of that reciuired in the corner panel (see 
table on page 73), it may be desirable to change either the spacing of the 
No. 5 bars to 8 in. or to use No. 4 bars at 5 in. In order to simplify the 
form construction, the total thi(‘kne&s of the slab will he kept constant 
at 6 in. 


DIAGONAL TENSION, SHEAR, AND BOND 

3.23. Stresses in a Concrete Beam. The preceding articles contain an 
outline of the methods of calculating the maximum fiber stresses in the 
concrete and steel of a reinforced concrete beam and of so proportioning 
the amounts of steel and concrete that the working strength of any part 
of the beam in flexure is not exceeded. 

There are other internal stresses existing in a concrete beam which, if 
not properly cared for, may in themselves caus(' failure of the beam. 
These stresses are (1) shearing stresses, or those tending to make one 
plane of concrete, either vertical or horizontal, slide along an adjacent 

^ Koferring to Fig. Ik IS, th(‘ bent burs in eueli direction innst be carried 12 diameters 
(see Art. Ii.155), or 7*2 in., beyond the face of the oii1(*r support. These bars must 
reinnin in the top of the slab to resist negative moment until the point of inflection is 
reached, which is 2 ft-O in. and II ft-l^^ in. for the short and long span, respectively. 
They must reach the bottom of the slab at a distance of Ik90 ft and 4.88 ft, respec¬ 
tively. Th(‘ dimensions shown in the figure comply with these requirements. At the 
continuous edge, the bent bars from the adjacent panel reach the top of the slab 3 ft- 
0^2 iic and 4 ft-7 in. from the edge of the sup])orts. The bars from the corner panel 
furnish onc'-half of the negative ndnforceiiK'nt required and may be discontinued 
where not mon* than one-half of such reinforcement is needed. Reference to Dia¬ 
gram 2, applying the curve for —tie shows that these distances are 

0.07 X 20 = 1.40 ft and 0.07 X 25 = 1.75 ft 

respectively. However, the AOI Code requires that th(*y be extended 12 diameters 
further; hence, the lengths required beyond the edge of the support are 2 ft-1 in. and 
2 ft-4 in., respectively. The straight bars must be carried 6 in. (see Art. 3.35) 
beyond the face of the supports. 
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plane; (2) diagonal tension stresses, or those which cause cracks in the 
concrete along irujlined planes near points of high shear; and (3) in rein¬ 
forced beams, bond stresses, or those tending to cause the steel to pull 
away from the concrete when under stress and thus destroy the unity of 
the beam. 

3.24. Shearing Stresses. If a pile of boards is used to support a load, 
the boards being free to slip on each other, it is noticeable that the ends 
overlap even when the boards are of equal length (see Fig. 3.14). Slip¬ 
ping has occurred along the surfaces of contact. If, however, they are 
glued together, piled as before, the slipping is prevented, but the tend¬ 
ency to slip still exists and is known as the shearing stress in surfaces 
parallel to the neutral axis. These shearing stresses exist in beams of 
any material as long as the two sides of the surface considered form a 
continuous substance. 




In addition to the horizontal shearing stresses des(‘ribed above, there 
are vertical stresses of the same nature, f.c., a tendency for the beam on 
one side of a vcTticcl section to slide upward past the other side. These 
two kinds of shearing stresses are of the same intensity per unit of area 
at any point in the beam. 

3.25. Intensity of Shearing Stress in a Plain Concrete Beam. As 

stated in Art. 3.1, the value of the unit shear v in a plain concrete beam 
(or any homogeneous beam) is represented by the equation 


The value of the shear stress, as represented by this equation, becomes 
zero at the top and bottom surfaces of the beam and a maximum at the 
neutral axis. The distribution for a rectangular sec'tion is shown in Fig. 


3 . 15 . 


The maximum stress equals 1^2 times the average, or 


3 F 
2 ha 


(see Art. 3.1). Hetween the neutral axis and the extreme surfaces the 
value of the unit shear varies as the ordinates of a parabola. The abso¬ 
lute maximum value' of v occurs in the section at which the total external 
vertical shear is a maximum. 

3.26. Intensity of Shearing Stress in a Reinforced Concrete Beam. 

In a nonhomogeneous beam the unit shearing stresses vary in a very dif- 
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ferent manner from that described above. To derive an equation which 
expresses the variation of the unit shear at any section of a reinforced 
concrete beam, consider a short length of the beam as a free body (Fig. 
3.16a). The forces acting on this element are those of compression C 
and C', of tension T and T\ and of total vertical shear V. Hence in 
Fig. 3.16a, which represents a length so short that no part of the external 
vertical load need be considered (the total vertical shear on the left equals 
that on the right of the element), T — T' is equal to the total shearing 
force, which tends to slide the lower portion along the upper, on any 
plane between the steel and the neutral axis, assuming that the concrete 
will take none of the tension. 

This is illustrated in Fig. 3.16a. If the element is assumed on the left 
half of the span, and the beam is subjected to a uniform load, the liber 




id) 


stresses on the right side of the element are greater than those on the 
left. The lower portion tends to slide toward the right and the upper 
portion toward the left, as shown in Fig 3.l6/>. The force producing 
this horizontal sliding is equal to the diff(*reiice in the forces acting on 
each part of the section, that is, T — T' for the lo\ver part and C — C' 
for the upper. C — C must equal T — T, and the shearing strength of 
any two consecutive horizontal planes between the neutral axis and the 
tension steel must be sufficient to transmit the effect of one set of these 
forces to the other, so as to prevent the movement indicated in Fig. 3.166. 

The horizontal shear stress on any such plane as described above is 

T - T 

V = —- 

bx 

hx being the area of the surface under consideration. The external forces 
acting on this portion of the beam must be in equilibrium: hence the sum¬ 
mation of moments about any point such as A on the line of action of the 
compressive forces must equal zero, or 


(T - r)jd = Vx 
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Therefore 

r-r-ii 

jd 

Substituting this value oi T — T' in the above equation for v, 


r 

hjd 


(3.9) 


This represents the value of the unit horizontal shearing stress along any 
plane between the steel and the neutral axi.^, and, as shown in Fig. 3.1Ga, 
it is also the maximum unit shear in the section. The amount of this 
shear per liru^ar inch of beam for the full width b is 


vh = 


r 

jd 


(3.10) 


15,000 tb 


I'he value ol j for working loads varies between narrow limits, and this 
variation causes but insignificant difTerences in values of v. For this 
reason it is satisfardory to use the value of j = Jh computations 

involving sh<‘ar and l)ond. This is an average value for beams in ordi¬ 
nary construction. Above th(‘ neutral axis the shear follows the para¬ 
bolic law, as in th(‘ plain concrete beam (see Fig. 3.1()flr). 

lUnHtr(itiv( l*roblcw. A reinforced concrete i)eam (Fig. 3.17) has a 
span of 15 ft-O in. and supports a concentrated load of 15,()()() lb placed 

5 ft-0 in from the left sui)port, in addition 
to a uniform Jive load of (iOO lb per lin ft 
over the wliole span. Thv over-all cross 
section of tlie beam is 12 by 20 in., and tlip 
reinforcement consists of four \o. 7 bars in 
one row, the center of which is 2^2 above 
the lowx'r surface of the beam. Determine 
the maximum unit shearing stress in sec¬ 
tions at the left and right supports, and in sections just to the left and 
right of the concentrated load. The dead weight of the beam is 250 lb 
per ft, ami the total uniform load is 000 250 = 850 lb per ft. At the 

left support, 

V = X 15,000 -F X 850 = 10,400 lb 
10,4(K) 


■it 





— 15' 0 — 
Fic,. ;i.l7 


12 X ^8 X 17.5 


- 80 i)si 


At the right support, 


y ‘a X 15,000 + ^'^2 X 850 - 11,400 lb 
11,1(H) . 
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Just W the left of the concentrated load, 

V = 16,400 - 5 X 850 = 12,100 lb 


81 


V = 


12,100 


= 66 psi 


12 XhX 17.5 

Just to the right of the concentrated load, 

V = 16,400 - 5 X 850 - 15,000 
2900 . 

" 12 X" Js X 17.5 


-29001b 




\ 




vbx 


/ 


L 

y 


vbx 


The practical importance of the above values is indicated in Example T, 
Art. 3.31. 

3.27. Inclined Tension Stresses (Diagonal Tension). Assume an infi¬ 
nitely small cube to be removed from a beam at any section a’ong the 
neutral axis. Two pairs of sliearing forces, horizontal and vertical, must 
be considered. These forces form two couples 
a(‘ting as shown in Fig. 3.18. Since the prism 
has been assumed at the lu'utral axis, the 
flexural stresses of tension and comprcKssion 
are zero. Therefore, the shearing forces vbx 
develop inclined stresses of tension in the 
direction MN^ and compression along the line 
PQ, t'ach ecjual to 2vbx/\^2. Since the haigth 
of each diagonal of the prism is .r \/2, th(‘ 
intensity of these inclined stresses, /.f., the 
amount per unit area, eciuals 2t^hxl\/2 divided 

by bx\/2, or v. It follows that at any point along the neutral jdane there 
exist tensile and compressive stresses inclin(‘d at 45° with the horizontal 
and that the value of these stresses per unit of area e(]uals the unit shear 
at that point. 

Since at all points above and below the neutral axis there exist, in 
addition to the horizontal and vertical shearing for(‘es, horizontal fiber 
stresses of tension and compression, the values of the inclin(*d tensile and 
compressive stresses at such points are found by combining the fiber 
stresses \\ith the shearing stresses. 

Treatises on mechanics prove that the intensity of the inclined stress 
t at any point in a beam is represented by the equation 


vbx 
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t = >27 + VHP + w” 

and the direction of this stress by the equation 


(3.11) 
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where / = fiber stiess per unit of area 

V = intensity of vertical or horizontal shearing stress at point 
a = angle made by stress t with the horizontal 

In the equation for the angle of inclination of the inclined stress, two 
values of a, differing by 90°, will satisfy, showing that the maximum 
compressive stress and the maximum tensile stress at any point make an 
angle of 90° with each other. 

On account of the comparatively large compressive strength of con¬ 
crete, the inclined compressive stresses as determined above may be 
neglected; failure, if any, occurs because of the cracking of the concrete 
due to tensile stresses in excess of its strength. 

For ordinary beams of homogeneous materials, such as beams of steel 
or timber, a determination of the normal, or flexural, stresses and the 
shearing stresses, described above, gives sufficient information for pur¬ 
poses of design. In concrete beams, both plain and reinforced, the 
inclined stressc^s of maximum tension induced by the shearing and bend¬ 
ing stresses are oft(‘n fully as important as the maximum fiber stresses, 
and it is necc'ssary to make some provision for them. Tliis is because of 
the very low strength of concrete in tension. Hence the necessity for 
the further investigation of such stresses. 

3.28. Diagonal Tension in Plain Concrete Beams. Examination of the 
above eciuations shows that at the center of a homogeneous beam, where 
the moment is a maximum, the direction of the lines of maximum tension 

is horizontal for the entire depth of 
the beam. As the end of the beam is 
approached, the shear becomes large 
and the bending moment small (as¬ 
suming a simply supported beam). 
Here the elTect of the shear on the 
diagonal tension is great, while the horizontal fiber stress has little 
weight in determining the inclination and amount of the inclined tensile 
stress near the support. At the end of the beam, where the horizontal 
tension is zero, the diagonal tension stresses are inclined at practically 
45° throughout the entire depth of the beam. 

Figure 11.19 illustrates the variation in direction of the maximum 
inclined tension stresses in a homogeneous rectangular beam. As seen 
above, the exact direction at any point depends upon the relation between 
shear and bending moment at the point. The short wavy lines represent 
the probable cracks which may form with large shearing stresses. Lines 
of maximum compression run at right angles to those of maximum 
tension. 

3.29. Diagonal Tension in Reinforced Concrete Beams. In reinforced 
beams, owing to the concentration of the tensiofi in the steel, the direction 
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of maximum tension at various depths is somewhat different from that in 
plain or homogeneous beams. Large shearing stresses exist immediately 


above the steel, and the maximum 
tensile stresses become considerably 
inclined at that plane, the exact direc¬ 
tion dc'pending upon the relation be¬ 
tween the shear and horizontal fiber 
stress. 



Fkj. 3.20 


Figure 3.20 represents the general direction of the inclined tensile 
stresses in a uniformly loaded beam, the wavy lines representing the 
probable planes of rupture. The diagonal cracks near Ihe bottom are 
approximately vertical at the center and become more and more inclined 
as the end of the beam is approached. 

In beams with tension reinforcement, the value of t as expressed by 
F/p (3.11) is indeterminate, since the value of /, liie horizontal fiber stress 
in the concrete, is variable. This is due to th(‘ fact that as the loading 
increases, the concrete cracks more and more, and the amount of tcmsile 
stress carried by it therefore decreases. I'he e\(*ess is ]n‘cked up by the 
steel, and immediate failure prevented, whereas in a plain beam, increas¬ 
ing the loading after the concrete commences to crack results in imme¬ 
diate failure of the beam. Therefore the exact amounts of the inclined 
tension stresses are unknown. It is seen, however, from a study of Fq. 
(3.11), that the vertical sh<'aring stresses funiisri a means of comparing 
or measuring the diagonal tension stresses. It must be remembered that 
the vertical shearing stress is not the numerical equivalent of the diagonal 
tension stress, nor is there any definite relation hetw't'en them. 

By limiting the allowable unit shearing stress to a value w hich has been 
found by actual tests to be low enough to ensure against failure by diag¬ 
onal tension, it may be considered that the danger of such failure has 
been eliminated. This limit of the allowable shearing stress is consider¬ 
ably below the safe working stress of concrete in direct shear because of 
the fact that, when the shear in a beam is still low, the diagonal tension 
may be excessive. Failure occurs not by direct shear, but by the crack¬ 
ing of the concrete along inclined planes. 

An examination of Eq. (3.11) show^s that diagonal tension at any point 
varies with both the shear and horizontal tension in the concrete. In 
order to reduce the danger of failure by diagonal tension, large shearing 
stresses should be avoided and the horizontal tension in the concrete kept 
as small as possible. This latter may be accomplished by furnishing an 
excess of longitudinal steel at points of heavy shear, thus reducing the 
horizontal deformation and consequently the tension in the concrete. 

3.30. Reinforcement for Diagonal Tension Stresses. Where in the 
interest of economy of design it becomes necessary to allow relatively 
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large shearing stresses in a beam, additional reinforcement must be pro¬ 
vided to care for the diagonal tension stresses (the shear being a measure 
of the diagonal tension stresses). A study of Figs. 3.19 and 3.20 shows 
that the most efficient type of such reinforcement, usually referred to as 
'^web reinforcement,’’ consists of an arrangement of steel as shown in 
Fig. 3.21, the inclined bars being either a continuation of horizontal bars 

or additional bars rigidly connected to 
the horizontal bars. Such an arrange¬ 
ment is, however, not practical. 
Slight variations between the inclina¬ 
tion of the web reinforcing bars and 
the lines of maximum tension have 
but little effect on the efficiency of the system; hence in practice the most 
commonly used methods of arranging diagonal tension reinforcement are 
divided into three groups: 

1. Bars or stirrups perpendicular to and looped around or welded to 
the longitudinal steel. 

2. Bars or stirrups w^idded or otherwise rigidly attached to the longi¬ 
tudinal steel and making an angle of 30° or more thereto. 

3. Longitudinal Imrs bent so that the axis of the inclined portion of the 
bar makes an angle of 15° or more with the axis of the longitudinal por¬ 
tion of the bar. 

All inclined web reinforcement l)ars in a given beam are placed usually 
at the same angle with the liorizontal, in the majority of cases a 45° 
angle is used. A combination of vertical stirrups and bent bars properly 
arranged gives the most practical and effective protection against diag¬ 
onal tension failure. Separate inclined bars are seldom used. 

When separate members, either vertical or inclined, are used as diag¬ 
onal tension reinforcement, care must be taken to s(*e that they are prop¬ 
erly connected to the longitudinal steel so that slipping is prevented. 
When web reinforcement coim's into action as the principal tension web 
resistance, the bond stresses between the longitudinal bars and the con¬ 
crete are not distributed so uniformly along the bars as they otherwise 
w'ould be, but tend to be concentrated at and near stirrups and at and 
near the points where bars are bent up. When stirrups are not rigidly 
attached to the longitudinal bars and the proportioning of bars and 
stirrups is such that local slip of the bars occurs at stirrups, the effective¬ 
ness of the stirrups is impaired, though their presen(*e still gives an ele¬ 
ment of resistance to diagonal tension failure. It is on the tension side 
of a beam that diagonal tension develops in a critical way; therefore 
proper connection should always be made between stirrups or other w^eb 
reinforcement and the longitudinal tension reinforcement. Where nega¬ 
tive moment exists, as is the case near the supports in a continuous beam, 
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web reinforcement to be effective must be looped over, or wrapped 
around, or be connected with the longitudinal tension reinforcing bars 
at the top of the beam in the same way as is necessary at the bottom of 
the beam at sections where the bending moment is positive. Require¬ 
ments of the ACI Code with regard to the anchorage of Aveb reinforce¬ 
ment bars are given in Art. 3.38. In all cases stirrups should be carried 
as close to the upper and lower surfaces as fireproofing requirements will 
permit. 

3.31. Working Unit Shearing Stresses. The ACI Code specifies 
0.03/' as the safe limit of the unii shearing stress for beams witliout web 
reinforcement. Where the web reinforcement consists only of stirrups 
plac ed perpendicular to the longitudinal reinforcement, the unit shearing 
stress should not exceed 0.08/'. Where bent bars, having a radius of 
t)end of not more than three times the diameter of the bar, are usecl alone 
as web reinforcement, the allow^ablc unit shearing stress shall not exceed 
0.00/'. This unit shearing stress may be incu’cased at the rate of 0.01/' 
for each increase of four bar diameters in the radius of bend until the 
maximum allowable unit shearing stress is reached The maximum 
allowable unit shearing strexss, where a combination ot stirrujis perpen¬ 
dicular to the longitudinal reinforc'ement and bent })ars, inclinc'd stirrups, 
or bent bars wdth a sufficient radius of bend are used for web ndnforce- 
mcMit, shall not exceed 0.12/'. 

Tests show^ that, in beams with wtI) reinforcement, both the steel and 
the concrete resist the diagonal tension. Therefore, the wed) reinfoH*e- 
ment is designed to carry only the unit shear over and above the 0.0.3/' 
which tlie concrete itself can resist. 

3.32. Region Where No Web Reinforcement Is Required. As men¬ 
tioned in the previous article, wx'b reinforcement is not reejuired in 
regions w^herc the unit shear is less than a given percentage of the ulti¬ 
mate compressive strength of the concrete; that is to say, the concrete 
is assumed capable of withstanding all the diagonal tension as measured 
by a unit shear of that amount. 

In a uniformly loaded beamy the distance from the support beyond 
w’hich stirrups are not required is determined as follow^s: Let Xi equal the 
distance to be found, Vc the unit shear Xi ft from the support, and Vc the 
total shear at that point. 


Vc 


wl 

^ - mi 


and 



By substituting the value of Vc from the former in the latter equation, 
and solving for Xiy this becomes 



(3.12) 
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For beams with unsymmetrical or concentrated loads, the points where 
web reinforcement may be discontinued may be located by constructing 
the shear diagram for the beam and noting the point or points at which 
the unit shear is less than the given proportion (see Art. 3.26) of the com¬ 
pressive strength of the concrete. 

Illustrative Examples. T. Consider the beam of the problem in Art. 
3.26. Since for that beam = 2300 psi, the allowable unit shear with¬ 
out web reinforcement is 0.03 X 2500 = 75 psi. Determine the regions 
over which web reinforcement is required. 

Since the unit shear at any section between the right support and the 
concentrated load (Fig. 3.17) is less than 75 psi, no web reinforcement is 
required throughout this distance. The unit shear at the left support is 
89 psi, and this shear decreases uniformly to 66 psi at a section just to 
the left of the (*oncentrated load. Hence, web reinforcement is required 
from the left support to the section at which the unit shear is equal to 
75 psi. This section can he located by a simple proportion, as follows: 
Let Xi l)e the re(iuired distance from the left support. Then 

.r, _ 89 75 

5 " 89 - 6() 

and 

xi = 3.0 ft 

Anotlu'r method of computing is as follows. The unit shear at any 
section ft from the left support is 

^ r ^ 16,100 - 830.r, ^ ^ 

*’ ~ M " 12 X Jh X 1775 “ 

from which X\ = 3.0 ft as above. Web reinforcement is required there¬ 
fore for a distance of 3.0 ft from the left support. 

II. A reinforced concrete beam has a span of 14 ft-0 in. and is to sustain 
a uniform live load of 1000 lb y^er lin ft. The reinforcement consists of 
two No. 9 l)ars, placed ID 2 hi. below the upper surface and 24^ in. above 
the lower surface of the beam. The width of the beam is 8 in. and a 
2300-psi con(‘r(»te is to be used in the construction. Determine the 
H'gions over which web reinforcement is required. 

The weight of the beam is 120 lb per ft, and the total load is therefore 
1000 + 120 - 1120 lb per ft. The unit shear at the supports, Eq. (10), 
is 97 psi; since this exceeds the allowable value of 75 psi for beams with¬ 
out web reinfor(*ement, such reinforcement is required at the supports 
and for a distance Xi ft from the supports. Since the beam supports 
only a uniform load, Eq. (3.12) can be used in obtaining the value of Xi. 
Hence, 
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3.33. Design for Web Reinforcement. Wherever the unit shear 
exceeds the value that can be taken by the concrete, web reinforcement 
must be provided. This reinforcement must be sufficient to take care 
of the stresses over and above that taken by the concrete. 

Reference to Figs. 3.19 and 3.20 shows that near the support of a beam 
where the shear is the greatest the diagonal tensile stresses are inclined 
at an angle of approximately 45° with the horizontal. Therefore, in 
determining the amount of diagonal tensile reinforcement required in a 
beam, it will be assumed that the forces to be resisted make an angle of 
45° with the horizontal. 

In Fig. 3.22a let P represent the diagonal tension force inclined at 45° 
with the horizontal, and a, c, and d bars spaced a distaiK'c s along the 



Fig. 3.22 

beam making an angle a with the horizontal. The bar c must resist the 
diagonal tensile forces not taken by the concr(‘te over an area bs, and 
since the unit shear at any point in the beam is taken as the measure of 
the diagonal tension, 

P = v'bs sin 45° 


where v' = v-Vc with Vc being the allowabh* unit shear taken by the 
<*oncrete. 

Since the angle of inclination of the bar is «, r(*fennice to the force tri¬ 
angle (Fig. 3.225) shows that the force to be resisted by the bar is 


P -f- cos (45° — a) 
Since v' = V'/bjdj 


v'bs sin 45° 

cos 45° cos a + sin 45° sin a 


P - 


V's 

jd (cos a + sin a) 


v'ba 

cos a + sin « 


Since Arfv must equal P, where Av is equal to the cross-sectional area of 
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the web reinforcement and /» is the allowable unit tensile stress in that 
reinforcement, 

5 = « + Mn g) 


^i,/r(eos a + sin a) 
v'b 


(3.13a) 


Reference to Fij;. 3.22r indicates that id(‘ntical equations to those of 
(3.13) and (3.13a) will result when a is greater than 45°. 

From the above it is seen that, since the sum of cos « and 'sin or is a 
maximum with a = 45° the maximum efficiency of inclined bars or stir¬ 
rups is obtained \vhere a = 45°. in this case Eq. (3.13) becomes 


AJJf/ 

0.7 r 


(3.14) 


SPACING OF VERTICAL STIRRUPS 

Where vertical stirrups are used as \\eb reinforcement, a 
(3.13) b(*com(*s 

s - y, 

3.34. Actual Spacing of Web Reinforcement. The theoretical spac¬ 
ing of th(‘ various typ(‘s of reinforcement has b(‘en shown in the previous 
article. However, certain ACl Code limitations and practical considera¬ 
tions often recjuire that th(' s])acing be somewhat diflerent from the 
theoretical. 

The ACT Code specifies that where wel) r(‘inforcement is reijuired it 
shall be so placed that every 15 degree line (representing a potential 
crack) (extending from the mid depth of the beam to the longitudinal ten¬ 
sion bars shall be crossed by at least one line of web nnnforcement. Jf 
a shearing unit stress in excess of O.Ob/' is used, every such line shall be 
crossed by at l(*ast two such lines of reinforceimmt.” The ACT Code also 
specifies that when bent bars are used as web reinforcement “only the 
center three-fourths of the inclined portion of such bar, or group of bars, 
shall b(‘ considered etTective as web reinforcement.^’ This limitation is 
illustrated graphically in Fig. 3.23 for both vertical stirrups and inclined 
bars as web reinforcement where the shearing unit stress does not exceed 
0.00'. For higher shearing unit stresses, tlie distances .s* are one-half those 
shown in Fig. 3.23. For inclined stirrups, the maximum spacing is 


= 90° and Eip 
(3.15) 
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Where vertical stirrups are used, it is undesirable to space them closer 
than 4 in., and the size of the stirrups should be chosen so as to avoid a 
closer spacing. Where vertical stirrups are required over a compara¬ 
tively short distance, it is good practice to space the stirrups uniformly 
over the entire distance, the spacing being calculated for the point of 
greatest shear (minimum spacing). If the web reinforcement is required 
over a long distance and the shear varies materially throughout this dis¬ 
tance, it is more economical to compute the spacings required at several 
sections and to place the stirrups accordingly, in groups of varying 
spacings. 


a 3 a, e 


.1±:=— 




Potential 

cr ack 






4- - 






■Potential 

crack 

-/r 


r%d^%dcofoii 
Max. $ for 
inclined bars 


d4- 
Max $ for 
vertical 
sfir’^ups 
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3.35. Arrangement of Bent-up Bars. Main reinforcing bars may be 
bent up subject to limitations of the last tWo articles to r(‘sist Ihe diag¬ 
onal tension forces. However, Rq. (3.13) may be used only whore bars 
are bent in two or more grou])s. Where a single bar or a single group of 
bars are i)ent, the total amount of shearing forc(‘s that can be resisted by 
such tyj)e of reinforcement is limited to 0.()4/'/j7V//sin a and it can be 
elTectivo as web reinforcement only over the center three-fourths of the 
inclined portion of such bar, or group of bars. 

The i)oints where horizontal bars may be bent up are governed by the 
amount of reinforcement reciuired to resist the horizontal liber stresses 
caused by the bending moment at different sections along the beam. In 
a uniformly loaded beam the Ixniding moment is a maximum at the cen¬ 
ter (or near the center) of the span and de<*reases toward the ends or 
points of inflection. The total tension in the reinforcement decreases in 
the same ratio. Sufficicuit reinforcement must always remain in the 
bottom of the beam to care for the bending stresses and the bond stresses, 
and the ACI Code specifies that in a simply supported beam not more 
than two-thirds of the reinforcement may be bent up to resist diagonal 
tension stresses. This C^ode further recpiires that the bars which are not 
bent up extend into the support a distance of 0 in. 

In beams continuous over one or more supports, the bending of the 
bars must be made at such points that both the positive and negative 
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bciiding-moment requirements are satisfied. In such cases the ACI Code 
requires that at least one-quarter of the positive-moment reinforcement 
extend along the same face of the beam into the support a distance of 
f) in., while at the outer ends of freely supported end spans, the require¬ 
ments for simply supported spans given in the preceding paragraph 
apply. 

The location of the points of bending may be determined graphically 
as follows: Plot the bending-momei.t diagram for the given loads. Since 
the amount of tensile reinforcement yh proportional to the bending 
moment, the maximum ordinates of the bending-moment diagram also 
represent the total area of the steel reinforcement. Therefore, these 
maximum ordinates may be divided into distances proportional to the 
areas of the several bars comprising the reinforcement. Draw a hori¬ 
zontal line through each point of division. The intersection of these 
lines with the bending-moment diagram locates the points at which the 
several bars may be bent. Tlowev'er, the ACI Code requires that, except 
for simply supported beams and the outer freely supported ends of end 
spans of continuous beams, the theoretical points must be exceeded by 
at least 12 })ar diameters. The moment diagrams for uniformly loaded 
beams are given in Diagrams 1 and 2, Appendix 1), and may be used for 
such conditions of loading without the actual plotting of the moment 
diagram for the particular Ix^am being designed. For other loadings it 
it usually advantageous actually to plot the moment diagrams, as 
described above. 

The bars which are bent should be selected so that the symmetry of 
the remaining bars about the AH'rtical axis of the cross section is not 
destroyed. As a rule, at least two bars are bent up together from cor¬ 
responding points on either side of the beam. Sometimes, however, it 
becomes necessary to depart from this procedure, as when three bars are 
to be bent. Then either first one is bent, and then two, or all three are 
bent at the same point. In either case the odd bar is bent from the 
middle of the section of the beam if possible. 

When the IxMiding is done at two or more points, the distance between 
the points of bending, and if i)ossible between the point of bending of the 
bar nearest the support and the edge of the support, should not exceed 
the limiting Arabics given in Art. 3.34, The bent bars can then be 
assumed to take care of all the diagonal tension betAveen the point at 
which the first group of bars is bent up and the support in accordance 
with the discussion in Art. 3.34, proAuded that the individual distances 
betAveen points of bending do not exceed that computed from Eq. (3.13) 
If the distance from the point at which the bars nearest to the support 
are bent, and the support, exceeds either of these limitations, vertical 
or inclined stirrups will be required adjacent to the support, to provide 
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for the diagonal tension over the excess distance. The spacing of ver¬ 
tical stirrups is computed as explained in Art. 3.33. 

3.36. Bond Stresses. When steel bars are placed in a beam, there must 
be sufficient bond between the steel and the concrete to prevent the bars 
from pulling out when stressed. This bond stress, or tendency for the 
steel to slide out of the concrete, per square inch of bar surface, may be 
determined as follows: If, in the short section 
of beam dis(*ussed in Art. 3.26, moments 
about the point A (Fig. 3.24) are taken, 

(T - T')jd = Vx 

and 

T - r ^ V 
oc dj 

But T — T' represents the force which tends 
to pull the bars out of the concrete in a 3.24 

length X. Hence (7^ — 7"') A represents this 

force per unit length of beam. Therefore V/Jd is the bond force per unit 
of length between the two materials. If u is the bond stress per unit 
area of exposed steel surface, and 2o the total perimeter of steel. 



u 


V 

2(Jd 


(3.16) 


This equation applies to the steel in tension only. 

In order to prevent the pulling out of the bars when stressed, the value 
of the unit bond stress as computed by Fip (3.Hi) should not exceed a 
safe w orking limit which has been established from a study of the results 
of tests in w'hich bond failure has occurred. 

Illustrative Example. In the beam described in the problem in Art. 
3.25, determine the maximum unit bond stress, assuming that all the 
bars continue in the bottom of the beam for the full length of the beam. 

The maximum shear oc’curs at the left support (H),()00 lb); hence tlu* 
maximum unit bond stress exists at that support. From Eq. (3.16), 


16,400 


4 X 2.7.5 X A X 17 5 


«> = 97 psi 


3.37. Working Unit Bond Stresses. The ACT Code specifies that the 
unit bond stress betw^een concrete and plain reinforcing bars in beams 
and slabs shall not exceed 0.045/' and that the unit bond stress on 
approved deformed bars (see Art. 2.6) shall not exceed 0.10/'. Where 
bars are so placed in a beam that more than 12 in. of concrete is cast in 
the member below the bar, the bars are classified as “top bars," and the 
maximum unit bond stress shall not exceed 0.03/J for plain bars or 0.07/J 
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for approved deformed bars. All plain bars in tension except at the 
i/itcrior supports of continuous members shall terminate in standard 
hooks. 

A ^'standard hook’’ is defined as (see Fig. 3.25): 

1. A complete semicircular turn with a radius of bend on the axis of 
the bar of not less tlian three and not more than six bar diameters, plus 
an extension of at least four bar diameters at the free end of the bar. 

2. A 90° bend having** a radius of not less than four bar diameters and 
not more than six bar diameters plus an extension of twelve bar diameters. 

A standard hook shall be considered as devc'lopinji; 10,000 psi in 
addition to the bond stress developed by the embedment of the bar. 
Standard hooks are used where recpiired to develop the necessary an¬ 
chorage in th(‘ t(‘nsil(* reinfor(*ement at the ends of simply supported or 
cantilever beams or the fr(»(»ly supported (‘nds of continuous beams. 
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hook ^ 
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Standard hooks, Ty])e 1, are also used at th(‘ fn'e ends of stirrups used 
for web r(*inforcem(‘nt (see Fig. 3.25) where no compressixH^ reinforcement 
is available for rigid attachment. 

3.38. Anchorage of Web Reinforcement. Vertical U stirrups, or ver¬ 
tical multipl(*-loof) stirrups, are anchored at the loop ends by bending 
around the longitudinal reinforcement, as shown in Fig. 3.25. At the 
cut ends, anchorage is provided by a standard hook, as shown in Fig. 
3.25a, or by IxMiding the end of the stirrup bar through an angle of at 
least 90° around a longitudinal reinforcing bar not less in diameter than 
the stirrup bar and projecting the stirrup bar at least 12 diameters past 
the bend, as shown in Fig. 3.256, In case there is sufficient depth in the 
compression area of the beam to permit sufficient length of embedment 
to develop in Ixiiid the full stress in the stirrup bar, the hooks or bends 
at the cut ends of the stirrup bars may be omitted. The required length 
of embedment is computed from the eciuation in Art. 2.7. In computing 
the length available for embedment in the compression area, the middle 
of the effecti\'e depth d of the beam may be considered to be the dividing 
line between the tension and compression areas. Inclined stirrups are 
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anchored in the same manner as for vertical stirrups; but, in addition, 
they must be welded or otherwise rigidly attached to the longitudinal 
reinforcing bars. 


T BEAMS 


3.39. Types of T Beams. When a reinforced concrete floor slab is con¬ 
structed as a monolith with the supporting beams, and the slab and the 
bea m are thoroughly tied together by means of stirrup s and bent-up bars, 
part of the slab may be assumed to assist the upper part of the l)eam in 
resisting compressive stresses. These two acting together constitute 
\\hat is known as a/r hgam (Fig. 3.20). The slal) is called the flange, 
and the portion of the beam beneath the slab is called the web or steTn ? 

The exact width of slab that can be assumed as resisting the compres- 
si\e forces is a variable. Tests have shown that it is dependent prin¬ 
cipally upon the relative thickness of the slab and upon the span of the 
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beam. The A(d CV)de recommends that the effecti\e w idth’ of slal) shall 
he determined as follows: 

1. It shall not exceed on(*-fourth of the span length of th(' b(»am. 

2. Its overhanging width on either side of the web shall not exceed 
eight times the thickness of the slab. 

3. In any case the flange width must not be greater than the distance 
center to center of adjacent beams. 

Another form of T beam, wdiich is of infrecpient occurrence, is one 
which does not form a part of a floor system, th(» flange being provided 
merely to furnish sufficient area in compression. Since the coi^crete in 
the lower part of a beam is assumed as taking no tension, its only purpose 
IS to Innd the tensile steel and the compressive concrete together. This 
involvc's mainly shearing stresses"; all the rectangular section is not 
recjuired in large beams, and thus a saving in concrete results when the 
T form is used. It is, however, usually more satisfactory to use a rec¬ 
tangular beam with compressive reinforcement to care for'cases re(iuiring 
an excessive amount of concrete rather than to resort to the T section. 
A saving in cost of forms, and certain evident structural advantages of 

^ For beams having a flange on one side only, the effeetive overhanging width shall 
not exceed one-twelfth of the span length of the beam, or six times the thickness of 
the slab, or one-half the clear distance to the next beam. 
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the rectangular beam, will, in general, counteract the saving in concrete 
in the T beam. 

The neutral axis of a T beam may lie either in the flange or in the web, 
depending upon the relation between the thickness of the flange, the 
depth of the beam, and the amount of steel. When the neutral axis is 
in the flange, i.c., when kd is less than /, the equations derived in Art. 3.4 
for rectangular beams must be used, the width of the beam being equal 
to the effective width h of the flange. The reason for this is shown in 
Fig. 3.27a, which represents a beam T-shaped in cross section. The neu¬ 
tral axis is assumed above the bottom of the flange. The (*ompressive 
area is represented by the shaded portion of the figure. If the additional 
concrete, indicated by the areas (1) and (2), had been added when the 
beam was poured, the physical cross section would be rectangular in 
shape, with a width ecjual to b. No bending strength would be added by 



io) {d) 


Fig. 3.27 


the addition of this extra concrete, because the areas (1) and (2) are in 
the tension portion of the cross section, and, as stated before, the tensile 
strength of the concrete is disregarded in all flexure formulas. The orig¬ 
inal T-shap('(l beam and the revised rectangular-shaped beam are equal 
in flexural stnmgth, and the rectangular-beam equations for flexure 
apply. 

When the neutral axis is in the web, f.c., when led is greater than 
the rectangular-beam eejuations no longer apply. For, in Fig. 3.276, if 
the extra concrete represented by the areas (1) and (2) were added to the 
original T-shaped beam, the resulting rectangular-shaped beam would 
actually be stronger in flexure than the original beam, because some of 
the added concrete [those portions of areas (1) and (2) which are above 
the neutral axis] would be in compression. The application of the rec¬ 
tangular-beam equations to this condition w^ould therefore be incorrect 
in theory. The proper ecpiations for use in this case are derived in the 
following article in a manner similar to that used in the derivation of the 
rectangular-beam equations. 

When the neutral axis is at the bottom of the flange, z.e., when kd = t, 
then by comparison of Figs. 3.27a and b it is obvious that both the rec- 
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tangular-beam equations and the T-beam equations will give the same 
results; i.e., the values of fc, etc., obtained by the one set of 

equations, will be the same as the corresponding values obtained by the 
other set of equations. 

3.40. Flexure Analysis (Neutral Axis in the Web). Figure 3.28 repre¬ 
sents an element of a T beam. The compression force in the web, rep¬ 
resented by the area qrst in the cross section, is usually small in compari¬ 
son with that in the flange, and hence it is neg]ec*ted in the derivation of 
equations for ordinary design. 



From the assumption that deformations vary as the diMajice from the 
neutral axis. 


AA' ^ _ A- 

BB' d - kd " 1 - A 


Since E = —assuming that A A' and BB' represent 
unit dclormatiorr 

the deformations of a unit length of the beam at the extreme compression 
surface and the plane of the reinforcement, res])ectively, 


A A' ■= {s and 
Be 


BB' = 




Hence, 


dA' = 

BB' 7. r 


(b) 


Equating (a) and (6) and solving for A:, 

n 


k = - 


?i + r 


(3.7) 


This gives an expression for the value of /c when n and r are known. 
This equation can be used only in the design of an isolated T beam, t.e., 
one not a part of a floor system, since in such a problem just enough 
flange width will be provided to bring the unit stress in the concrete to 
its maximum allowable value simultaneously wdth that in the steel—the 
ratio r is known. In a T beam which is part of a floor system, the com¬ 
pressive area is so large (b is taken as one-fourth the span or 16f + 6') 
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that when /, is a maximum, fc is only a relatively small value —the ratio 
r is not known The total tension = AJ.. The total compression per 
unit of width is represented by a trapezoid whose parallel sides are fc 
and/c {led — t)/k(l, the amount of compression being, therefore, 

L (led - t)/kd . 2kd - t, . 


fr + f (/‘V/ - t)/kd __ 2kd 

2/0 


For ecjuilibrium, the total tension must equal the total compression; 
hence, 

A,U = W 

As in tln^ deri\iition of rectangular-beam e(|uations, the relation 
between the unit stn'sses in steel and concrete is given by the eejuation 


" ” //(I - A) 

Substituting from Ktj (8.1a) in 10(|. (c) to eliminnte unit stresses, 


np + ‘2(/A/)“ 
np + (/ V) 


(3.17) 


The distance of the center of compression (center of gravity of the 
trap(‘zoid) from the iqiper fa<*e of the beam is 


8Ad - 2/ / 
2kd - / 8 


(8.18) 


and the le\er arm of tin* coupl(‘ formed by the tensile and compressive 
forces is 

jd = d - z (8.19) 

From the above analysis 


0 - (^{f/d) +2 {f/d}^^ + {f/dy {\/2pn) 
() - 8 {(/d) 


( 8 . 20 ) 


The resisting moments of the steel and concrete are equal to the prod¬ 
uct of th(‘ lev(‘r arm jV/ of the internal stress couple and the total tension 
and compression, respectively; hence. 


AL = AJjd 


= ■^'0 


(3.21) 


(3.22) 


Approximate equations for resisting moments can be developed as fol¬ 
lows: bince the (*enter of gravity of the compression stress trapezoid is 
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above the middle of the slab, the lever arm jd of the resisting couple is 
never less than d — The average unit compressive stress 


fc+fc{kd~t)/kd (,±\ 

2 2kd) 


is never so small as lo/r except when the neutral axis is at the bottom of 
the slab, in which case rectangular-beam eciuations apply. Equations 
(3.21) and (3.22) may then be approximated by substituting these limit¬ 
ing values for jd and/c [1 — {t/2kd)], respectively. Then* 


and 


M, = A^fs{d — ^20 (approximate) 
M, = — *20 (approximate) 


(3.23) 
(3 24) 


Til the design of a continuous T beam at the support, a slighll}' larger 
amount of steel will be recjuired lh(*re than at the center This is due to 
the fact that the value of j at the support will in all cases be less than at 
the center. Since the tension steel at the support of such beams is often 
provided by bending up from each side one-half of the steel furnished at 
the center, a slight excess at this latter point is often of advantage. The 
use of Eejs. (3.23) and (3.24) in dcfiign is therefore justified for all practical 
purposes. They must not be used in review problems, 

3.41. Shearing Strength of T Beams. Owing to the relatively large 
width of flange in beams wdiich are part of a floor system, it is safe to say 
that the compressive strength of the beam will seldom govern the design. 
Since the only stress that will be imposed upon the concrete below^ the 
neutral axis is that of shear (the concrete is assumed incapai)le of resist¬ 
ing tensile stresses), it follows that the effective cross section of the stem 
of the beam h'd need merely be large enough to keep the horizontal shear 
below its allowable value. Since 


V 



the amount of web area required ecjuals 



(3.25) 


As previously stated, a value of j = '^4 he used in Eq. (3.25). Fig¬ 
ure 3.1 ()6 explains the use of // instead of b in Eq. (3.25). 

In closely spaced long beams with light loads, it is possible that the 
compressive strength of the beam may govern. In such cases Eq. (3.24) 
may be used to get an approximate value of d; the review of the assumed 
section will then determine if any revision is necessary. 
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3.42. Ratio of Depth of Beam to Breadth of Stem. Numerous for¬ 
mulas have been devised to determine the economical depth of a T beam; 
but very often the available head room is limited, and the results of 
these formulas would exceed the limitation. The use of economical- 
depth formulas for shallow beams such as are encountered in ordinary 
building construction involves, for this reason, an unnecessary computa¬ 
tion, practical considerations in most cases governing the design. 

A study of numerous Hucc‘(»ssful designs shows that for ordinary beams 
a ratio between b' and d of one-half to one-third gives satisfactory results. 
For very large and d(*ep beams, a ratio as small as one-fourth is occa¬ 
sionally used. In modern [milding constrindion, the shallower and wider 
beam is to b(‘ pref(Tred in order to obtain the maximum head room and 
minimum light obstruction. 

The ACI F'od(‘ r(*commendh that beams in which the T form is used 
only for the purpose of providing additional compressive area of concrete 
shall have a flange thickness not less than one-half the width of web and 
a total flange width not more than four times the web thickness. This 
applies only to isolated T beams. 

3.43. Diagrams for Review of T Beams. Since values of k and j, as 
expressed in Eqs. (3.17) and (3.20), are dependent only upon the ratio 
t/d and the jiroduct pa, both of \vhi(*h would be known in reviewing a 
T beam, values of k and j may be tak(‘n from Diagram 3, Appendix D, 
the curves of wdiich are based on these (‘([nations and drawn with t/d 
and pn as variables. Points which fall below the broken inclined line 
terminating the viirven indicate that the neutral axis is in the flange 
{kd is less than 1) and the formulas for rectangular beams (or Table 6, 
Appendix D) must be used. Since the value of p is required in order to 
enter Diagram 3, this diagram cannot be used in design. 

3.44. Types of T-beam Problems. There are three main types of 
problems that may })e encountered in practice. 

1. To find the moment of resistance or fiber stresses. The values of 
k andj may be obtained from Eqs. (3.17) and (3.20) or from Diagram 3, 
the values of the fiber stresses from Eqs. (3.21) and (3.1a), or the resist¬ 
ing moments from Ecjs. (3.21) and (3.22), the smaller of the latter being 
the rCwsisting moment of the beam. Since the resisting moment of the 
steel wdll usually govern in T beams whose flange is a part of a floor sys¬ 
tem, it is generally quicker to compute the value of from Eq. (3.21), 
and then substitute the limiting value off, in Eq. (3.1a) to determine the 
simultaneous value of fr. If this is less than the allowable value, the 
assumption that the hteel governs is correct for the case in question. If 
it is greater than the allow^able value, determine from Eq. (3.1a) the value 
of /, that corresponds to the maximum permissible value of /c, and use 
this value of /, in Eq. (3.21). The result will be the moment in the steel 
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when the concrete is stressed just to its limit, and hence it is the true 
resisting moment of the beam. (If kd is less than ty the neutral axis is in 
the flange; formulas for rectangular beams should then be used, the 
width being equal to the flange width h of the T beam.) 

2. To design a T beam in which the flange is a portion of a floor slab 
already designed. Compute, from Eq. (3.25), Art. 3.41, the cross sec¬ 
tion b'd required, and select the width of stem and depth of beam with 
reference to the most satisfactory shape of beam, spacing of bars, etc. 
Usually d should be taken as from two to three times b\ The amount of 
steel may then be determined from Eq. (3.23). 

In order to compute the steel area more accurately, determine the 
value of j from Eq. (3.20) or from Diagram 3, using for p the value cor¬ 
responding to the approximate steel area. E(iuation (3.21) will then give 
the true steel area that is re(|uired. A slight variation betwee^n the 
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values of p as determined by the approximate method and the true 
method will cause only a slight dilTerence in E(|. (3.20); thus further 
substituting is unnecessary. The value of k should be computed from 
Eq. (3.17) or taken from Diagram 3 to ascertain whetiier the neutral 
axis is in the stem or flange. Equation (3.2) for rectangular beams would 
give the same information. 

3. To design a T beam whose flange is not a part of a floor system. In 
designing a beam of this type, determine from Eq. (3.25), Art. 3.41, the 
shearing area required, and select the values of 6' and d. From Eqs. 
(3.7), (3.18), and (3.19), the values of k aiidj may be determined. Equa¬ 
tions (3.21) and (3.22) will then give the area of steel and breadth of 
flange required. 

In all work on T beams where flexural stresses are concerned, that is, 
in the determination of /r, j, fiber stresses, resisting moments, and area 
of steel, the value of b is the width of flange. In the determination of 
the shearing area required, the value of b' is the width of stem. The 
reasons for each should be obvious from a study of the foregoing articles, 

3.45. illustrative Example. I. A floor slab 4 in. thick is supported by 
reinforced concrete beams 9 ft-0 in. center to center (Fig. 3.29) which 
together with the slab act as T beams. The beams are simply supported, 
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and‘their span is 19 ft-0 in. The slab supports a live load of 100 psf. 
The cross section of each beam below the slab is 10 by 20 in.; the rein¬ 
forcement consists of six No. 6 bars in two rows, 2 in. center to center 
vertically, the center of the lower row being 2^/2 hi. above the lower sur¬ 
face of the beam. Assume n — 15. Determine/, and fc. 

Weight of slab = ^2 X 150 = 50 psf 
Total load on slab == 150 psf 

Load from slab on each beam ~ 9 X 150 = 1350 lb per ft 
* 10 X 20 

Weight of beam below slab = —— X 150 = 210 lb per ft 

Total load on beam -= 1500 lb per ft 
M = X 1500 X 19' X 12 = 845,000 in.-lb 

The breadth of flange cannot exceed ^ j X 19 X 12 = 57 in., or 
(10 X 4) + 10 - 71 in. Hence, b ~ 57 in. 


'’■otI'-Ls'" '*’® W-0.0345 J 


20 ,.' 


= 0.195 


From Diagnini 3, Appoiidix I), /. = 0.233 and j = 0.920. 


/. = 
L = 


81 .'), 0 (^ 

2.().') X 0.92(» X 20.5 


10,800 psi 


1(^800 X 0.233 
(1 - 0.233) X 15 


310 p.si 


Hence, 


II. Determine the re.si.sting moment of Ihe beam whose dimensions 
and reinforcemenl are {ri\en in the preceding example, assuming a 
2000-psi concrete ami an allowalde steel .stress of 18,000 psi. 

If the strength ol the beam were governed by tliat of the steel, the 
resisting moment would be as follows; 


M. = 2.1)5 X 18,000 X 0.926 X 20.5 = 908,000 in.-lb 
The eorresponding ,stre.ss in the concrete is 


I8.(XK) X 0/233 
15(1 - 0.233)" 


= 365 psi 


The steel; therefore, governs as assumed, since, when it is stressed to 
its limit, 18,000 psi, the concrete unit stress is much less than the allow¬ 
able stress of 0.45 X 2000 = 900 psi, specified in the ACI Code. 

III. Using the specifications of the ACT Code for a 2500-psi concrete 
and intermediate-grade steel, determine the cross section of the web 
below the slab and the sectional area of steel reejuired for a simply sup- 
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ported T beam constructed monolithically with a 5-in. floor slab which 
sustains a live load of 150 psf. The distance center to c enter of adjacent 
supp orts IS 21 ft-0 in. (Fig. 3.30) . 


Weight of slab = ^2 X 150 = 62 psf 
Total load on slab = 212 psf 

Load on beam from slab = 11 X 212 = 2330 lb per ft 
Assumed weight of stem = 140 lb per ft 
Total load on beam = 2470 lb per ft 
Maximum shear V = 2470 X = 26,000 lb 



ft 

20'^ 

1: 

r 

L 

^-^9 bar, 

W 1 ' ' 1 

'2-^9 bars discontinued 
t2-^9 bars discontinued c 

mTi I 

Jill 

t 5 from edge of support 
it 16" from edge of support 




1 


s-l 

4-1—1—1—1—1— 

\ _!_^^! 

— 

— 

— 




■>^6@4'/e = 2'-3 "—<■ 

<- 7(^6"= 3'-6" -► 

6'-5" -»• 



Partial Elevation 
Fig. 3.30 


Assuming that Aveh n'iiiforcomont is to t)e provided in the form of 
vertical stirrups only, the allowable unit shearing stress is 


0.08 X 2500 - 200 psi 


b'd = 


2(),000_ 
Ja X 200 


148 s(i in. 


A 6' of 10 in. and a d of 15 in. are selected. 

Since two rows of bars will undoubtedly be necessary, the total height 
of beam must be 15 + 3j^2 == ^^3^2 the cross section below the 

slab is 10 X 133^2 hi., which gives a Avcight of stem of 


10 X 13.5 


X 150 = 141 lb per ft 


144 
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approximately as assumed. 


M ^ Vs X 2470 X 212 X 12 = 1,635,000 in.-lb 
A - 1-635,000 _ 6 5. • 

~ 20,000 (15 - 2.5) • 


Three No. 9 and three No. 10 bars furnish 0.79 sq in. 

In order to avoid the use of an excessive amount of tension reinforce¬ 
ment, it is often desirable to increase the depth of the beam where mini¬ 
mum headroom recjuirements do not control. In the present case by 
increasing? the depth of the beam by to lOj 2 in. the revised weight 

of stem is 150 lb per ft; the revised weight per foot, 2490 lb; the revised 
bonding moment, 1,04(),000 in.-lb; and the revised area of steel required, 
5.88 sq in. 

For all practical purposes of design, this approximate area of steel 
would be satisfactory and six No. 9 bars furnishing 0.00 sq in. could be 
selected as the reinforcement. However, if the true area required were 
to be determined, the procedure would be as follows: Assume that six 
No. 9 bars will be used. The flange width h is limited in this case to 
span, or M(21 X 12) = 03 in. Then 


V = 


0.00 


= 0 0058 


(i3 X 10 5 
pn = 12 X 0.0003 = 0.070 


t 

d 


10.5 


= 0 30 


From Diagram 3 it appears that the neutral axis is just above the edge 
of the flange, and from Diagram 3, j is obtained as 0 890 and the area of 
steel required is 


_ 1,040,000 __ 

20,000 X 0.89() X Iti 5 


5 50 sq in. 


Spacing of Vertical Stirraps. At the support, the unit shear is 


V 


^, 00 () 

10 X 0 875 X 


10 ^ = 


of which 75 psi i.s resisted i)y the concrete, leaving 100 psi to be resisted 
by the stirrups. 

Vc = 75 X 10 X 0.875 X 10.5 = 10,800 lb (Art. 3.20) 
V' = 20,000 - 10,800 = 15,200 lb 

and with Nc. 3 U stirrups 


2 X 0,11 X 20,000 X 0.875 X 10.5 
15.200 


4.2 in. 
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Since the shear decreases at the rate of 2490 lb per ft from the support 
toward the center of jbhe b eam , j^e re quired spacing of the stirrups wil l 
increase at the r ate of 249Q/157300_X 4.2 =j0.68 in. per ft and no stir^;^ 
rpps will bWequired between a point 15,200/2490 = i2 ft fropa the cen¬ 
ter of the support and the center of the span. 

Assuming the width of the support as 12 in., the spacing of stirrups 
required at the edge of the support is 4.2 + 0.3 = 4.5 in. Beginning 
2 in from the edge of the support, seven stirrups will be placed in the 
beam 432 i^^- center to center^; then the last stirrup in this group will be 
6 in. + 2 in. + 6 X 4)2 in. = 35 in., or 2.92 ft from the center of the 
support where the recpaired spacing is 4.2 4 2.92 X 0.08 = 6.2 in. 
Seven additional stirrups 0 in center to center will cover a distance of 
2.92 + 3.5 = 6.42 ft and provide all the necessary web reinforcement. 

Spacing of Bent-up Bars as Web Hewfora ment. While the allowable 
unit shear in the beam can ac(‘ording to the AOI Code be as great as 
0.12/' where bent-up bars or inclined stirrups are used as web reinforce¬ 
ment, in the present design a decrease in the dimensions of the w'eb of the 
beam would make it impractical to pla(‘e the required amount of rein¬ 
forcing steel in the beam. 

Assume that some of the horizontal reinforcement will be bent up, 
making an angle of 30° with the horizontal to assist in resisting the diag¬ 
onal tension forces. Since the ACH Code re(iuires that at least one-third 
of the required positive reinforcement shall extend along the same face 
of the beam into the support a distance of 6 in , there are four bars which 
can be lieiit upward to resist diagonal tension forces, provided the remain¬ 
ing bars satisfy the bond reciuirements for the tension reinforcement. At 
the edge of the support, the total shear V is 26,000 ~ 1240 = 24,760. 
From Eq. (3.16), 


24,760 

250 X 0 875 X‘ 16.5 


6.90 in 


while two No. 9 bars furnish 7.08 in. 

Two bars having an area 2.0 sej in. are 2.(X) 6.00 = 33 per cent of 

the reinforcement and from Diagram 1 are no longer required for tensile 
reinforcement at a distance of 0.21 X 21 = 4.4 ft from the support. 
Similarly, four bars wdth an area of 67 per cent of the reinforcement are 
no longer required at 0.09 X 21 = 1.9 ft from the support. These bars 
must be carried 12 diameters, or 14 in., beyond the point where they are 
no longer required for tensile reinforcement so that two bars may be 


^ A strict interpretation of the ACI Code would require that near the support where 
the shear is greater than 0.06/', the spacing of stirrups should not exceed d/4, or 
4.12 in. However, the shear becomes equal to 0.06A at 1.3 ft from the edge of the 
support, and the spacing rather than a 4-in. spacing is considered sufficient. 
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bent upward not farther away from the center of the support than 3.2 ft 
and two more not farther away from the center of the support than 0.7 ft. 

From Eq. (3.13) the spacing of the bent-up bars required at the edge 
of the support is far greater than that allowed by the ACI Code for unit 
shears in excess of 0.00/'. From Fig. 3.23 the maximum spacing of bars 
inclined at 30® with the horizontal is 


3/10.5 ^ 10.5 ^ ^ . . 

s = g(^-^ + ^-X 1.732j = 8.5in. 

Therefore, two bars can he V)ent upward 8.5 in. from the center of the 
support and two others 17 in. from the center of the support. 

Referring to Fig. 3.31, the possible arrangement of the bent-up bars 
to assist in resisting the diagonal tension forces is shown. A distance of 
4 in. above the mid-depth of the beam is shown in Fig. 3.31, which is 



ample distance to develop the bond for the slight stress carried by the 
bars. In order to j)r()vide at least two web reinforcing members (Tossing 
a potential crack (see Art. 3.34), a vertical stirrup must be pla(*ed about 
11 in. from the edge of the support. At this point, 17 in., or 1.4 ft, from 
the center of the support, the required spacing is 

4.2 4- 1.4 X 0.58 = 5.1 in. 

A spacing of 5 in. is used for three spaces and a O-in. spacing to the point 
().2 ft from the center of the support beyond which web reinforcement is 
no longer reciuired. This will re(|uire 11 stirrups, as shown in Fig. 3.31. 

Since only three less vertical stirrups are reciuired in this arrangement 
than are reciuired when vertical stirrups alone are used, this saving is 
more than offset by the additional length of and the cost of bending the 
horizontal bars. In this case the use of vertical stirrups alone and the 
arrangement shown in Fig. 3.30 is to be preferred. In beams of greater 
dimension, especially continuous beams where both positive and negative 
moments must be provided for, bent bars can very .often be used advan¬ 
tageously as web reinforcement. 
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IV. Design a simply supported, isolated T beam with a span of 30 
ft -0 in. which must support a live load of 3000 lb per liii ft. Use work¬ 
ing stresses as follows: /r = 650 psi, = 16,000 psi, v = 120 psi, n = 15. 

Assume weight of beam = 950 lb per lin ft 
Total load to be carried = 3950 lb per liu ft 
3/ = X 3950 X 302 X 12 = 5,330,000 iii.-lb 
V = 3950 X '^^2 = 59,300 lb 

b'd (required) = 


Since V should preferably be from ^2 to the values selected will 
be ?/ = 16 in. and d — 36 in. These are sel(»cted in preference to any 
other possible combination that falls within the limits stated above, in 
order to keep // in even inches and to secure as wide a beam as possible 
to allow for convenient placing of the reinforcement. 

The thickness of the flange is usually made * ^d. Hence, t will be taken 
as 12 in. 


i = i? 

d 36 


0.333 


/ — _ — 0 ‘170 

15 + 16,000/650 


and 


kd = 0.379 X 36 = 13.6 in. 


Therefore, the neutral axis is in the stem and the T-beain formulas apply. 
From Kqs. (3.18) and (3.19), z = 4.12 in. and j = 0.877. 


As = 


5,330,000 

16,000 X 0.877 X 36 


10.5 sq in. 


The width of flange is determined from Eq. (3.24), all other quantities 
of which are known; the reejuired width is 38.6 in. A width of 40 in. will 
be used. Seven No. 11 bars will be selected and placed in two rows. 
The total height of beam is 39* 2 ***•? eight per foot 960 lb. The 

error in the assumed weight is only ^4 of 1 per cent of the total load, and 
the design is, therefore, satisfactory. 


Problems 

1. If the beams of Example I, page 99 (see also Fig. 3.29), each support a concen¬ 
trated load of .5000 lb at the mid-span in addition to the load from the slab as speci¬ 
fied in that problem, determine the revised cross section recpiired and the area of steel. 
Assume /' = 2000 psi and /, = 18,000 psi. 

2 . For the T beam shown in Fig. .3.26, a.ssume 6 = 48 in., 6' = 10 in., ^ 4 in., 

the depth below the flange 18 in., and the reinforcement four No. 7 bars in one row, 
the center of which is 2j/^ in. above the bottom of the beam. Determine the resisting 
moment of the beam, with allowable unit stresses of 650 psi and 16,000 psi for the 
concrete and steel, respectively, and with n *= 15. 
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3. If the span of the beams in Prob. 2 is 16 ft-0 in., the spacing of beams 7 ft-0 in., 
if they are of one span only, and if they rest freely on brick walls at the ends, what uni¬ 
form live load may be placed on the slab without overstressing the beam in bending? 

4 . If the allowable unit shearing stress for the bc^am of Prob. 3 is 120 psi (assuming 
that adequate web reinforcement will be used), what uniform live load may be placed 
on the slab without overstressing the beam in shear? 

5. If the thickness of the flange of the beam in Prt)b. 2 were increased to 5 in., the 
over-all height of the beam remaining the same, what would be the resisting moment 
of the beam? 


RECTANGULAR BEAMS REINFORCED FOR COMPRESSION 

3.46. Use of Beams Reinforced for Compression. In general, it is 
economically advantageous to carry all the compression in a beam by the 
concrete and all the tension by the steel and to stress both materials to 
their maximum permissible values. Situations do arise, however, when 
a beam must be called upon to resist a moment larger than that which 
can be developed by the concrete in compression. This occurs primarily 
when the over-all size of the beam is limited by stru(*tural, architectural, 
or clearance requirements so that it is incapable of furnishing the required 
compression resisting moment. In such cases that part of the moment 
in excess of that resisted by the con(*rete is provid(‘d for by placing addi¬ 
tional steel in the compression portion of the beam. A very important 
and frequent case of this type is discu.ssed in Arts. 3.50 and 3.51. 

If both steel and concrete are completely elastic, the stress in the com¬ 
pression steel is n times the concrete stress at the same level, since the 
unit strains in the steel and the adjacent concrete are e(]ual. This 
allows the compression steel stress to be computed. However, the 
stresses and strains in concrete are proportional only at relatively low 
stresses. This is shown in Fig. 4.2. At higher stresses the strains 
increase faster than the stresses. In view' of the fact that the strains in 
the compression steel and the adjacent concrete remain equal, this means 
that at higher stress levels the unit stress in the steel, being proportional 
to the strain, will be larger than it would be if the concrete were a truly 
elastic material. This increase in the steel stress over that computed by 
assuming elastic behavior is accentuated by the fact that concrete to 
a certain extent keeps compressing under constant load or stress (flow or 
creep). In contrast, steel, if stressed below the yield point, maintains 
its length unchanged under (*onstant stress. In a beam reinforced for 
compression this results in the fact that in the course of time the con¬ 
crete, by minute flow^ transfers part of its compression stress to the steel, 
and the actual stress in the steel becomes higher than that computed on 
the basis of elastic behavior. 

Tests have shown that the compression steel cAn safely sustain these 
higher stresses if adequate support is provided by stirrups or other ties to 
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prevent buckling. The higher stress means a higher total compression 
force in the beam, and, therefore, contributes to the compression resist¬ 
ing moment. To take advantage of the added strength, the ACI Code 
states that: 

The effectiveness of compression reinforcement in resisting bending may be 
taken at twice the value indicated from the calculation assuming a straight-line 
relation between stress and strain and the appropriate modular ratio, hvi not of 
greater value than the allowable stress in tension. 

Compression steel in beams or girders shall be anchore d by ties or stirrups not 
less than ^4 inch in diameter spaced not farther apart than 16 bar diameters, or 
48 tie diameters. Such stirrups or ties shall I)c used throughout the distance 
where the compression steel is required. 

3.47. Formulas for Design. The following analysis assumes elaslieity 
in both steel and concrete for determining the position of the neutral axis. 
The corrections specified by the ACI CV)de (see Art. 3.46) are then 
applied to the stresses. 

The notation used in the following derivations is as follows: 

M = total moment to be developed by beam 

Ml == moment that can be developed hy limited cross section of concrete 
without compression reinforcement 

M 2 = moment in excess of Mi which must be developed by compression 
reinforcement, that is, M<i — M — M \ 

=- area of tensile steel rec|uired to develop moment Mi 
A,, = area of additional tensile steel necessary to develop moment M 2 
A, = total tensile steel area = A,, + A«, 

A' = total area of compressive steel 
fa = unit stress in tensile steel 
/' = unit stress in compressive steel 

Assuming that a rectangular beam, which will be called upon to resist 
a bending moment Af, is limited in size to an effective cross section hd, 
the resisting moment Mi of the concrete being less than the moment A/, 
compressive steel of an amount A' will be required in order to keep the 
unit stress in the concrete within the allowable limit. 

The moment Afi depends upon the concrete and equals (sec Fig. 3.32 
and Art. 3.4) 

Ml = lifrkjhd^ = Kh(P (3.26) 

Since the resisting moment of the tensile steel = A,,/Jd, the area of 
steel required to provide sufficient tensile resistance fully to develop the 
strength of the concrete is 


/.id 


(3.27) 
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The values of fc, jj and K are computed from the same equations as for 
rectangular beams with only tensile reinforcement (Art. 3.4). 




..jt_ 

c 


—1 






Fin. 3 32 

A moment of an amount = M 2 ~ M — M \ still remains to be pro¬ 
vided for by the necessary amount of compressive steel and additional 
tensile steel The forces in these two quantities of steel form a 

couple, the lever arm of which is d — d' (Fig. 3.33). The resisting 



1 

_ 
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L 

1 

d-d* 

=a— 
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moment of the couple is therefore A^J^{d — d'), and this must be suffi¬ 
cient to develop the monuMit M 2 ; 1 ence 

M 2 = A«J,(d - d') 


from which 


1 = ^2 

Md - d') 


(3.28) 


The total tensile steel then equals 

= As, + A., (3.29) 

Since the beam must be in equilibrium, 

AX = A.X (a) 

From the assumption that unit stresses vary as the distance from the 
neutral axis, 

d — kd 

7; A^”d' 


from which 




k - (d7d)t 


(b) 


1 - k 

t This is the stress in the compression steel if the concrete were completely elastic. 
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However, since in view of the plasticity of the concrete the compres¬ 
sive steel may be stressed to twice this va]ue7it follows that 


J. J _ J, 


(c) 


Substituting in Eq. (a) the value of /' from Eq. (c) in order to elimi¬ 
nate /i, 




k - (d'/d) 
~ 1 - k 




from which 


f _ A 1 Jc 

* “ k - (d'/d) 


(3.30) 


Since the forces in Aa^ and A^ form a couple of magnitude 71^2, they 
must be equal in absolute amount, that is, A^Ja = A'J'^y as shown in (a) 
for elastic stresses. Hence, if yl', as determined from Eq. (3.30), is 
smaller than A*,, it follows that fi would be greater than /*. The ACT 
(’'ode specifies, however, that fi shall not exceed the allowable stress for 
the tensile steel. To achieve this, it is therefore necessary in this case to 
make A' equal to A^,. 

Consequently, the reejuired amount of compression steel is equal to 
the la rger of the two values A' or A*,, determined from Eejs. (3.28) and 
(3.30), respectively.^ 

Where the compressive steel area is determined by Eq. (3.30), since 
the additional tensile steel A,, and A' balance one another, the position 
of neutral axis is not changed and the values of k and j as previously 
tletermined for rectangular beams remain the same as if Aand A' were 
not added. Where the value of A', as determined from Etj. (3.30), has 
to be increased in order that the stress in the compressive steel does not 
exceed that in the tensile steel, a slight change in the position of the 
neutral axis occurs, but the error introduced is so small that it may be 
neglected. 

3.48. Formulas for Review. The equations (for k, j, and the resisting 
moment) to be used in reviewing a rectangular beam with compressive 
reinforcement are derived in a manner similar to that used in deriving 
the corresponding equations for rectangular beams with tensile reinforce¬ 
ment only. The total tension in the steel = T = A^/, = The 

total compression in steel and concrete = C' + C; the former (see Fig. 

^ Another method of determining the area of compression steel required is as fol¬ 
lows: Eq. (c) may be written/,^ =* 2f,[{kd — d/)/(d — kd)] and a value determined for 
.f«- A, may then be obtained by using this value in the equation A[ =* M 2 /f[{d — d*). 
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3 .34) is equal to and the latter is equal to }4fMd. Hence, 

C' + C = AX + Hfckhd = p'hdfi + Hfrkbd = bdiyifck + p'f.) 


where p is the ratio of tensile steel 



extreme compression fiber and BB' 


i p' the ratio of compressive steel in 
terms of the effective cross section 
bd. , 

For equilibrium, the total tension 
must equal the total compression; 
hence, 

pUbd = + 

or 

P/. = ) 2fck + v'f, (c) 

From Fig. 3.34 it is seen that, 
since deformations vary as the dis¬ 
tance from the neutral axis, if AA^ 
represents the deformation of the 
be elongation of the tension steel. 


A A' ^ _kd 
BB'‘ d - kd 


(d) 


If and BB' are further assumed to be the deformations for a unit 


length of beam, 

AA'^i- and Wi' = {^ 
xic 

Hence, 

AA' ^ 

Bff f. 


(c) 


Equating (d) and (c) and solving for 


f _ _ J"’' _ 

n{l - k) 

From Eq. (c), Art. 3.47, 

•'* 1 - A- 


(3.1a) 


(3.31) 


Substituting in Eq. (c) the value of /c from Eq. (3.1a) and that of /' 
from Eq. (3.31). 

, _ /.A» 2p7.lA - {d'/d)] 

“ 2w(l -k)^ 1 - A 

from which 

k = ^2»t + n\v + 2p')“ ^ n(p + 2p') (3.32) 
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By taking the summation of moments of the compressive forces about 
the top of the beam, the position of the center of gravity of these forces 
may be determined. The resulting equation is 

_ }ikdC + d'C' ___ } ikd + d'iC'fC) 

^ c + C' 1 + {r'/(~ 

Since C", the total compressive stress in the steel, = p'bdf', and C, the 
total compressive stress in the concrete, = bdfrk/2, 

C 2p'f’. 

C frk 

Substituting from Eqs. (3.1a) and (3.31) the values of/^ and/', 

r _ 4p'f,lk - (d'/d)] _ 4p'n\k - (d'/d)] 

C (I - k)[f.lVn(l - k)] k^ 

Substituting this value of C'/C in Eq. (/), 

_ }ikM + ip'nd'U - (d'/d)] 

^ k^ + 4p'n[/, - (d'/d)] 

From Fig. 3 34, jd = rf — 2 , or ,7 = 1 — {z/d)y and therefore 

__ + 4p'n\h - {d'/d)]\l ~ (d^d)] .. 

/c2 + 4pV4/c - (d'/d)] ^ ^ ^ 


Whore the’critical stress in the compressive steel /*' is equal to the allow¬ 
able stress in the tensile steel, E(i (3.31) reduces to 


r. =/. 


and h^qs. (3.32) and (3.33) to 


k = y/2n{p — p') + — v'Y — n(p - p') (3.32a) 


. ^ ¥ - (/cV3) + 2p' n{l -J)\] - (d'/d)] 
^ k^ 4* 2pV/(l — k) 


(3.33a) 


Kquation (3.32a) is similar to K(j. (3.2). Therefore, A may he obtained 
from Table 6, Appendix D, using p — p' for p. Values of j may be 
obtained from Diagram 8, Appendix D. 

The resisting moment of the tension steel is found by taking moments 
about the center of gravity of the compressive forces from which 


Ms = AJ,jd 


(3.34) 


The resisting moment of the compression forces could be found by 
faking moments about the center of the tensile steel, but the resulting 
equation would be extremely cumbersome. It is simpler to use Eq. 
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(3.34) in conjunction with Eq. (3.1a), as explained in Art. 3.44, to deter¬ 
mine the relative strength of the compression forces, as compared with 
the tension forces, from which relation the true resisting moment of the 
beam can be computed. 

^ 3.49. Diagrams for Review of Beams Reinforced for Compression. 

y In order to simplify llic computations for the review of beams of this 
\ type, Diagrams 4 to 8 (Appendix D) have been constructed. Diagrams 
') 4 to 7 arc based on E(is. (3.32) and (3.33), while Diagram 8 is based on 
X Eq. (3.33a). Since the values of I: and j depend upon the relation 
I between pn, p'//, and fl'/d, the' curv(*s have })een drawn with these (juan- 
\ tities as variables. For ini('rmediate values of r/'/V/, interpolation is nec¬ 
essary to determine tin* tnu* valu(‘s of /r and j. 

From E(p (3.31) when f' - /«, 2|A' - {(I'/fl)] - k and 



For larger values of lx\ the stress in the compressive steel will control the 
design, for which cas(‘ Diagram 8 has been drawn. Therefore, Diagrams 
4 to 7 have not ix'en carri(‘d beyond this limiting value of /;. Where the 
intersection of the curv(‘ for pn with the v(‘rtical for p'n occurs outside 
the diagram, the value of k should be obtained from Table 0 and the 
value of j from Diagram 8. 

3.50. Types of Problems. Tn designing a beam of limited cross sec¬ 
tion which supports a gn^ater load than tin' compressive strength of the 
concrete permits, the rational process is to solve Va\s. (3.20) to (3.30) in 
order, thus (h'termining the amounts of tensile and compressive steel 
required. A proper selection of the bars to be used may then be made. 

Where the safi' n'sisting moment is recjuired, for maximum allowable 
values of f, and /,, tin* \ allies of k and j should first be obtained from Ecfs. 
(3.32) and (3.33)’ or from Diagrams 4 to 7, Api)en(lix D. The value of 
fr should then be obtained from E(|. (3.1a) and the value of /' from F](i. 
(3.31), using the allowable value of/, in these determinations. 

In reviewing a beam with compressive reinforccanent to determine tlie 
existing unit stresses under a given load, the \alue of k and j may be 
obtained from 10(|s. (3.32) and (3.33) or from Diagrams 4 to 7, the value 
of /, from Eq. (3.31), /, from Eq. (3.1a), and /' from Eq. (3.31). In 
detail: 

1. Where both the values of/, and/' are less than the allow^able values, 
the resisting moment of the beam depends upon tin' tensile steel and can 
be obtained from E(j. (3.31). 

2. Where the value of /,. is greater than the allowable value, w^hile the 
value of /J is within the allowable limit, the resisting moment of the beam 

1 See exception under (3) Ixiow. 
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may be obtained by substituting the allowable value of fc in Eq. (3.1a) 
to obtain a corresponding value of /«. With the value of /, thus deter¬ 
mined, Eq. (3.34) gives the safe resisting moment of the beam. 

3 . Where the value of /' is greater than the allowable value, while the 
value of fc is within the allowable limit, the corresponding value of /« may 
be determined from Eq. (3.31), using the value of k from Eq. (3.32a) 
or from Table 6, Appendix D, using (p — p') for p. Using the value of 
f, thus determined, Eq. (3.34), with the value of j obtained from Eq. 
(3.33a) or Diagram 8, gives the safe resisting moment of the beam. 

4. Where both the values of fc and /' are greater than the allowable 
values, substitution of the allowable value of / slioiild be made in Ecj. 
(3 la) as in (2) above to obtain a corresponding value of/,. Substitu¬ 
tion of the allowable value of /' in Eq. (3.31) as in (3) above should also 
be made to obtain another corres])onding value of /,. The smaller of 
these two values of/s, with the appropriate value' of/, su})stituted in Eq. 
(3.34) gives the safe resisting moment of the beam. 

3.51. Illustrative Examples. I. A simply supported, reinforced con- 
(‘r(‘te|]^beam having a span of 20 ft-0 in. is limited in cross st'ction to 8 by 
IS in. The beam sustains a live load of 580 lb per lin it;/^ = 18,000, 
I] - 1000, and /< = 12. Using 2^2 i*i* of insulation measured from the 
center of the bars, det(‘rmine the arc'a of st(*(‘l r(*(juir(‘d for tension (A,) 
and for compression (.I'J. 


8 V 18 

Weight of beam ==■ ' X 150 = 150 lb per lin ft 

Total load carri(*d by beam = 730 lb per lin ft 
3/ = Is X 730 X 20'^ X 12 = 438,000 in.-lb 

Fnun Table 5, App(*ndix D, K — 173, k = 0.400,/ = 0.807. Assuming 
that only one row of tensile steel will be reciuired, 


Ml = 173 X 8 X (15.5)2 = 333^000 in.-lb 
M 2 = 438,000 - 333,000 = 105,000 in.-lb 




:m,{m _ , . 

18,(M)0 x"()r807 X i:).r) 


!().>,000 


~ 18,000(15.5 - 2.5) 

A, = 1.38 + 0.15 = 1.83 hq in. 
, ^ 0.45 1 - 0.400 

2 ^ 0.400 


= 0.45 sf| in. 


(2.5/15.5) 


= 0*^7 sq in. 


As this area of steel is greater than the stress in the compressive steel 
will not exceed that in the tensile steel. Three No. 7 bars for tension 
and two No. 5 bars for compression are selected, the three bars being 
placed in one row as assumed. The areas furnished are 1.80 sq in. and 



BEAMS AND SLABS 


114 


[Art. 3.51 


0.61 sq in., respectively. Two No. 5 bars rather than one No. 7 bar are 
selected for the compressive reinforcement in order to provide the most 
satisfactory arrangement for the anchorage of the stirrups or ties which 
are required. 

II. A simply supported reinforced concrete beam having a span of 
25 ft-0 in. is limited in cross section to 12 by'36 in. The beam sustains a 
live load of 2900 lb per liii ft;/, = 18,000,/c = 1,125, andn = 12. Using 
2J'^ in. of insulation measured from the center of the lower row bars, 
determine the area of steel required for tension and compression. 


12 V 36 

Weight of beam = —— X 150 = 450 lb per lin ft 

Total load carried by beam = 3350 lb per lin ft 
M = 34 X 3350 X 252 X 12 = 3,141,000 in.-lb 


From Table 5, = 207, k = 0.428, j = 0.857. Assuming that two 

rows of bars will be required for the tensile steel, 


Ml = 207 X 12 X (32.5)2 == 2,624,000 in.-lb 
M 2 = 3,141,000 - 2,624,000 - 517,000 in -lb 
= 2,624,000 (18,000 X 0.857 X 32.5) = 

, 517,000 . ) 

= 187)60^5— 2.5) = ^ 

A. = 5.23 + 0.90 = 0.19 sq in. * 


0.96 _1 - 0.428 

2 ^ 0.428 - (2.5/32.5) 


0.78 sq in. 


5.23 sq in. 


However, if only 0.78 sq in. of steel were furnished for compression, 
the stress in this steel from Ecp (c), Art. 3.47, would be 


f: = 2 X 18,000 " 22,200 psi 


/ 


which is great,er than the allowable. Therefore 0.96 sq in. of compression 
steel must be supplied. 

Eight No. 8 bars are selected for tension and two No. 7 bars for com¬ 
pression, furnishing 6.28 s(i in. and 1.20 s(i in., respectively. The eight 
bars will be placed in two rows 2 in. center to center, with the center of 
the lower row 2^2 hi. from the bottom surface of the beam. The two 
bars for compressive reinforcement will be pla(‘ed in one row with their 
centers 2^2 fi*om the top surface of the beam. This arrangement 
will satisfy the reciuirements of Art. 3.7 and allow for the anchoring of 
stirrups or ties above the compressive reinforcement and below the ten¬ 
sile reinforcement. 

III. A reinforced concrete beam has a cross section 12 by 30 in. and 
is reinforced as follows: for tension, eight No. 7 bars in two rows, 2 in. 
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center to center, the center of the lower row being in. above the 
lower surface of the beam; and for compression, two No. 7 bars in one 
row, the center of which is in. below the upper surface of the beam; 

= 18,000, fe = 800, and n = 15. What is the safe resisting moment 
of the beam? 


d 


2.5 

20.5 


0.094 


pn = 4.81 X 15 12 X 26.5 = 0.227 

p'n = y'ipn = 0.057 


From Diagrams 4 and 5, j = 0.872 and Ic = 0.129. From Eq. (3.1a) 
for the allowable value of /c, 


800 X 15(1 - 0.429) 
0.429 


16,000 psi 


P>om Eq. (3.31) for the allowable value of/J, 


18,000 / 1 - 0.429 \ 
2 \0.429 - 0.094/ 


15,300 psi 


This shows that the resisting moment is dependent upon the stress in 
the compression steel. Hence, the value of k [Ec}. (3.32a)] obtained 
from Table 6 for p = 0.0151 — 0.0038 = 0.0113 is 0.435, and /, from 
Diagram 8, is 0.867. 

Substituting the allowable value of /' in Eq. (3.31) as before, 


18,000 / 1 - 0.435 \ 
2 V).435 - 0.094/ 


11,900 psi 


i^and the safe resisting moment of the beam is 

M = 4.31 X 14,900 X 0,867 X 26.5 = 1,647,000 in.-lb 


Problems 

1. Assume that the simply supported beam in Fig. 3.14 is limited in size to an over¬ 
all cross section of 10 by 21 in. What reinforcement must be used, if/« = 18,000 psi, 
fr = 1000 psi, and w = 12? Assume that the tension st^el will be placed in one row, 
the compression steel will be jilacod in one row, and the distance from the center of 
each row to the nearest surface of the beam is 2^2 m. 

2. A simply supported rectangular beam with a span of 20 ft-0 in. has an over-all 
cross section of 8 by 23 in. It is reinforced for compression with two No. 6 bars, in 
one row, the center of which is 24^ in. from the upper surface of the beam, and for ten¬ 
sion with four No. 7 bars in two rows, 2 in. center to center, the center of the lower 
row being 2^ 2 iu- above the lower surface of the beam. What is the resisting moment 
ol the beam, if fe = 1000 psi, /, — 20,000 psi, and n = 12? 

3. If the beam m Prob 2 supports a single concentrated load at the mid-span, what 
is the maximum safe value of this load? 

4. A simply supported beam 10 by 224^ in. in cross a<‘ction has a span of 19 ft-0 in. 
and is reinforced for tension with six No. 6 bars in two rows 2 in. center to center, the 
center of the lower row being 2H above the lower surface of the beam. The beam 
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also has compression reinforcement consisting of two No. 5 bars with their centers 
2 in. from the upper surface of the beam. Iff, = 18,000 psi,/c = 800 psi, and n = 15. 
what uniform live load per foot can the beam sustain? 


3.52. Continuous T Beams. In a continuous T beam the flange is in 
compression only in the n^gion of positive moment, i.c., in the center por¬ 
tions. The negative moments at the suppbrts cause the bottom fibers 
to be in compression. At these points, therefore, the action of the mem¬ 
ber is that of a rectangular Ix^ain of width h\ thiit is, the width of the 
compression portion of the concrete. For this reason a much smaller 
concrete compression area is available at the supports for negative 
moments than is present in the center for positive moments. In addi¬ 
tion, the negative support moments are g(‘nerally considerably larger 
than th(‘ positive span morn^mts (see Art. 3.0). Finally, the external 
shear force is aKo greatest at thf‘ support. It is seen, therefore, that the 
critical sections of such })(‘ams are tbo.s(‘ at the support, and design must 
b(*gin there.O) ^First. th(> w(»l) area nec ( \ssary to re sist the shear is selec ted. 
NVxt, the amou nt of com[)res sion and tension reinf orcemeid which is 
rec^uired tc^n^sist the maxim um neaative moment is determined. At thf^ 
point of maximum positive moment^ ojilv tension reinfor(*ement is neces ¬ 
sary and its area is (bdcTiniiUMJ as explained in Art. 3.44. Since, in many 
cases, the same bars are used to provide r(‘inforc(‘m(Mit at the supports 
and in the centc'r of th(‘ span, they must b(‘ satisfactorily arranged to 
satisfy both re(iuirements with economy in mind. 

The re\dew' of an (*\isting d(\sign of a continuous T beam can be made 
by the same methods pr(‘\ iously described for the review of T beams and 
beams reinforced for compression. 

3.53. Illustrative Example. A continuous T beam of three spans L * 
supported by and constructi'd monolithi(*ally with the columns and 
girders as showni in Fig. 3.33. 'Fhe 4-iu. slab which forms the flange of 
the T beam is also constructed integrally with the beams. The slab 
supports a live load of 100 psf. The beams are sjiaced 12 ft-0 in. center 
to center. Design the beam using a 2r)00-psi concr(4(‘, intermediate- 
grade steel, and with a maximum allowable unit shearing stress of O.OO/'. 

Total load on slab = 100 + 30 = 150 psf 
Load from slab to beam = 150 X 12 = 1800 lb per lin ft 
Assumed weight of stem of beam = 180 lb per lin ft 
Total load v)n beam = 1080 lb per lin ft 


At first interior support, the shear is 

1 1080 X 20 


22,800 lb 


h'd 


22,8(K) 

150 X Js 


174 sq in. 



CONTINUOUS T BEAMS 


117 


Art. 3.53] 

with h' = 10 in., d = 17.5 in. Assuming that two rows of bars will be 
recjuircd both at the bottom and top of the beam, the total depth of the 
beam is 21 in.,^ and the section below the slab is 17 in. A 10- by 17-in. 
section weighs 177 lb per lin ft, which agrees with the assumed w^eight. 
Although the shear at other supports is less than that of the first interior 
support, the section of the beam will be kept constant for all spans in 
order to simplify the construction. 

At the left end of Bl it will be assumed that the ratio of column stifT- 
iicss to beam stiffness does not exceed 8 and that, therefore, the negative 
l)eiiding moment at that point is } iqwI'- (see Art. 3.0). 



Section A’J9 Section B‘B 

Ficj. 


"riie several bending moments and an‘as of tcmsile reinforcement 
rocjuired at centers of spans and edges of support (Fig. 3.35) are com- 
])uted as follows: 

B\: 

Edge of exterior supj)ort: M = ) n; X 10^0 X 2(F X 12 

- 594,000 in.-ll) 

Aj, — 1.9(> s(j in. 

('enter of span: M = j 4 X 19S0 X 20“ X 12 ~ 079,000 in.-lb 
= 2.24 s(j in. 

Edge of first interior support: M = X 1980 X 20^ X 12 

- 950,000 in.-lb 
= 3.14 s(| in. 

/ 12 : 

('.enter of span: M = X 1980 X 20^ X 12 = 594,(K)0 in.-lb 
As — 1 .90 s(i in. 


^ In this example no consideration has Ikvii given to the relative arrangement of 
the reinforcement in beam and girder. For the desired arrangement to provide ease 
of placement, see Art. 8.29. 
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At the edges of all supports compressive reinforcement will usually be 
required in the bottom of the beam. This may necessitate some modifi¬ 
cation of the tensile reinforcement at the supports, but any such modifi¬ 
cation is usually not made in actual design, since the available commer¬ 
cial sizes of bars generally furnish excess steel areas over and above the 
theoretical requirements. 

The resisting moment of the rectangular beam without compressive 
steel is 

Ml = 196 X 10 X (17.5)2 = 600,000 in.-lb 

and the area of tensile steel (A,,) r(‘(juired for this moment is 1.98 sq in. 
The additional tensile steel (A.J at the edges of the supports is 


SI: 


Exterior support, none since 600,000 in.-lh is greater than 594,000 
in.-lb 

350,000 


Interior support: .I., = ; 


= 1.25 sq in. Total 


20,000(17.5 - 3.5) 

3.23 s(| in.^ 

The corresponding area of compressive ste(4 recpiired is 

1.25^ 1-0.103 _ , . 

2 ^ 0 403 - (3.5/17.5) 

The reinforcement scheduled in Fig 3.38 and further shown in Figs. 
3.35 and 3.3(i supplies tensile st(‘el in the following amounts 


Exterior supj^ort: 2.40 s(j in. 

Center of span: 2.40 s(] in. 

Interior support: 3.28 sq in. 

B2: 

Outer of sjian: 2.08 sq in. 

and compressive reinforcement at the interior support of 2.40 sq in. 
While no compressive reinforcement is required at the exterior support, 
the two straight No. 7 bars of the positive reinforcement are carried 
through into the support a distance of 6 in., in order to satisfy the require¬ 
ments of the ACI Code (see Art. 3.35). 

The two No. 7 bent bars in Bl supply 50 per cent of the positive- 
moment reinforcement. From Diagram 2, Appendix D, these bars may 
be bent upward a distance of 0.23 X 20 = 4.6 ft from the face of the 

‘ This area is in close agreement with that previously determined from the total 
bending moment. 
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support. Allowing for the 12 bar diameters required by the ACI Code, 
the point of bending is 3.7 ft from the support. At the exterior support, 
the two No. 7 bent bars provide 50 per cent of the negative-moment rein¬ 
forcement and may be bent downward at a distance of 


0.07 X 20 + 0.9 = 2.3 ft 


from the support. At the interior support, the two No. 7 bent bars sup¬ 
ply 37 per cent of the negative-moment reinforcement and may be bent 
downward 0.08 X 20 -f- 0.9 = 2.5 ft from the support. The two No, 0 
bent bars from B2 provide 27 per cent of the negative-moment reinforce¬ 
ment, or with the two No. 7 bent bars furnish 04 per cent of the total rein¬ 
forcement, and may be discontinued 0.15 X 20 + 0.8 = 3.8 ft from the 
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support. These No. 0 bars may for the same n^ason l)e bent downward 
in B2 at 1.2 + 0.8 = 2.0 ft from the support, and the two No. 7 bent 
bars from B] may be discontinued in B2y 3.8 ft from the supj)ort. The 
two No. 6 bent bars in B2 may be bent ui)w^ard 0.27 X 20 — 0.8 — 4.6 ft 
from the support. The compressive reinforcement at the interior sqi)- 
port consists of four No. 7 bars. From Diagram 2 each pair must ext^d 
across the support a distance of 0.11 X 20 + 0.9 = 3.1 ft. The theo¬ 
retical points of bend or cutoff are shown in Fig. 3.36, the marks on the 
several bars referring to the schedule of Fig. 3.38, where the actii^, ^^mnts 
of bend or cutoff are shown. 

Bond. The actual stress in the tensile reinforcement in the top of J51 
at the edge of the exterior support is 1.96/2.40 X 20,000 = 16,300 psi, 
and the force to be developed in a No. 7 bar is 0.60 X 1(),300 = 9780 lb, 
which requires a length of bar of 9780/(250 X 2.75) = 14.2 in., while 
15 in, is furnished by the reinforcement as scheduled. The necessary 
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development by bond of the })ars over the interior support is accom¬ 
plished by their extended lengths, as scheduled. 

Web Reinforcement. For beams of this type with longitudinal rein¬ 
forcement bent up at one point only, the saving in the number of stirrups 
by considering the bent portion of these bars as part of the web reinforce¬ 
ment is negligible. In this example stirrups will be designed to provide 
all the diagonal tensile reinforcement required. 

At the interior support the shear is 22,800 lb. The amount of shear 
to be taken by the concrete is 10 X 17.5 X X 50 = 7900 lb, leaving 


Distance from Edge of Support, Ft 



Actuol Stirrup Spoemg 
Fic, 3 37 


14,900 lb to be taken by the ^^eb reinforcement Assuming the shear to 
decrease uniformly at the rate of 2300 lb pci ft, the r(‘(juirc(l sj)acing of 
No. 3 U stirrups is: 


At the support, 


0.22 X 20,000 X X 17.5 
i 1,900 


1 ft from support 

2 ft from support 

3 ft from support 

4 ft from support 


4 52 in. 

5.34 in. 
0.51 ill. 
8 12 in. 
11.80 in. 


Web reinforcement is recpiired for a distance of 14,900 2300 — 6.5 ft 

from the support, while the maximum spacing of stirrups allowed by the 
ACl Code (see Fig 3.23) is ^ >(i = 8*^4 in. 

The curve of Fig 3.37 is ph)tted from the stirrup spacings computed 
above and the recpiired theoretical spacings are determined by the con¬ 
struction there shown. In order to simplify the construction, fewer dif¬ 
ferent spacings are actually used, as shown in Fig 3.37. A satisfactory 
spacing for stirrups can usually be obtained after a little experien(‘e from 
the spacings computed at 1 - or 2 -ft intervals without the construction of 
the curve of Fig. 3.37. 

Where the live load is large in comparison w'ith the dead load, stirrup 
spacings should be computed with the live load covering only that por- 




CONTINUOUS T BEAMS 


121 


Art. 3.53] 

tion of the span to the right of the point in question. In the present 
example the shear computed in this manner at G.5 ft from the support is 
8300 lb, which is only slightly greater than the 7900 lb taken by tlic con- 
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cr(‘te. The additional stirrup provided beyond this j)oint is sufficient 
to provide for this umisiial condition. 

Figures 3.35 and 3.38 give all the details necessary for the (*onstruction 
the beams of this design. 
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COLUMNS 


4.1. Types of Columns. Concrete compression members whose unsup¬ 
ported length is more than four times the least dimension of the cross 
section are classified as columns. Such members should not be built 
without reinforcement of some type. In modern construction four types 
of reinforced concrete columns are used, namely: 

1. Columns reinforced with longitudinal steel and closely spaced 
spirals, 

2. Columns reinforced with longitudinal steel and lateral ties. 

3. Composite columns, in whi(*h a structural-steel or (‘ast-iron column 
is thoroughly encased in a concrete core of Type 2. 

4. Combination columns, in which a structural-steel column is wrapped 

with wire and encased in at least 2^ 2 concrete over all metal except 

rivet heads. 

Types 1 and 2 are more generally used, Types 3 and 4 being economical 
witli heavy construction loads or oxtr(*mely heavy permanent loads. 

Pipe columns, in which a steel pipe is filled with concrete, are some¬ 
times used. 

4.2. Columns with Spiral and Longitudinal Reinforcement. Whenever 
a material is subjected to compression in one direction, there will be an 
expansion in the direction perpendicular to the compression axis. Where 
this expansion is resisted, lateral compressive stresses are developed, 
which tend to neutralize the effect of the longitudinal compressive stress 
and thus increase resistance against failure. This is the principle 
involved in the use of spiral or hooped reinforcement (see Fig. 4.1). 
Within the limit of elasticity the hooped reinforcement is much less effec¬ 
tive than longitudinal reinforcement. Such reinforcement, however, 
raises the ultimate strength of the column, because the hooping delays 
ultimate failure of the concrete. The concrete continues to compress 
and to expand laterally, thus increasing the tension in the bands, w^hile 
final failure occurs upon the excessive stretching or breaking of the hoop¬ 
ing. Thus a someAvhat higher working stress may be employed on the 
concrete contained within such hooping that on a concrete not so con- 
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fined. Tests show that about 1 per cent of closely spaced spiral hooping 
increases the resistance to ultimate 
failure sufficiently to allow a reason¬ 
able increase in the working stress 
in the concrete. 

As long as the bond between the 
steel and the concrete is effective, 
the two materials will deform 
equally, and the intensities of the 
stresses will be proportional to 
their moduli of elasticity. That is, 
since the deformation of the con¬ 
crete must be equal to the defor¬ 
mation X. of the steel, 




Longitudinal Rods 
and lateral Ties 




/. = nfc 


Fic,. 4 1 


L('t Ac = net area of concrete in this section, measured to the outside 
diameter of the spiral 

Ag = area of longitudinal steel in this seidion 
Ag ^ over-all, or gross, area of concrete seidioii 
Pg = steel ratio A^/A g 
/, = unit compressive stress in steel 
/c = unit compressive stress in concrete 
P = total strength of reinfo»'ced column 
Then 

P ~ fcAg “1“ fgAg fr(^Ag PgA^ ”j- ft'^Pf/Ag 
= fcAg\\ + (n - \)Pg\ 

= fr[Ag + {n ~ 1)AJ 


The analysis just given, which showed that /« = n/c, was based on the 
assumption that both concrete and steel are elastic materials. To under¬ 
stand the reason why test results do not agree with this analysis, it is 
necessary to examine the actual Ijchavior of these materials under load. 
In Fig. 4.2 are given typical stress-strain diagrams for steel and concrete. 
Vs a concrete cylinder or a short piece of reinforcing rod is compressed in 
a testing machine, it shortens as the load is increased. The diagrams 
show the unit shortening, or strain, X in inch per inch plotted against the 
unit compression stress. 

While the steel is seen to be elastic, z.c., to have a straight stress-strain 
graph, almost to its yield point (40,000 psi minimum for intermediate- 
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grade steel), this is seen to he far from true for concrete. For the stand¬ 
ard rate of loading employed in cylinder tests, the graph is seen to be 
reasonably straight up to about 50 per cent of /'; from then on it becomes 
increasingly curved. The cylinder does not actually fracture when /' is 
reached, but it continues to resist decreasing stress until it finally frac¬ 
tures at unit strains of the order of 0.004 to 0.008. If the load is applied 



Q ' -f-l h t I I I I l -t- f- I -t-4- M t- t f 

0.000 0.001 0.002 0.003 


Unit Stroin in Steel, in. per in. 



Unit Strain in Concrete, in. per in. 


Fig. 4.2. Thv concrete ciirvos of thi.s figure are taken from C. S. Wliitiu'y, “ Application 
of Plastic Theory of the Design of Concrete Structures,” ,/. lichsfon Soc. Ciiil Engrs., 
vol. 25, no. 1, 1918. 

about one-sixtieth as fast, the concrete behaves differently. The strains 
arc seen to be considerably larger, and the concrete, after considerable 
deformation under constant load (flow), fractures at about 87 per cent 
of The rate of loading for which this curve is plotted is about that 
employed in column testing. Finally, if the load in the test is kept con¬ 
stant over considerable lengths of time, the curve designated ^‘sustained 
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load^^ is obtained. This curve illustrates the property of concrete known 
as flow, creep, or plasticity. If, for example, a stress equal to 50 per 
(‘cnt of fc is applied at the standard rate, the strain is equal to 0.00045. 
If, now, the load is kept constant, the concrete keeps compressing at a 
decreasing rate. When it finally stops compressing, the strain is seen to 
be 0.00075, almost twice the initial value. At higher stresses this effect 
is even more pronounced. Under such sustained loading the concrete is 
se(‘n to resist only about 85 per cent of/'. If a unit stress of this magni¬ 
tude is applied, the graph shows that the concrete will not fracture imme¬ 
diately, but, after flowing a very considerable amount, will eventually 
give way. 

In contrast to this actual performance in test, the behavior assumed in 
the previously given elastic analysis is represented by the broken line. 

The implications of this situation on the actual strength of columns 
are easily seen from the data assembled in the following table, which can 
be read directly off Fig. 1.2. 

For a column made of (‘oncrete A\ith/' = 3000 psi and reinforced with 
intermediate-grade steel, the table shows for three increasing values of 
the applied compression stress {a) the \ahie of the sted stress obtained 
from elastic analysis, that is, /, = nf ,; {b) the strain X in the concrete in 
a slow column test, and the corres{)onding stress in the stec'l at that 
strain; and (c) the strain A in tlie concrete and the ^‘orresponding stress in 
the steel which Avould be obtaiiu^d in a building, i .(., under sustained load¬ 
ing. It will be remembered that the unit strains A in concr(‘t(‘ and steel 
are ecjual in such columns, so that corresfionding stress values are located 
on the same vertical in l)oth graphs of Fig. 4.2. 




1 Slow lo.Hhnp; 

SusluilKMl lofld 

C\)Ticn‘t(' 

b = nf, 

_ 



- 

Rtross 


X 

U 

X 

/. 

1,500 

15,000 

0 00015 

13,500 i 

0 00075 

22,500 

2 , too 

21,000 

00011 1 

33,000 

0 0022 

40,000 

2,550 ( =0 85/') 

25 500 

0.0013 

38,500 

1 

0 0035 

40,000 


It is evident that at a concrete stress equal to half the ultimate, i.e,, 
1500 psi, the theoretical steel stress /« = life lies betw'een the actual 
values for slow loading and for sustained loads. At 80 per cent of /^, 
or 2400 psi, how^ever, the actual steel stresses for both typ(\s of loading are 
seen to exceed very considerably the value indicated by elastic analysis. 
Finallj^ w^hen the carrying capacity of the concrete, 0.85/' = 2550 psi, 
is reached, the actual stresses in the steel are, in this case, 50 to 60 per 
cent higher than indicated by elastic* theory. 
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In view of the fact that concrete is not an elastic material and is sub¬ 
ject to creep or flow, it follows that the stresses in compression steel just 
prior to failure are considerably higher than if the concrete were elastic. 
It is this fact, verified by many tests, which is the reason for allow¬ 
ing increased stresses in the compression reinforcement of beams (see 
Art. 3.46). 

For columns, the actual strength is seen to be simply the sum of the 
ultimate strength of the concrete and of the yield strength of the rein¬ 
forcement. In the above numerical example, when the concrete stress 
reaches 2550 psi and the concrete finally fails, the total load on the col¬ 
umn is P„it = 2550+ 40,000AIn general, then, the ultimate 
strength of a reinforced concrete column under sustained load is 

PnH = 0.85/; A „ +/,A. 

In view of this well-estal)lished behavior, present-day column design 
is no longer based on thci proposition of elasticity, but rather on the above 
equation for Puu. The permissible design load in the ACT Code is derived 
from that equation by dividing the two terms on the right by factors of 
safety. A larger factor is apjflied to the concrete strength than to the 
steel strength, since the ((uality of concrete in narrow forms filled with 
reinforcing steel is not, as (‘asily controlled as that of tlie steel itself. For 
this reason the ACl (^ode specifies for spiral reinforced columns, 

P = 0.22r>/;A„ +/,A« (4.1) 

where /; is the ultimate strength of the concrete in pounds per square 
inch andj, th(» working stn\ss in the longitudinal reinforcement (16,000 
psi for intermediate-grade and 20,000 psi for hard-grade steel). 

The longitudinal reinforcement should consist of at least six bars no 
smaller than No. 5, and its effective cross-sectional area should be not 
less than 1 per cent or more than 8 per cent of the gross area of the column 
section. The ratio of spiral reinforcement p' must be not less than 

-p' = o.4r)(/i; - 

J 8 

where p' = ratio of volume of spiral reinforcement to volume of spiral 
core (out to out of spirals) 

R = ratio of gross area of column to core area 
/; = useful limit stress of spiral reinforcement, 40,000 psi for hot- 
rolled bars of intermediate grade, 50,000 psi for hard grade, 
and 60,000 psi for cold-drawn wire 

The center-to-center spacing of spirals should not exceed one-sixth the 
core diameter. The clear spacing between spirals should not exceed 
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3 in. or be less than in., or 1}2 times the maximum size of the coarse 
aggregate. The spirals should be continuous from the top of the slab or 
footing to the level of the lowest reinforcement in the slab or beam above. 
They should be held firmly in place and true to line by at least two verti¬ 
cal spacers for spirals 20 in. or less in diameter, three vertical spacers for 
spirals from 20 to 30 in. in diameter, and four vertical spacers for larger 
columns. The spiral bars or wire should not be less than >4 in. in diam¬ 
eter, and the thickness of concrete outside the spiral reinforcement should 
not be less than in. 

Where the reinforcing bars are spliced by lapping, the length of the lap 
should be 20 bar diameters for intermediate- or hard-grade steel, pro¬ 
vided that the concrete has a strength of 3000 psi or more. With (‘on- 
cretc of lesser strength, the lengths given above should be increased one- 
third. The above values are for deformed bars; lap lengths of plain bars 
should be increased by 100 per ctuit. Where changes in the (*ross section 
of a column occur, the offset of the bars should be made where there is 
lateral support, such as a column capital, floor slab, or metal ties or 
spirals. The slope of the inclined portion of the bars should not exceed 
1 in (), and the bars above and below should be i>arallel >vith tlu' axis of 
the column. 

4.3. Columns with Longitudinal Reinforcement and Lateral Ties. 

'IVsts show that (*olumns without spirals develop lower strengths in both 
the concrete and the ste(‘I, In such columns the widely spaced, rela¬ 
tively weak ties do not afford the concrete the lateral support which a 
close-spaced spiral would proxide, w'hieh is the reason for the lower 
strength of concrete in tied columns, hi addition, the steel in tied col¬ 
umns is laterally supported only at relatnely larg(‘ intervals at wdiich 
ties are placed. For this reason it is possible that at high stress the part 
of the reinforcing bars betw'c'en two consecutive ties wdll buckle outw’ard 
by bursting the protective concrete layer. This behavior has been 
observed in many tests and is th(* reason why the nunforcing steel in 
tied columns show^s low^r strength than in sjiiral nunforced columns. 
Accordingly, the ACI Code specific's Ow safe axial load for this type of 
column as 0.8 of that for a spirally reinforced column, or 

P = 0.18/:.1, + 0.8/1 ,f. 

The longitudinal reinforcement should consist of at least four bars no 
smaller than No. 5, and its effective cross-sectional area should be not 
less than 1 per cent or more than 4 per cent of the gross area of the col¬ 
umn section. There should be a clear distance betw^ecn the longitudinal 
bars and the face of the column of 1 ^2 P^tis the diameter of the tie. 

The longitudinal bars are held in alignment during construction by 
lateral ties, as illustrated in Figs. 4.1 and 4.3. These tics should be made 
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of wire at least }4 in, in diameter, ^ and the vertical distance between ties 
or sets of tics should not exceed 16 bar diameters, 48 tie diameters, or the 
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least dimension of the eolumn. When the number of bars in a column 
exceeds four, the ties should be so detailed as to pn'vent the outward 
bending of every bar at each tic interval. The methods of accomplish- 
i?ig this are illustrat(‘d in Fig. 1.2. 

Splices in v(‘rtical reinforcement should be made in the same manner 
as that describ(‘d in the j)revious article. 

4.4. Composite, Combination, and Pipe Columns. Though columns 
of these types are not strictly reinforcec] concrete columns, the addition 
of concrete does, under certain conditions, add to the strength of the 
column. 

A composite column, consisting of a structural-steel or cast-iron column, 
whose cross-sect ional area do(‘s not (‘\c(‘ed 20 p(‘r c(‘nt of the gross area of 
the column thoroughly encas(*(l in concrete, r(‘infor(*e(l with both longi¬ 
tudinal and spiral r(‘inforc(unent, may sustain a load 

P = 0.225.1,/;+ Asfs+frAr 

wdiere Ac = net area of concr(»t(‘ se^*tion = A„ — . 1 , ~ Ar 

A^ = ('ross-sectional area of longitudinal-bar reinforcement 
A, == cross-s(*ctional ar(‘a of steel or cast-iron core 
fr = allowabh* unit str(\ss in metal core: 1(),000 psi for a steel 
core; 10,000 psi for a cast-iron core 

A cornhination column consisting of a structural-stc^el eolumn encased 
in concrete at l(‘ast 2* j in. in thickness ov(‘r all metal (except rivet heads) 
and reiiifor(*e(l by welded wire mesh wrapped com])letely around the steel 
column may sustain a load 

C = + J7)() 

where/; is the allowable unit stress for an unencased steel column and the 
remaining notation is the same as for a com])osit(' column. A steel pipe 

* There is no rationiil Tiiethod of d<*terinining the size of wire that should be used for 
a lateral tie. A safe nd(‘ to follow is to use win* of such diameter that the area of its 
section is not less than 2 per cent of the st'ctioii of the longitudinal reinforcement held 
in place by the tie. 
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filled with concrete may sustain a load 

p = o. 225 y:.t+ /;. 4 . 

wJiere Jr = average unit stre.ss in metal core 

18,000 - 70 F 

h = uiKsupportod length of (*olumii 
K ^ least radius of gyration of motal-eore section 
_ yield point of pipe 
' “ ^ 45,000 

4.5. Unsupported Length and Limiting Dimensions. The strength of 
c(>m])re.ssion members of any material depends not only on the ultimate 
comjiressive strength of the material proper but also on the dimensions 
of th(‘ members. Members \\hich are vi^ry slender that is, long in rela¬ 
tion to their least cross-sectional dimension, fail by inn kling rather tlnin 
i)y direct crushing of the matcTial. Their strength, therefore, de(*reases 
\\ith increasing slenderness ratio h/r (r = radius of gvration) or h/d 
(d == least cross-sectional dimension). Tt is customary in specihcations 
to establish a limiting ratio for h/d aliove which this loss of strength 
becomes pronounced and must be considered in design. Oolumns whose 
h/d ratio is smaller than that limit are known as short columns. On the 
basis of extensive tests, the ACT Code limits a short column to one whose 
unsupported length h is not great(‘r than 10 times its least lateral dimen¬ 
sion. Columns with h/d larger than 10 are known as long (*oIumns. 
Their strength is reduced by the possibility of bu(‘kling, the more so, the 
larger h/d becomes. For long columns, the A (4 Code gives the working 
load on columns whose length is greater than 10 times the least dimen¬ 
sion as 

P' = - 0 03 I' 

where P is the total safe load on a column of the same section where the 
/?/1 (or d) ratio is less than 10 and where / or d is the least dimension of 
the column and h is the unsupported length of the column. 

This same code limits the minimum diameter to 12 in. for principal 
members or, in the case of rectangular columns, a minimum thickness of 
10 in. and a miriimum gross area of 120 s(} in. The difficulty of making 
uniform deposition of the concrete in a form of smaller dimensions is 
obvious, especially with several longitudinal bars with their spirals or 
ties in the form. In addition, a smaller column has very little reserve 
strength to withstand possil>le shocks not allowed for in the design, and 
if at any time damaged by fire, the loss in effective section is relatively 
large. 
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The unsupported length A of a column is the distance between those 
points at either end where lateral support is present in at least two direc¬ 
tions, making an angle of 90® or nearly 90° with one another. Therefore, 
it follows that the unsupported length is: 

1 . In flat-slab construction, the clear distance between the floor and 
the underside of the capital. 

2. In beam-and-slab construction, the clear distance between the floor 
and the underside of the shallowest beam framing into the column. 

3. In floor (*onstruction with beams in one direction only, the clear 
distance between floor slabs. 

4. In cases wlu^re the columns are supported between floors by struts 
or beams, the unsupported length may he considered decreased, provided 
these struts or lH‘ams meet the eolumn at approximately the same eleva¬ 
tion and make horizontal angles of approximately 90° with one another. 

5. When haunches are used on beams or struts, the unsupported length 
may be considered to ho reduced by the depth of the hauiich, provided 
the haunch is as wide as the beam and at least half the width of the 


column. 

4.6. Flexural Stresses in Columns. The previous articles have dealt 
with columns subject to direct axial load only. While there are many 
cases where this is the only type of load sustained by the column, there 
are many more cases wdien* the maximum stress developed in the column 
is a combination of axial str(*ss and beiidiiig (s('e S(‘(*. 5). 

Bending moments are produced in columns (o) by reactions from 
eccentrically placed beams; (/;) by the loads on l)ra(‘kets or cantilevers; 
(r) by the ecccMitricity of the columns themselves, a condition which often 
occurs in th(' wall columns of a building where the sections of the columns 
are changed at some floor le\els, while the exterior faces of the columns 
are kept in line throughout the height of the structure; (d) by the appli¬ 
cation of a direct horizontal force or of a force having a horizontal com¬ 
ponent; (f) by the transfer from slabs or girders built monolithic with the 
columns of unbalanced moments due to the loads on the slabs or girders. 

With conditions such as are des<*ribed m (a), {b)y and (r), the amount 
of moment produced in the column is easily determined, for the amount 
of loaf! and the eccentricity of its center of application are knowm. A 
condition such as that described in {d) is caused by the wund pressure on 
the w^alls of a building, but, on account of the massiveness and rigidity of 
the structure, it is not usual to calculate the wind stresses in the frame 
of any but high and narrow' buildings of reinforced concrete. A moment 
caused by the direct application of any other type of horizontal force is 
not common, but in such cases the moment is usually directly determi¬ 
nate. With the conditions described in (c), the column is a component 
part of a rigid frame made up ot columns and slabs or columns and 
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girders. The distribution of moments in rigid frames will be considered 
in Secs. 5 and 6. 

47. Column Tables. Tables 7 and 8, Appendix D, give the safe con¬ 
centric loads on the concrete and on the longitudinal bars of reinforced 
(*on(*rete columns, based on the ACI Code. Values are given for the 
minimum amount of longitudinal steel. Loads for greater percentages 
of reinforcement are proportioned. 

Table 9 gives the area of section, weight per foot, and moment of 
inertia of circular and octagonal sections and these same fuindions for 
rectangular sections 1 in. in ^\idth for use with rectangular columns. 
The values of the moment of inertia are for use where bending combined 
with axial stress occurs in a column, as des(‘ribed in Sec. 5. 

Table 10 gives the size and pitch of siiirals for various column diam¬ 
eters which satisfy the provisions of the ACT C^ode given in Art. 4.2. 
These values are liased on a concrete thickness outside the sjiirals of 
p 2 hi. A greater thickness of concrete protections recpiires slightly 
more spiral reinforcement. 

4.8. Illustrative Example. I. A circular column reinforced wilh longi¬ 
tudinal steel and spiral hooping has an unsupported length of N ft-O in. 
and sustains a direct axial load of 250,000 lb. The ultimate strength of 
th(‘ concrete is 3000 psi and hard-grade steel reinforcement is to be used. 
Design the column. 

From Table 7 the following selections are made: 


Diani. 
of (‘Ol 

Load 

carried 

by 

coiicn'tc 

Load 

by 

stool 

Weight 
of ool 
(Tal lo 
9j 

20 

212 

03 

5 

19 

191 

03 

4 

18 

172 

82 

4 

17 

153 

100 

3 

16 

KiG 

117 

3 

15 

119 

134 

3 

14 

1 

104 

148 

2 


Not 

loatl, 

kl})S 

Vv 

-1., 

Sfj in 

Bars 

s(4(Tt(*d 

270 

0 010 

I 3 11 

8 No. 6 

250 

0 oil 

3 12 

8 No. (i 

250 

0 010 

4 OS 

1(1 No. (i 

250 

0 022 

1 00 

9 No 7 

250 

0 020 

5 8.1 

8 No. 8 

250 

0 03S 

0 72 

9 No. 8 

250 

0 01S 

7 39 

10 No. 8 


All these selections satisfy the specifications of the A(T (^ode. The 
20 -in. column has the minimum amount of reinforcement allowed by the 
specifications; but since it requires no more steel in obtainable sizes than 
the 19-in. column, the latter is theoretically more economical. However, 
metal column forms are usually available only in diameters of even inte¬ 
gral inches, so that the 20-in. column would usually be chosen. 

If it were desirable to have the column as small as possible, the 14-in. 
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column could be selected.^ Care must be taken when large percentages 
of steel are used that sufficient space is left between the bars. Usually 
about 2 per cent of longitudinal steel furnishes the most desirable column. 
For the 20-in. column, a spiral with a pitch of 2 in. (hot-rolled) or 

2'}^ in. (cold-drawn) is selected (Table 10\ 

II. Select a column reinforced with loivgitudinal steel and lateral 
ties with an unsupported length of 14 ft-0 in. to carry an axial load of 
240,000 lb. The concrete strength is 3000 psi and intermediate-grade 
steel is to be used. Furthermore, the column is to be as small as pos¬ 
sible, and its least dimension cannot exceed 14 in. 
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This column is a long column since // = 12, and its safe load is 

(1.3 — 0.03 X 12) O.Ot limes (hat of a short column 

From Table' S i( appears that a 14- by IS-in. column will be n'fjuircd, 
which weighs (Tal)le 9) IS.8 X 14 X H = 2700 lb, or approximately 
3 kips. The total load to be carried is 213 kips, and a short column 
must be selected which is capalde of sustaining 213 -f- 0.91 = 239 kips. 
From Table 8, the concrete e‘an sustain 130 kips, leaving 123 kips for 
the steel, which reeiuires a percentage' e)f 123 ^ 32 — 3.8. This is 
slightly under the maximum e)f I per ce'iit and reepiires an of 

0.038 X 14 X 18 = 9.58 sej in. 

This is furnislu'd l)y ten Xo. 8 bars. The bars must be held in place by 
ties. The arrangement in Fig. 4.1 shows three sets of tics. Applying 

^ Siie'h a e'olmnii would, howe've'r, ho a long column, since' h/d — 12, and the' safe' load 
would b(' (l.a - O.oa K 12) — O.ai of that for a sheirt column. 252 -f- 0.94 = 268. 
This loaves 164 kips to be carrieel by the reinforcing bars, r(*quiring 

164 -7-51 = .*5.3 pe'r ceuit 

or an A, of 0.05.3 X 151 = 8.16 sq in. This ri'quires additional steel, or eleven 
No. 8 bars. 
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the rule given in the footnote on page 128, each tie should have a sec¬ 
tional area of 0.02 X 4.000 = 0.08 sq in. Wire ®i6 in. in diameter fur¬ 
nishes approximately this cross section and is selected. Ties are placed 
14 in. center to center according to the specifications given on page 128. 

Problems 

1. Divsign the column of Kxamplc 11 as a s(|tiarc colunin using the minimum amount 
of ri'inforcomcnt. 

2. Dc.sign a column with an uihsupiiortcd length of 20 ft-0 in. to sustain a direct 
axial load of :?00,000 Ih;/; = 2500; f, = 10,(MM). 

(ii) Ah a spirally reinforced column with p„ — 0.02. 

(h) As a tied colunin with = 0.02. 

A\hat safe load can be sustained by a sjiiral column 22 in. in dianii'ter reinforced 
with twelve Xo. 7 bars? 

ia) If/,' = :i750,/. = 10,000, and A = 15 ft. 

(5) If/; = 2000,/, = 20,0(K), and h = 20 ft. 

1. What safe load can be supported by a tied column 12 by 16 in. reinforced with 
lour No. 8 bars? 

[a) If/; = 2500,/, = 10,000, and // = 10 ft 

(5) If); = 3000,/, = 20,000, and li = 10 ft. 
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5.1. General Theory. In the two preceding sections, members in 
bending and members sustaining direct axial stiess ha\e been treated 
separately. In some structural members both types of stresses occur 
simultaneously and the combined stress due to bending and direct axial 
load becomes the critical working stress. The more usual cases are: 

1 . A beam subject to inclined forces, or a beam acting as a strut 
between its supports. 

2 . A column sustaining in addition to its axial load a bending moment 
caused by one of the conditions mentioned in \rt 4 6 

3. An arch rib, when* the arch thrust acts other than parallel to and 
along the arch axis 

In all these cases, Hk* lesultant stress is a combination of that pro- 

du((‘(l by bending and that produced 
b> the direct load acting along the 
axis of the member. 

Let Fig 5.1 represent a plain con¬ 
crete section BC. The resultant of 
all the forces N is applied at a distance 
c from the centroid 0 of the section. 
If the force N w ere applied at the point 
O, the intensity of the stress over the 
Avhole section /IC, whose area is Ay 
would be uniform and equal to N/A. 
Since, however, the force N is not 
applied at the center of the section 0, 
it produces a moment about the point 0 crjual to Ne, that is, the force N 
applied at a distance ( from the gravity axis may be replaced by an eciual 
force applied at 0 and a couple whose moment is Ne, The intensity of 
the stress at the extreme fibers of the section produced by this moment 
is M X //2 /, where I is the moment of inertia of the section about an 

axis 0 perpendicular to the plane of the paper. The total intensity of the 
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compression at the edge B is then 

f .Mi 
A'^ 21 


and at the edge C 


f Ml 

A 21 


If the stress fc is a negative quantity, it shows that the stress produced 
by flexure is greater than that produced by the direct action of AT, and 
tlio resultant stress at the edge C is tension. 

In a reinforced concrete member it is presupposed that tlie bond 
[)etween the steel and the concrete remains inta(‘t under stress. If elas¬ 
tic action is assumed, the steel in the compression side of a member sub¬ 
ject to bending and axial stress can withstand a stress only suflicieTit to 
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make it deform equally with the concrete or ri times the stress in the con- 
cr(*te This steel might then be replaced by // times the amount of 

concrete at the same distance from the axis of the section. Such a sec¬ 
tion is known as the transformed MM-tion (see Art. 3.12). 

Referring to Fig. 5.2, let 

Aa = area of steel near tension surface 

= area of steel near compressive surface 

bt ^ bt hi 

distance from compressive surface to gravity axis of trans¬ 
formed section 
area of transformed section 
moment of inertia of transformed section 


Ai 


P = 


u = 

At 

Ic 


It may be seen that 


At = bt + {n- ])(yl« + A'J 
/« ■= /c + (^ — l)/« 

_ (1/2) + p(n — l)d + p'j n — ])d' 
“ ~ 1 + p(n - 1) + p'(n — 1) 

le = + (< — W)*] 
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Negle(‘ting the moments of inertia of the bars about their own diam- 

of OV*i 

I. = A.{d - UY + A\{a - d’Y 


If the reinforcement is symmetrical, then u = t/2 and Ic = 

/. = 2yi:f(//2) - d']\ 

If the eccentricity e/l is within certain limits, then compression exists 
over the whole section. For greater cccentri(*ities, there will be tension 
over a part of the section. If it is assumed that the concrete takes no 
tension, the analyses for these two cases are quite different. The limit¬ 
ing value of (/ij which results in ; 2 ero stress on the tension surface, is 
dependent on the relative amounts of steel and concrete and the ratio of 
the moduli of (‘lasticity of the two inatcTials. 

There an‘ four g<‘nc‘ral conditions of bending and axial stress: 

1. Rectangular sections with compresMon over the whole section. 

2. Rectangular sections with tension over part of the section. 

3. Circular sections with compression over the whole section. 

4. Circular sections wntli tension over ])art of the s(‘ction. 

These four conditions will be discussed in the following articles. Only 
sy7n7nelrical rdnforcotu ni will hr con.siihnd in thii^ s(rhon, and ifa total 
strci area will In refirred to as the + yt', or the 2A' ref(‘rred to in 
the discussion of Fig. 5.2. 

5.2. Rectangular Sections. Compression over the Whole Section. 

The maximum unit stress in the concrete may be computed as though 
the members w'erc homogeneous, and is 


/ - 



Ml 

1 ! 


(5.1) 


This ecjuation may be written 


s, 


\ 

hi {n — 1).C 



Mi 

+ {n - 1)/J 


(5.2) 



The unit Hexural stress in the con¬ 
crete in th(^ plane of the reinforce¬ 
ment is Myl 21 (see Fig. 5.3). On 
the comprchsive side of the member 
this stress is an addition to the direct 
axial str(\ss, while on the tciusile side 
of the member it is a subtraction 
from the axial stress, as showui in 
the previous article. The maximum 
unit stress in the steel is then 


•'* At 21 


Fia. 5.3 



Art. 5.3] 


RECTANGULAR SECTIONS 


137 


which is less than nf^, since gl is less than t. It is therefore always 
\\ithin the limits of a reasonable value for/J, provided/,, is within allow¬ 
able limits 

W here compression e.xists over the whole section, Eq. (5.2) furnishes 
an exact solution. For an approximate solution, Eq. (5.2) may be 
w ritten 


, _ iV Mt 

ht + nA.'^ 2(i;+nl.) 


(5.3) 


The error in the above etiuation is not large, involving only the dilTer- 
ence in the last term of each of the denominators between n and w — 1. 
From this eipiation diagrams may be prepared that use the same param- 
cK-r-' as diagrams for the solutions of cases where* tension exists over a 
jioition of the section. 

Eciuatioii (5 3) may be written 


/•< = ,:r 


JV_ , _^(// 2 ) 

bt p„nbl ^ ' 125/'' + Pa>il)l{gt/2)^ 


N 

bt 

N 

bt 


1 


_ < 1/2 _I 

yi2) + p„>i{(it/2i\ 

i _1L_1 

It + p„n ' M -F 3p„/n/-J 


1 + thx (t 


+ 


(i5.4) 


Jiy allow iiift the expression wothin the* brackets in F](|. (5.4) to be known 
/v, ihe lower portions of Drajjjranis 18 to 20, Appendrx 1), have been 
plottc'd trom this e(|iiation for definite \alires of g, with (/t and pgii as 
\ariables. By enterinjj; the ajipi’o- 
^])iiate diaj»r*arn with thes(» \ariables 
as aif>;nnients the value of K nia> 
be obtained for use in theefjuation 


fr = 


NK 

bt 


(5.5) 



5.3. Rectangular Sections. Ten¬ 
sion over Part of the Section. 

(Fig. 5.4). Where the second term 
of Eq. (5.2) is greater than the first, 

it indicates tension over a part of the section. Unless this tension is so 
"'inall that the concrete can take its proportionate part, the analysis of 
the previous article is not applicable With any appreciable tension on 
the tension surface of the member, the section becomes cracked and all 
the tension must be resisted by the steel.^ 

^ Th(‘ ACT Code allow's the section to be assumed uneracked as long as the ratio of 
* t IS less than unity. 



13$ 

BENDING AND AXIAL STRESS 

[Art. 5.4 

By reference to Fig. 

5.4, 

/: = «/.( 

d'> 
^ kiJ 

1 

(5.6) 

and 

/. = »f. ( 

f 

1 

(5.7) 


Since the total reHultant stress = N, 

- 4 '/. = N 


Substituting the values of /' and /., from Ecjs. (o.G) and (5.7), replacing 
An by and with th(‘ rc'lation that d + r/' = t, 


or 


M _ 1.2 I 

2 ' k 


bt \h + 2«/)„/.- - npj 


(5.8) 

(5.9) 


Thi.s equation i.s similar in form to Rq. (5.4), hut the position of the 
neutral axis must he determined before it can he u.sed. 

Sineo the moment of the strt'.sses about the gravity axis = M, 






= M 


and eliminating /' an<l /, as before 


hPfr 


np„{t - 2dr 
\ld‘ 


+ 4 (3 - 2fc) 


(5.10) 


Since M — N(y the right side of 10(i (5.H) may 1)0 multiplied by e and 
this value substituted for M in E(j. (5.10). Substituting gt for t — 2(1'^ 
the following eipiation results: 

A’ ~ Q - 7) /'" + «"/'/• 7 = 3«p„ (7 + (5.11) 

In E(i. (5.9) the expression within the parentheses is designated as A', 
resulting in an equation similar to Eq. (5.5). For constant values of p, 
values of k and npg may be substituted in Etp (5.11) and values of e/t 
obtained. Substituting these same values of k and npg in Eq. (5.9) the 
corresponding values of K are obtained. The upper portions of Dia¬ 
grams 18 to 20 have been plotted from such computations. 

5.4. Circular Sections. Compression over the Whole Section. The 
reinforcement in a circular section is practically always symmetrical and, 
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although it is in the form of bars, it may be considered to be in the form 
of a hollow cylinder whose average diameter is equal to the diameter of 
the circle on which the bars are placed, the cross-section»‘il area of the 
wall of the cylinder being equal to the sum of the cross-sectional area of 
the bars (sec Fig. 5.5). 

Following the same procedure as for rectangular sections, with r equal 


to / 2, 




__ 

Trr- + {n ~ \)A, 


+ 


Mr _ 

Ic + (// — l)/a* 


(5.12) 


C'oiihidering the longitudinal bars replaced by a hollow cylinder whose 
wall is As, la = As{gty/S, where gt is the average diameter of the cylinder 
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or the diameter of (he circle on wdiicli the bars are pla(*ed. Then Eq. 
(5 12) becomes 

N Mr 

^ irr^ + {n irrVl + l(« - l)/i:(70V«] 

These equations give an exact solution wdjon' llu're is no tension on the 
section. Equation (5.12) may be used in conjunction with (he values 
given in Tables 9 and 12, Appendix J), or Eq. (5.13) may be used by 
making the proper numerical substitutions 
Equation (5.13) can be reduced^ to th(‘ form 


/ 


1_ . i X _' 

1 + p„u ^ t ^ 0.25 + 0.5/n/(^/0^ 


and designating the expression within the brackets as K, 


fc = 


wr^ 


(5.14) 


Following the same procedure described in Art. 5.2 for rectangular sec¬ 
tions, the lower portions of Diagrams 15 to 17, Appendix D, have been 
constructed from which the value of K may be determined. 

^ The substitution of n torn ~ 1 is accomplished here for the same reason described 
in Art. 5.2. 
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5.5. Circular Sections. Tension over Part of the Section. A direct 
Holution by equations similar to those shown for rectangular sections can¬ 
not be made for tension over part of a circular section. The expression 
of relations becomes very complicated. However, by carrying the deri¬ 
vation partially to completion, values of some of the variables may be 
assumed and from these other values deterrfiined. In such a manner the 
upper portions of Diagrams 15 to 17, Appendix I), have been constructed. 

5.6. Allowable Stresses for Combined Compression and Bending. 
The maximum permissible stress in the concrete of a column may be 
increased when the combined effect of ])ending and axial stress is 
considered.^ 

T'he allowable con(*rete str(\ss for axially loaded spirally reinforced col¬ 
umns is 0.225/', while for tied columns 80 per cent of this value is per¬ 
mitted. On the other hand, for b(‘anis in bcniding without axial compres¬ 
sion the allowable concr(*te stress is 0.15/'. Altnnbers subject to both 
axial compression and bending occupy^^in intermediate^ position between 
these two extremes. Foi* small eccentricities, their allow'able stresses 
must be close* to the)se* fe)r axially kiaeliMl eailumns, while for large eccen- 
tricitie*s, when the state e>f simple be'iieling is appre)ache*el, they must be 
clejse to theise for beams. Tests have confirmeHl that higher concrete 
strt*ss(*s e'an be sustain(*el whe‘n beneling is pre*sent than fe)r axial eannprexs- 
sion, since*, with bending, the* maximum stre*ss e)e*(‘urs only at the extre*me 
compre‘ssion fiber and de*cr(‘ase*s rapielly toward the axis. 

For this r(*ason the* A(d (^ode pre)vide*s alle)wable stre*sse‘s"whie*h ine're*ase 
with increasing eccentricity, /.e., the ratio c//. For ze*ro e*ccentricity 
they are iele‘ntical with those allowe*d fe)r axially loaele*d columns. They 
become e*eiual to 0.45/' for e// ^ 1, at which value this ce)ele assumes the 
section to lu'come* cracke'el, 7 ,r., te) act in the saim* manner as a l)eam. 

The A(d Code allows a coneaete* stre'ss on the cemipressive siele of the 
column of 


fp = fa 


t + Dr 
t + (Dr 


(5.15) 


w"here/a = average alleiwable unit stress in the concrete of an axially 

0.225/; + 


]oael(*d reinforc(*d e*e)n<Te*te' e*olumn 


for spi- 


1 + (a — 1 )P(j 

ral columns and O.S of that value for tie*d eolumns 
D ~ where R = len^t raelius of gyration eif the section 

c -/./ 0 . 15 /; 

t and i represent the same dimensions indicated in Art. 5.1 and 
Eq. (5.3) 


^ The iinincn'juscd unit stress must not he exceeded when the maximum axial loa<l 
prod\ices no Ivuiding. 
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Since 7) appears in both numerator and denominator of Eq. (5.15), it 
involves but a slight error if the transformed steel area is neglected. 
Diagrams 9 to 14, Appendix D, are plotted on this basis with eft and pg 
as arguments. 

Where a more exact determination is iec|uired, may be computed by 
the etjuation given above or taken from Table 11, Appendix D. 



may be computed^ or taken from Table 14, and vith C = /„ 0.45/', 

substitution in Eq. (5.15) gives an exact value of the allowable stress/p. 

5.7. Design of Columns Subject to Bending and Axial Stress. The 
j.rocedures outlined in Arts. 5.2 to 5.0 provide the means of che(‘kiug 
the ad(‘(iuacy of (‘olurnns of given dimensions to resist loads and moments 
of known value. In contrast, the problem facing the designer is that of 
selecting the dimensions and the reinforcement of a column acted upon 
i)y a given axial force and subject to some bending. The magnitude of 
the bending moment, in many instance's, in turn depends on the size of 
the column. In such cases the correed column size' e*an be' ol)taineel only 
by su(‘e*essive trials. The' appre)ae*h explaine'el in this arlie*le se'rves to 
reeluce the num})er of trials to a miiiimum. 

lU'ierring to the' funelame'iital eeiuatie)n fe)r the' maximum unit stress in 
the e'one'H'te [JOep (5.1)], sin(*e 

A - .l„|l + (n - l)/v| 

M - A’r 

J = A 11'^ 



I + (n - Dp 
>6 + 'iin - \)pI 



U2 

and 
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this equation may be resolved into 


f 

^^0 


1 + (D^/t) 

1 + (n - l)p. 


(5.16) 


Equating this value to the allowable stress/p [Ecj. (5.15)] and redueing/ 



(5.17) 


This equation indicates that a column subject to flexural stresses may be 
designed for an equivalent axial load P, Jn the above equation the only 
known quantity for all cases is the total load to be carried N, The two 
general cases to be considered are (1) \vh(‘re the only bending moment to 
be sustained is that caused by an eccentric load and (2) where the bend¬ 
ing moment to be sustained is caused mainly by tlie unbalanced loading 
or unequal span lengths of the horizontal members framing into the 
column.2 

Bending Moment Caused by Eceentrie Load Only, Where the dimen¬ 
sions of the column have been fixed by other considerations and the 
eccentric load is known in ])osition and magnitude, the problem is con¬ 
siderably simplified. Hoth < and t an* now known. For preliminary 
design, the product CD in E(|. (5.17) may be assumed as 3 for tied col¬ 
umns and 5 for spiral columns. The value of P in Eep (5.17) may be 
computed and the pr(*liminary amount of reinforcement determined. 
The value of/, may be computed for this trial reinforcement by use of 
Eqs. (5.2) or (5.12) or from Diagrams’ 15 to 20, and the allowable value 
of Jp determined from Diagrams 9 to 11, or computed from Eq. (5.15) 
with or wdthout the assistance of Tables 11 and 14. Re\ision of the 
recjuired steel area and redetermination of fr and Jp must be made if 
necessary. 

Where the dimensioiis of the column have not been previously fixed, 
an assun\ption of column dimensions must be made. Reference to Eq. 


‘A I ± 1 + /i ±De\ 

[ 1 I {71 1 -f (h — 1)/;^ \t + elk/ 

aiul since (0.225j' -{-/,/)») == P, 



* There may also be an additional bending moment from an eeeentrie load. 

* Where no tension exists in the section, ICq. (5.2) or (5.12) should bo used. 
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(5,17) indicates that, with the approximate values for the product CD 
of 3 for tied columns and 5 for spiral columns suggested above, where 
e/i is close to the limit of 1.0 allowed by the ACI Code, the size of the 
column would be approximately four times that required for direct load 
for tied columns and approximately six times that required for the direct 
load for spiral columns. Smaller values of e/t indicate a smaller increase 
in the size of the column required. Approximations of c, and t should 
be made in order to select a reasonable size of column for trial. 

Approximate Determination of Bending Moment Caused hy the VnbaU 
anced Moment of the Horizontal Members Framing into the Column. An 
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accurate determination of bending moments induced in columns by abut¬ 
ting beams and girders re(iuires rather elaborate computations. Some 
of the simpler methods are discussed in Sec. 6. In some cases, par¬ 
ticularly in multistory, multibay building frames, the following approxi¬ 
mate method is often sufficiently accurate. Its justification is given in 
Sec. 6. The amount of bending moment introduced into the column 
depends upon the relative stiffness of the several members meeting at 
the joint. The stiffness is El divided by lor hy I being the center-to-cen- 
ter span of a horizontal member and h the unsupported height of a col¬ 
umn. Since E is usually a constant for all the members and only rela¬ 
tive stiffness is to be considered, the stiffness K may be taken as I/I or 
I/h. The stiffness of a member actually depends upon the degree of 
fixit at its far end, but for a trial analysis and for simple cases the far end 
may be considered fixed. The ACI Code states that in computing rela¬ 
tive stiffnesses the reinforcement in slabs, beams, girders, and columns 
may be neglected. In computing the / of a T section, it is recommended 
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that tho full width of the flange be eonsidered and the I computed about 
the lower surface of the flange. For flat slabs, the section to be con¬ 
sidered is the column strip. 

The Code also states that columns shall be designed to resist the axial 
forces from loads on all floors, plus the maximum bending due to loads 
on a single adjacent span of the floor under consideration. 

The four conditions encountered in column design, where the column 
is a member of a rigid building frame, are illustrated in Fig. 5.6. In (a) 
the moment to be resisted by the column is M[K‘^/{Ki + -^^ 2 )], where M 
is the Hxed-end* moment in the horizontal member. In {h) the moment 
to be resisted by the column 2 is + A" 4 )], where M 2 is 

the difference of the* fixed-end moments of the two horizontal members. 
In (c) the moment to be resisted by column 2 is Tlfi[A%/(A"i + K 2 + A'3)], 
and in (d), M 2 [I\ 2 /(Ki + K 2 + Ks + A" 4 )]. From the above it may be 
stated that the moment to be resist(‘d by a column is 

MK 

:^K 

where M is th(‘ unbalanced tix(Hl-en(l moment of the horizontal member 
or members, its multiplier A tin* relative stiffness of the column under 
consideration, and the sum of the relative stiffnesses of all the mem¬ 
bers meeting in the joint. 

In designing this type of column, neither the value of c nor of t is 
known, and c cannot be evaluated until the relation between the moment 
to be resisted by the column and the direct load sustained is known. For 
conditions su(‘h as (a) of Fig. 5.6, the column may have a size of from 
two to four times that of the column re(|uired to carry the dire(‘t load 
without bending moment, depending upon the relative stiffnesses of the 
beam and column. For long-span beams and lightly loaded columns, 
the larger figure is recommended in assuming a column for trial, while 
for heavily loaded columns and short-span beams the smaller figure will 
be more liable to result in a satisfactory assumption. After selecting a 
size of ('olumn for trial, the procedure is as follows: 

^ Th(‘ fi\c‘(l-('n(l nioniontb for the usual cases are as follows: 

Uniform loa<lin)j;: * 

1 ^ 

Center-])oint londinp,: PI 

2 

Third-point loadinj^: -PI 

5 

Quarter-point loading: F/ 

where I is the span <*enter to center of supports, w the uniform load per foot of span, 
and P the coneent rated load. For fi\ed-€‘nd moments for other loadings and a further 
analysis of the distribution of moments in a frame, see See. 6 . 
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1. Compute the K of this column. 

2. Determine the moment to be resisted by the (*olumn. 

3. Determine e = M/N. 

4. Assuming CD as before, compute P from Ecj. (o. 17) and select the 
amount of reinforcement. 

5. Determine /c either by E(|. (5.2) or (5.12) or from Diagrams 15 
to 20. 

(). Determine/p and revise the steel area if necessary. 

The above method will usually result in a satisfactory design. How¬ 
ever, if the amount of reinforcement reciuired is unsatisfactory, the size 
of the column may have to be slightly modified and and/p redetermin(‘d. 

For conditions such as (c) of Fig. 5.6., select a column capable of c*arry- 
lug approximately twice the full direct load, and pro(*eed as aiiove. For 
conditions such as are illustrated in (h) and (d), select a column liom 
Table 7 or 8 with any desired percentage of reinforcement capable of 
carrying the full direct load, compute M and c, and proceed as above. 
l\siially the column recpiired to sustain the direct load will prove satis¬ 
factory, but if not, a slight modification of the steel area (*an be made. 

5.8. Illustrative Examples, 1. A column reinforced wnih longitudinal 
steel and lateral ties is to support a direct axial load of 200,000 11) and in 
addition an eccentric load of 30,000 11) near the top of the column. The 
center of bearing of th(' 30,000-lb load is 8 in. from the outsid(‘ face of 
the column. The unsupported height of the column is 19 ft-0 in. The 
ultimate strength of the concrete is specified as 2500 psi, and inter¬ 
mediate-grade steel is to be used for reinforcement. 

From Table 8, Appendix D, a column 20 by 20 in. wdth 1 per (‘ent 
ieinfor(*ement will sustain a total load of 180 + 51 = 231 kips, and with 
2 p(‘r cent, 282 kips. Selecting a 20- by 20-in. column for trial, from 
Table 9, its Aveight is 20 X 20.8 = 416 lb per ft, and the total load 
on the column is 200 + 30 + 19 X 0.116 = 238 kips. Th(' value of 
h/t (19 X 12)/20 = 11.4, so that as a long column it can sustain 
1 3 — 0.03 X 11.4 = 0.96 of the safe load of a short column, and the 
ecjuivalent short-column load is 238/0 96 - 218 kips. 


M = 30,000(10 + 8) = 540,000 in.-lb 


540,000 

230,000 


- 2.35 in. 


and 


- 0.12 


Substituting in Ecj. (5.17) with a trial value of CD = 3, 
P = 230(1 + 3 X 0.12) = 313 kips 
The column selected w’ould recpiire (Table 8) 


313 - 180 
100 


-f- 51 = 2.61 per cent of reinforcement, or 10.44 sq in. 



BENDING AND AXIAL STRESS 


U6 


[Art. 5.8 


Eight No. 10 bars furnishing 10.12 sq in., arranged as shown in Fig. 5.7, 
arc selected for trial. From Tables 9 and 13 the moment of inertia of 
the column section is 20 X 6G7 + 11 X 6 X 71 = 18,000 in.^ and 


/c = 


230,000 


+ 


540,000 X 10 


== 750 psi 


400 + 11 X 10.12 ' 18,000 

With eji = 0.12 and = 10.12/400 = 0.0253, from Diagram 13, 
/p = 750 psi and the design is satisfactory. 

The more exact determination of /p is as follows: 


/o = 005 psi (Table 11) 

C = 605 1125 = 0.538 

7^2 = 18,000 511 = 35.3 

/> = 400 ^ (2 X 35.3) = 5.68 


u 


605 X 


20 + 5.68 X 2.35 
20 + 0.538 X 5.68 X 2.35 


= 748 psi 


II. A column reinforced Avith longitudinal steel and lateral ties is to 
support a direct axial load of 250,000 lb and in addition an eccentric load 
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of 75,000 lb near the top of the column. The center of bearing of the 
75,000-lb load is 9 in. from the outside face of the column, whose unsup¬ 
ported length is 17 ft-0 in. The ultimate strength of the concrete is 
specified as 30(K) psi, and hard-grade steel is to be used for reinforcement. 

Neglecting the weight of the column, from Table 8 it is seen that an 
18- by 18-in. column Avith approximately 3 per cent of steel 

(175 + 3 X 52 = 331) 

would be ’•equircd to support the total load as an axial load. With this 
size column, however, M = 75,000 X 18 = 1,350,000 in.-lb, 

e = 1,350,000 -F 325,000 = 4.15 in. 
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and e/t = 0.231. Substitution in Eq. (5.17) indicates a column capable 
. of supporting approximately 1.69 times the total load of 325,000 lb would 
be required. It therefore appears desirable to select a somewhat larger 
column for trial. With a 22- by 22-in. column, 


M = 75,000 X 20 = 1,500,000 in.-lb 


r = 1,500,000 4- 325,000 = 4.62 in.; and e/t = 0.21. P, from Eq. 
(5.17), = 325(1.63) = 530,000 lb. A 22- by 22-iii. column would require 
.5.30,000 - 261,000 


100 


4- 77 = 3..50 per cent, or 16.9 sq in. of reinforcement. 


Selecting twelve No. 11 bars. A, = 18.75 sf( in. With these bars 
.spaced symmetrically on the four sides of the column, the moment of 
inertia of the column section ('rabies 9 and 13) is 


and 


22 X 887 + 9 X 8 X 113 + 9 X 4 X 1.3 = 28,100 in.^ 

f = _ ^>9^ _ , i,^,()(^x 11 _ . 

484 -h 9 X 18:75 28,120' “ P®* 


'I'he allowable sirens fp is determined as follows: 


fa = 860 psi (Table 11) C = 860 4- 13.50 = 0.637 

OQ 100 

= 43.0 7) = 481 (2 X 43.0) = 5.63 


fp 


== 860 X 


22 + 5.63 X 4.62 
22 + 0“.637 X 5.63 X 4.62 


= J070 psi 


The design is considered satisfactory. 

III. In the frame of Fig. 5.8, the beams, 5, 6, 7 and 8, are T beams 
with a flange section of 60 by 5 in. and a wel) section below the slab of 


5 S 


•r 

'i 

; 

r 

2 

8 


r 

3 

4 


I. 

< - 20'‘0- -- 


- 


Fig. 5.8 

10 by 17 in. The direct load sustained by column 1 is 66,000 lb, and the 
total fixed-end moment at the left end of beam 5 is 1,320,000 in.-ll). 
Design column 1 using a 2500-psi concrete and intermediate-grade steel. 

The direct load of 66,000 lb would require only the minimum size col¬ 
umn allowed by the ACI Code (10 by 12 in.). Assuming a column 
capable of sustaining a load 2}^ times as great, or 165,000 lb, a column 
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14 by 16 with between 2 and 3 per cent of reinforcement would be required 
(Table 8). 

The gravity axis of the concrete section of the beams is 1.5 in. below 
the bottom of the flange. The moment of inertia about this axis is 

i X 60 X 5 + 60 X 5 X 1.5- + ^ X {1.5)» + ^ = 15,600in." 

and the relative stiffness is 


15,(100 ^ 240 = 65 

The moment of inertia of the concrete section of the column is 
16 X 229 = 3664 in. (Table 9) 
and its relative stiffness is 

3661 ^ 120 = 31 

The moment to be resistc'd by the column is 

-Ti-Z-TTF X l,:i20.(HM) - 426,(KK) i)i.-ll) 

31 + ()5 

e = ^ = 126,(HK) H- 66,000 = 6.46 in. ^ = 0.46 

FromEq. (5.17),a.sf,umiugC'7>a,s6. C - 66fl -f 3 X 0.46) = 157,0001b. 

A 14- by l()-in. column would re(|ujrc —--29 = 1.93 per 

cent reinforcement to sustain this load. Eight No. 7 bars with an area 
of 4.81 s(i in. furnish 2.15 per cent of reinforcement and are selected for 
trial. 

The moment of inertia of the column section is 


and 


l(i X 229 + 6 X 11 X 12 - 4156 in." 


_ 66,000 426,000 X 7 

224 + 11X 4.81"^ 4456 


908 psi 


fa = 586 psi C = 555 ^ 1125 = 0.520 

= 4456 277 = 16.1 = 196 -f 2 X 16.1 = 6.09 


u - 


( 


14 -4- 6.09 X 6.46 
14 + 0.520 X"6.09 X 6 


.46/ 


908 psi 


IV. Refer to Fig. 5.8, design column 4, considering that this column 
will be reinforced with longitudinal reinforcement and spirals, with the 
same strength concrete and the same grade of steel specified for Example 
III. With equal loads on all floors the total load supported by column 4 
is approximately three times that of column 1, or 178,000 lb, which would 
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require an 18-in. column with approximately 1 per cent of steel. With 
the live load removed from beam 8, the load to be supported at the top 
of column 4 is 154,000 lb and the unbalanced moment at the top of the 
column from the beams 7 and 8 is 1,230,000 in.-lb. 

By previous design, column 2 is a 14-in. column, the moment of inertia 
of the concrete section is 1886 in.^, and the relative stilTnoss is 16. Simi¬ 
larly the relative stiffness of the 18-in. column is 43, while the relative 
stiffness of beam 7 is 65, as in Example III, and that of beam 8 is 130. 

The moment to be resisted by the column is 


e = 208,000 -i- 154,000 = 1.35 in. ^ = 0.075 
From Eq. (5.17), 

P = 154,000(1 + 5 X 0.075) = 212,000 lb 
1'hc peroentase of .steel required i.s 


212,000 - 143,000 
100 X 41 


1.08, or 4.28 sq in. 


.Seven No. 7 bars fnniish 3.21 sq in. for a percentage of 1.65 and are 
seh'cted for trial. The moment of inertia of the column is 


51.53 + 1.05 X 593 = 0133 in.'* 


(Tables 9 and 12) and 


fc = 


1 ^ 1,000 

255 ^ri X 4.81 


^ 208,000 X 9 . 

+ - 6133 — 


/„ = 099 C = 699 1125 - 0.621 = 6133 h- 308 = 19.9 

/> = 321 -i- (2 X 19.9) = 8.14 




699 


/ 18+1.35X8.14 \ 

\18 + 0.621 X 1.35 X 8.14/ 


= 818 psi 


Problems 

1. Design column 3 of Fig. 5.8, assuming th(‘ same fixed-ond moment in beam 7 as 
was used in Example III for beam 5. 

2. A column reinforced with Jongitudinai steel and lateral ties is to support a direct 
axial load of 250,000 lb and in addition an eeeentric load of 50,000 lb near the top of 
'he column with its center of bearing 10 in. fn^m the outsidf* face of the column. The 
unsupported height of the column is 16 ft-0 in. A 2500-psi concrete and hard-grade 
steel are to be used. 

3. Design the column of Prob. 2 as a square column reinforced with longitudinal 
bars and spirals. 
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6.1. Continuity of Reinforced Concrete Structures. The individual 
members which compose a steel or timber structure are fabricated or cut 
separately and joined together by rivets, bolts, welds, or nails. Unless 
the joints are especially designed for rigidity, they are too flexible to 
transfer moments of signifi(*ant magnitude from one member to another. 
In contrast, in reinforced concrete structures as much of the concrete as 
is practical is poured in one single operation and, in addition, reinforc¬ 
ing steel is not terminated at the ends of a member but is carried over 
at the joints into adjacent members. At construction joints, special 
care is taken to bond the new concrete to the old by carefully cleaning 
the latter, carrying reinforcement across the joint, and other means. As 
a result, such structures represent monolithic or continuous units. Their 
behavior under load is shown in Fig. 0.1. 

With simple joints, as provided in steel construction by many types 
of riveted and bolted connections, only the beam 3-4 would bend in the 
frame of Fig. 6.1a, while all other members would remain essentially 
straight. With rigid joints, such as in a reinforced concrete or welded 
steel frame, the distortion caused by a load on one single member is seen 
to spread to all other members of the frame, although the magnitude of 
deformation decreases with increasing distance from the loaded member. 
Consequently a beam, such as 1-2, even though free from load, bends in 
view of the fact that its ends arc rotated by the amounts of and ^ 2 , 
as shown in Fig 6.1c. Since curvature is proportional to bending 
moment (1/r — M/El), this and all other members are subject to bend¬ 
ing stresses, even though they are not loaded. 

If horizontal forces, such as wind, act on the same frame, it deforms 
as shown in Fig. 6.16. Here, too, all members of the frame distort, even 
though the forces act only on the left side; the amount of distortion is 
seen to be about the same for all members, regardless of their distance 
from points of load, in contrast to the case of vertical loading. A mem¬ 
ber, such as 2-4, even though not directly loaded, will experience bend¬ 
ing moments caused by the distortions imposed on it, which are shown 
in Fig, 6.Id. It is seen that in addition to the rotations and one 
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end is displaced horizontally with respect to the other by the amount d, 
resulting in an additional rotation d/l. If, in addition, a member car- 
,'ries transverse load, such as beam 3-4, the end rotations y caused by the 
load must be superposed on those due to the rotations a caused by the 
continuity at the joints (Fig. 6 . 1 c). The final end slopes 6 of each 
individual member are seen to be the sums of these individual contribu¬ 
tions a, d/ly and 7 . 




Fi( 3 . 6.1. Dofloctioiis and slopos of ri^id frames. 


In statically determinate structures, such as simple beams, the deflected 
shape and the moments and shears depend only on the type and magni¬ 
tude of the loads and the dimensions of the member. In contrast, 
inspection of Fig. 6.1 shows that in statically indeterminate frames the 
deflection curve of any member, in addition to the loads, depends on 
the end slopes 6 whose magnitudes, in turn, depend on the distortion of 
adjacent, rigidly connected members. In particular, for a rigid joint 
such as joint 4 (Fig. 6 . 1 a), the slopes 6 of all abutting members must be 
the same and equal to the rotation of the joint. For a correct design of 
such frames, it is evidently necessary to determine moments and shears 
with due consideration to the effect of the continuity at the joints. 

A number of methods have been developed for such determinations. 
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Those that were available in the early days of concTete design were 
rather lengthy and tedious. I'o save time, it became customary to deter¬ 
mine moments in (*on1inuous structures by using approximate coefficients, 
such as those given in Art. 3.0. Such coefficients are satisfactory if used 
within their specified limitations, 2 .c., for conlinuous beams with spans 
not differing by more than 20 per cent and with ratios of live to dead 
load not larger than 3:1. Their use under any other condition is unsafe, 
and even within their specified limitations they often result in uneco¬ 
nomical design. 

With the advent of more practical and efficient methods of analysis, it 
has become customary to ascertain moments and shears in continuous 
structures with a high d(*gree of accuracy and to use approximate moment 
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coefficients only within their specified limits and when a closer design 
would not result in significant economy. 

In the following articles the practically useful methods of analysis are , 
discussed as they apply to relatively simph‘ and more or less standard 
structures. For the more intricate details of this important phase of 
d(\sign, the reader is refV'rred to special texts on analysis of statically 
indeterminate structures 

6.2. Moments in Continuous Beams. The calculation of moments, 
shears, and reactions for continuous beams is based on the theorem of 
three moments. Considering all supjiorts on the same level, the two 
fundamental eciuations are (set* Fig. (>.2): F(»r uniform loads, 

.l/i/i + 2.1/>(/i + « + MJi = - ^ (0.1) 

For concentrated loads, 

M,li + 2A/.>(/i + h) + MJ 2 = - A-J) - 

2:rA{2k,-m-^ki) ( 0 . 2 ) 

In this simplest form the tw'o eciuations apply to the most frequent case, 
that of uniform cross section. 

By using the equation applicable to the particular case, the bending 
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moments at all the supports may be determined, the reactions computed, 
and finally, the bending moment at any section of the beam may be 
obtained. From Eq. (6.2), influence lines may be plotted for the moment 
at any section of the beam, and the loading determined which will pro¬ 
duce the maximum moment in that section. In the case of uniform load 
and e(|ual spans, the exact coefficients of wP for the theoretical maximum 
moments are tabulated below. 


TABLE 6.1. Moments in Continuous, Equal-span Beams with Uniformly 
Distributed Load 



Iiit(‘rTn(Mluito spans and supports 

lOnd spans and 

S(a‘ond support 

Num- 

\t ('(‘iitc'r, posi- 

At supj)oit, no^a- 

At contor, posi- 

At suppoit, noga- 

})C‘r 

tiv(‘ nioinont 

tivo monionl 

tivr inoinont 

tivo moment 

spans 


— 



— 

- _ 

— 

— 


J)("ad 

Liv(‘ i 

J^oad 

Livo 

1 )(‘ad 

iavo 

I load 

Live 


load 

load 

load 

load 

load 

load 

load 

load 

2 





0 070 

0 095 

0 125 

0 125 

3 

0 025 

0 075 



0 080 

0 100 

0 100 

0 117 

t 

0 ()3() 

0 081 

0 071 

0 107 

0 071 

0 098 

0 107 

0 120 

T) 

0 04() 

0 0S() 

0 079 

0 111 

0 072 

0 099 

0 105 

0 120 

0 

0 0t3 

0 084 

0 085 

0 IK) 1 

1 0 072 

0 099 

0 100 

0 120 

7 

0 011 

0 084 

0 085 

0 HI 

0 072 

0 099 

0 100 

0 120 


These coefficii'nis are derived for simple (knife-edge) supports and for 
the most unfa\()rable distribution of live loads. The coefficients of the 
ACT (\)de (see Art. 3.0) were derived from exact coefficients such as 
those in the table, with due consideration to the maximum ratio of live 
to dead load (3:1), maximum allowable span differences (20 per cent), 
the fact that reinforced coiuTete beams are never simply supported but 
either rest on supports of considerable width, such as w^alls, or are built 
monolithically w ith columns, and other factors. Since all these influences 
are considered, the ACT coefficients are necessarily quite conservative, so 
that actual, accurate moments in any particular design are likely to be 
considerably smaller than indicated by these (*oefficients. Hence, in 
many reinforced con(*rete structures significant economy can be effected 
by making a precise analysis of the moments in beams and girders. This 
becomes mandatory for beams and slabs with spans differing by more 
than 20 per cent and/or sustaining uns^unmetrical loads. Such analyses 
are more expeditiously carried out by the method of moment distribu¬ 
tion (Art. 0.7) than by the use of Eqs. (6.1) and (6.2). 

6.3. Moment-area Principles. It was indicated in Art. 6.1 that in 
continuous structures moments and shears caused by imposed deforma¬ 
tions, such as the rotation a. or the displacements d, superpose on those 
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caused by the direct effect of the load acting on the particular member. 
To analyze this type of action, it is therefore necessary to establish the 
relations that exist between bending moments and the corresponding 
deformations. These are most easily expressed in the form of the two 
moment-area principles. 

In Fig. 6.3a let the straight line ab represent the original, unloaded 
shape of an elastic member (beam, girder, column, or the like) and the 
curve aABb its deformed shape or elastic curve. In view of the relation 
1/r = MjEI, this distortion is connected with associated bending 

moments. Let Fig. 6.36 represent the cor¬ 
responding MfEI diagram, that is, the 
graph of the bending moments divided by 
the respective values of El. If tangents 
are drawn to the elastic curve at two points 
.1 and B, the moment-area principles state: 

1. The change of dope (i hetween the tan- 
gents to the e^tasUe eurve at two points A and 
B is equal to the area e)f the portion of the 
M/El dieiejram between the two points. 

2. The disianee ei of point B from the tangent at penni 4 is eepeal to the 
moment about the perpendieular through B of the area of the portion of the 
M/El diagram between the two points. 

The corresponding portion ot the M/El diagram is shaded in Fig. 
6.36. Note that the distance d is measured perpendicular to the original, 
undistorted position ab of the member (?.c., the line connecting its 
supports) 

For a derivation of these two important principles the reader is referred 
to any text on the strength of materials 

6.4. Slope-deflection Method. In computing moments and shears on 
isolated beams, the ends are usually considered as freely supported or as 
fixed. However, there is, even in isolated beams, often an intermediate 
condition. In frames in which the joints are rigid such an intermediate 
condition is commonly encountered. No matter what the degree of 
restraint, once the end moments are known, moments and shears at any 
point of the member can be computed from the e(]uations of statics. As 
is evident from Art. 6.1, the end slopes B depend on (1) the rotation a 
of the end tangents to the ela.stic curve from the position they would 
have if the member were freely supported (see Fig. 6.1c); (2) the relative 
displacement d of the supports and the corresponding rotation d/l (see 
Fig. 6.Id); (3) the rotations y which the direct, transverse loads (if 
any) would cause if the members w^ere freely supported (see Fig. 6.1c). 
The final end slopes B are the sums of these individual rotations (see 
Fig. 6. Id and c). 



(A) 

Fig. 0.3 





SLOPE-DEFLEaiON METHOD 


155 


Art. 6.4] 

In a freely supported beam, the end moments are zero and the end 
slopes 7 depend on the load and can be computed in the usual manner, 
by the moment-area principles (see Art. 6.3). In a fixed-ended 
beam the end slopes are zero and the end moments are known as the 
“fixed-end momentsilF. If the beam is an intermediate condition 
(Fig. 6.1c), the end slopes 6 obviously have intermediate values (between 
0 and y) and the end moments M have corresponding intermediate 
values between and 0. 

Once the end slopes 6 are known, the end 
moments can be determined. Hence, the 
term slope deflection’^ has been applied to 
this method of analysis, which was devel¬ 
oped independently by A. Beiidixeii in Oer- 
many (1914) and Prof. G. A. Maneyinthe 
United States (1915). 

In the dis(*ussion that follows, the rela¬ 
tions between the end slopes and the end 
moments are first investigated separately 
for the three described types of rotations. 

Two subscripts are used for moments acting 
on one end of a member, the first indicating 
the ^‘near” end on which it acts and the 
other the ‘Uar” end. Thus (see Fig. 6.4) 

4 /12 indicates the moment acting on end 1 
of beam 1-2. 

In Fig. ().4a, a member 1-2 has been 
Isolated from the rest of a rigid frame by 
passing imaginary cuts around the joints at 
its two ends. The member then represents 
a freely support ed simple beam. The effect 
of the adjacent frame members on this beam 
is to impose certain rotations and deflections 
on its ends, as can be seen from Fig. 6.1. 'These effects will be studied 
one by one. 

In (b) the left support, 1, of the beam has been rotated by the action 
of moments outside the span 1-2. This rotation causes bending in the 
beam and produces compression in the upper fiber at 1. In (c) the right 
support, 2, has also been rotated in the same direction by the action of 
moments outside the beam. This produces tension in the upper fiber 
at 2. Since the stresses in the upper fiber at 1 and 2 are of opposite sign, 
there is evidently a point of inflection in the beam, and the moment dia¬ 
gram for the beam will be similar to that shown in (d). 

Since the angles of rotation are small, the distance at 2 from a tangent 
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to the axis of the beam at 1 is Zoti, where I is the span 1-2. Then by the 
principle of moment areas, lai is equal to the moment of the M/El dia¬ 
gram between 1 and 2 about 2. This moment is evidently equal to the 
algebraic sum of the moments of the shaded areas about 2, i.c., 


lai = 


J_ (M^jl 2Z 

EI\ 2 ^3 


M2iZ ^ l\ 

2 ^3/ 


or 


ai 


I 

^^EI 


(2Mi2 “ M 21 ) 


Similarly, 


«2 




Mn) 


In (c) the joint 2 has been moved downward a vertical distance d from 
its original position, the horizontal distance betwTcii joints 1 and 2 
remaining constant. This has increased the angles between the tan¬ 
gents to the member 1-2 at I and 2 and the horizontal by an amount 
d/l = R. If then d\ = ai + R and O 2 = cuo R^ 

-- (2i1/u - Mn) + H (6.3) 

and 

e, = (2J/,. - Mu) + /!> (6.4) 

from which 

Mu = C20, + e. - 370 (6.5) 

and 

u., = (20, + 0 , - 370 (6.6) 


Efjuations (()..’)) and (<».(>) aie th(‘lundameiital slope-d(‘fle(‘(ion equations 
for the moments at the ends of a member sustaining no intermediate 
loads, in terms of the relative change in slope and displacement of its ends. 

In the foregoing derivation the following sign convention lias been 
used: 

1. When the rotation of the end tangent is clockwise, the angle meas¬ 
uring this rotation is a positive angle. 

2. The defh'ction of one end with respect to the other is measured 
normal to the original position of the member and is positive when 
measured in the same direction as positive angles. 

3. External end moments are positive when they tend to rotate the 
end of the member on w^hich they act in a clockwise direction. 

For illustration, in Fig. 6.4a to c the sense of all rotations, defle(‘tions, 
and moments is positive. 

If a transverse loads acts on a member, such as shown in Fig. 6.4/, the 
corresponding rotations y must he added to a and R to result in the final 
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rotations 6, From Fig. 6.4/ it is seen that for vertical load and by the 
sign convention just given, 71 is positive, while 72 is negative. If F is 
the area of the moment curve for the simple beam (Fig. 6.4^), and x the 
distance of its centroid from support 2 , from the second moment-area 
principle, 


lyi == 


El 


and Z 72 = — 


F(/~ X) 

El 


If these eciuations are divided by I and the resulting angles 7 added to 
those of Eqs. (6.3) and (0.4), one obtains for the case of members carry¬ 
ing transverse loads 



*■ ■ (i 

- M 

21 ) 

F X 

+ + El ] 


(C.7) 

and 









= ,4 ( 2 «., 

- M 

12 ) 

+ R - 

/.’ (i- 
E1 \ 1 

’) 

(0.8) 

from which 








II 

1 

+ 6, 

- 

■m - 

2F 

72 - 

i) 

(6.9) 

and 









M-21 = {26, 

+ 6, 

- 

3/0 + 

2F 

Y - 

3t) 

(6.10) 

These 

are the comjilete ecjuations 

of 

the slope-deflect 

ion 

method. Jty 


comparison with E(is. (0.5) and ( 0 . 0 ) it is seen that the last term of E(]|s. 
( 0 .!)) ajid ( 0 . 10 ) accounts for th<* influence of t ran verse loads on the 
mem})er under consideration. Its physical significance is easily estab- 
Lshed ill the following manner. If tlH‘ member of Fig. 0.4 were fi.xed 
at its ends, 6^ = — E = 0 . In this case Mu and M 21 would repre¬ 

sent the fixed-end moments of the beam. Eiiuating to zero the indicated 
terms, it is seen that these fixed-end moments are, respectively, equal 
I 0 the last terms of Eqs. (0.9) and ( 0 . 10 ). These fixed-end moments 
will be designated by 

If, in addition, the rigidity f/l of the member is designated by K and 
subscripts ri and / are used, rcsiiectively, for the ‘‘near’^ and ^Tar” end 
of the member, Eqs. (0.9) and ((>. 10 ) can be written in the following 
general form; 

Mr,/ = 2EK{2er. + Of- 3R) + Mif (0.11) 

The sign of is established from Rule (3), given before. For 
instance, the load of Fig. 0.4/ produces fixed-end moments which tend 
to rotate the left end of the member counterclockwise and the right end 
clockwise. Hence, the former is negative, the latter positive, as is cor¬ 
rectly reflected in Eqs. (0.9) and (6.10). In the general equation (6.11) 
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they must be substituted with these same signs. A different way of 
stating the same rule, which some may find easier to remember, is: 

4. The fixed-end moment term in Eq. (6.11) is positive if the load on 
a member, independent of the member, tends to rotate counterclockwise 
around the end under consideration. Conversely, if the load tends to 
rotate clockwise around the end, the fixed-end moment is negative. 

(It should be noted that Rule 4 which applies, in particular, to fixed- 
end moments is only a different way of stating the general rule. Rule 3.) 

It will be realized that this sign 
convention of the slope-deflection 
method differs from the usual con¬ 
vention of signs for beam moments. 
It is (‘ustomary to designate a beam 
moment as positive if it causes the 
beam to bend in such a manner that 
the concave side faces upward. By 
this convention the signs of the 
bending moments of a fixed beam 
are those of Fig. ().5b. If the beam 
is cut at the ends, the action of the 
fixed supports must be replaced by 
the fixed-end moments M {2 and 
acting as shown in Fig. 6.5c. 
Both th(*s(^ moments are negative 
by the beam sign convention. It 
is seen that 71/(2 counterclock¬ 
wise on the mernbi r and is therefore 
also negative by the slope-deflection 
sign convention. M(i, however, is 
seen to act clockwise on the member 
and, consequently, is a positive moment by the slope-deflection convention. 
If this beam were a member of a rigid frame, by the prin(*iple of action and 
reaction it would exert equal and opposite moments on the joints (Fig. 
6.5d). In consequence, the slope-deflection sign convention indicates 
that a moment acting on a joint is positive if it tends to rotate the joint 
counterclockwise, negative if clockwise. (The reader will find that some 
texts on structural analysis use a sign convention for rotations, deflec¬ 
tions, and moments other than that given in Rules 1 to 4. The choice 
of such a convention is entirely a matter of the designer's preference. 
One is as good as the other, provided it is consistent in itself and is used 
consistently.) The determination of the correct sign is greatly facilitated 
by the use of rough sketches of the deflected shape of the structure, such 
as Figs. 6.1 and 6.5. By means of such sketches the signs of the moments 
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throughout the frame are easily determined even before an analysis is 
begun. In fact, the approximate shape of the final moment diagrams 
can be obtained directly from such sketches, observing that by the beam 
sign convention a moment changes sign when the curvature changes 
direction, as is seen directly from Fig. 6.56. Sketches of this type, 
therefore, are an inestimable aid to the designer. 

The slope-deflection equations enable one to compute the moment at 
both ends of all members of a rigid-joint structure by making use of the 
following two obvious requirements: 

1 . Condition of joint equilibrium: The sum of all moments Mnf act¬ 
ing on a joint is zero. 

2. Condition of joint continuity: The rotations Bn of the tangents of 
all members meeting at a joint arc equal. 

In these statements n refers to the “near end,” i.c., the end of the 
member at the joint in question. For an illustration of the second con¬ 
dition, see joint 4 in Fig. 6.1a. 

6.5. Restraint Conditions and Fixed-end Moments. The general 
slope-deflection equations, (6.7) to ((i.ll), were derived to hold for all 
conceivable situations, that is, for any relative magnitudes of B and M 
at both ends, and for any value of H. The value of B and M in any 
particular case depends on the conditions of restraint at both ends, 



Fig. 6.0 

hinged, fixed, or partially restrained. In addition to the general case 
of partial, unequal restraint at both ends, for which the general equa¬ 
tions were derived, there are four special conditions of restraint which 
are often met in structural analysis. These are shown in Fig. 6.6 and 
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are (a) far end hinged, (h) symmetrical bending, (c) far end fixed, and 
(d) anti symmetrical bending. It equal to ^lero is assumed for these four 
simple cases, and the corresponding conditions are shown on the right 
of Fig. G.f). By making use of these conditions, simplified equations are 
easily derived for thes(^ four frequent cases. ' 

For instance, for Case a, noting that M 21 = 0 at the hinged end, Eqs. 
((>.9) and ((klO) liecome 

Mn --- 2EK(2ex 4 e^) ~ 

0 - 2EK{20> + <?,) + M{, 

From the .se<*ond ecjuation 



Jf this value is subslitut<‘d in (h(‘ first ecjuation, one obtains 

. 1 /,, - -AKKO, - 

In pariiculiir, if no londs a(*t on the nicmiber projier so that bending is 
caused only by the (‘iid monuMits applied through th(‘ joints from adjacent 
members, M{., - = 0. In this case* tin* last e(|uation indicates 

. 1 /,, - :\EK 0 , 

while th<» next to last n'sults in 


In a similar maniuM*, such special, simph* relations are easily derived for 
the otluM* thret' cas(*s. The n'sults are tabulati'd in Table ().2. 

If the far end of a inemlxM*, say end 2, is hing(‘d and subject to joint 
deflection, one has 

d/10 - 2EK{20i -h 62 - 3 /C 
0 - 2EK{:2e> + Ox 3/C 

from which 

d/10 - ?^EK 0 ^ ~ WERE 

Conse(|uently, Tabic (>.2 can aim be nmtl if joint deflections are present, by 
adding -~i\ERIt to the moments d /12 and d /21 for Cases b to d, and 
--*^EKH to d/jo of Case a. 

The use of these ndations is easily seen from the following problem. 
Suppose it were nxiuired to tind the monuuit at the fixed end of a beam 
whose other end is hinged and which carries transvc'rse load. The con¬ 
dition that the left end is fixed while the right end is hinged is obtained 
by making 61 = 0 in C^ase a of Table G.2. Then d /12 the moment at 
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the hxed end of that beam and is seen to be equal to 


Mu = - (^M{, + ^ 


This equation indicates that the moment at the fixed end of a beam 
whose other end is hinged can be expressed in terms of the fixed-end 
moments of that beam, i.c., the end moments for both ends fixed. 

The practical application of (he slope-deflection equation obviously 
requires the knowledge of the fixed-end moments for the particular 
design loading. It was shown that these fixed-end moments are ecjual 
to the last terms of Eqs. (6.9) and (6.10) from which they can be com¬ 
puted for any type (‘f loading. For the most freciuent arrangements of 
load, values of and for the left and right end, respectively, are 
given in Table Th(* table also (‘ontains for the same loadings the 

moments at the fixed end if the other end is hinged, computed from 
the last e(|uation. 

6.6. Application of the Slope-deflection Method. The practical 
workings of the slope-deflection m(‘thod arc most easily understood by 

its application to concrete examples of 
beams and frame's. Each of the fol- 
lowing five pioblems illustrates and 
develops one of the main features of 
Fig. 6.7 this method. These features are sum- 

mari’^ed at the end of this article. 

Illustrative Examples, 1. Determine the moments in the two-span con¬ 
tinuous beam of Fig. 6.7. In this case only the ends of both spans at B 
are partially restrained by an unknown amount. The outer ends are 
hinged, so that, instead of the general eejuation (6.11), the speeial equa¬ 
tions of ('ase a of Table ().2 can be applied. Consequently, with the 
pertinent value of . 1/(2 + Mi^/2 obtained from Table 6,3, 


•//* 


4 : 


& 


4 


Mni = SEK^Sb + 


Wil\ 


and 


Mac — 

Since there is equilibrium at the joint B^ 

BA + il/flr = 0 


or 


{WKi + 3EKr)ea + ^ =0 


= - 


1 


3EKi + 3EKt 


Wil\ 

8 


and 
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Substituting the value of da in the equations for Mba and Mi 


Mac = 


= - u = _ 

k, + kXs) 


If the load covers the span /o instead of the span /i, a similar analysis 
gives 

For both spans sustaining loads i/’i and »'«, respect i-\-ely. 


loads M’l and uu, resI)e(•<i^H'l^^ 

- _ r/v2(?ri/5) + 

L 8(AA + /v%) J 


Mui = -M 


which for ecjual loads, e(|ual spans, and ecjual moments of inertia becomes 
— }i,wV^^ the negative moment over the center support of a beam oi two 
equal spans resting fre(‘ly on its supports. 

The maximum positive span moment does not occur at the middle of 
the loaded span since end moments act only on ends B of either span. 
Its value is found from the condition that the maximum moment occurs 
at the point where the shear force is zero Taking as an illustration the 
case of equal loads, spans, and rnoiiKMits of inertia, 


wl (wD /l\ _ 

~2 ~ 8 \/ / 8 


Designating by .r the distance from A at which T - 0, 


u\i — 0 


from which jr = 3//8. At tins point tin* maximum positive sjian mo¬ 
ment is 

3W3/_ 3/ 9/r/*^ 

8 8 "'8 2-8 128 

Tsing the beam Sign conv (Mit ion, the siipj)ort mom(*nt is 1//, - —0.r25?/7^ 
and the maximum positive* mom(*nt TJ/max ^ ().()7()f/7% which are the 
values recorded in Table (>.1. 


" J kips/ft 


- 20 - 

Ficj. () 8 



II. Determine the support moments in the three-span, continuous 
beam of Fig. f).8. In this beam span, AB is fixed at A, corresponding to 
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Case c of Table 6 . 2 , while span CD is hinged at D, corresponding to 
Case a. Span DC is partially restrained at both ends, so that for this 
span Eq. ( 6 . 11 ) must be used. 

All moments of inertia arc assumed equal. To simplify computations, 
it is convenient to express all values of K in terms of the K value for one 
of the members. Thus 

Kaj, = ~ ^ 

Tsing the information f>f Tables 6.2 and 6.3, the fixed-end moments 

== = -lOOft-kips; = -50 ft-kips; 

^fcD = —66.7 ft-kips 

and 


Mah 

— 2 Kah0h — 

100 





Mba 

= lA ahOh + 

100 





M nr 

- 2KHf [20 h 

+ Oc) — 

r.o 

= 4Kah6b + 

2KABBr 

- so 

M,„ 

- 2 l<H<(2er 

+ Oli) + 

:.() 

= AKahOc + 

2 KabBb 

+ 50 

M,,. 

~ 3A ('i)O(' — 

66.7 = 

4 A' 

ahOc — 66 ./ 




The condition that joints H and T })e in e(|uilil)rium requires 

MHA “b lie — 0, i.<SK auOh + 2A AuOc + 50 = 0 

( h “b ( n — 0, 2hAn0u + 8 Ayi«^r — 16.7 = 0 

Solving these tvo simultaneous ecpiations, one obtains 

A = —/ .23 KahO(' — -b3.8t) 

The end monu'nts of the three spans are thcTi obtained by substituting 
these values in the ecjuations for Mah, Mha, etc., for example, 

Mah = 2(-7.23) - 100 - -II 1.5 ft-kips 

Similarly Mha = +71.1, Mha = —71.1, Men = +51.1, Mcd = —51.1 
ft-kips. I'he signs of these resulting moments, of course, are those of the 
slope-d(dlection convention. In terms of the beam sign convention all 
support moments are negative. 

III. The portal frame of Fig. iyA)a is subject to a wind load of 20 kips; 
determine the moments. As in £]xample IT it is convenient to express 
the rigidities of all members as multiples of one value of K. Thus, for the 
given frame, Ki — /i/ 20 , K> — 4/i'10 = 2 A"i, = Ki. 

Since changes of length of members due to tension or compression 
forces cause only negligible effects on the magnitude of moments, it can 
be assumed that joints B and C displace the same amount d as shown on 
Fig. 6.9a. Conse(|uently, R = rf/20 for both AB and CD. Since the 
frame is geometrically symmetrical and the top displacements of both 
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legs are equal, both legs distort in precisely the same way and amount, 
causing the beam BC to deflect in an antisymmetrical shape. (This 
would not be true if, for example, I 3 9 ^ fi, or if the lengths of both legs 
were not equal.) Hence, Case d of Table 6.2 applies for member BC, 
while Case c applies for AB and CD^ since the bottom ends are fixed. 
The fixed-end moments are zero for all members, since no loads are 
applied between ends, but sidesway R is present in members AB and 
CD, With this information the 


slope-deflection ecjuations are 

Mas ~ MDC “ QiBRiOb — UliK\R 
MBA ~ MCD = A.KR\Bb ~ (^BK\R 

BC = Mcb — ^ER'iBb — \^B1\]Bb 

The condition of joint ecpiilibrium, 
Mba + Mbc = 0, gives 

X^EKiBb - iSEK^R = 0 

To obtain a second equation for the 
unknown quantities Bh and /f, use is 
made of the fact that the sum of the 
horizontal reactions of both legs 
must be equal and opposite to the 
applied horizontal load. In Fig. ().9/> 
are shown the moments and hori¬ 
zontal forces on each leg. At this 
stage the moments and forces are 
not known either as to magnitude 
or to direction. For this reason they 
are all shown in the positive sense, 
i.c., moments clockwise, and forces 
so as to result in positive deflections. 
In this manner one ensures that tin* 
moments and forces resulting from 
the analysis are obtained with correc 
of each leg. 



,0) 


20 kips 



10^6 ft kip<i 1076 ft-kips 

(c) 

Kir,. 6.9 


sign. Consid(*ring the eiiuilibrium 




M AB + M BA 
~ 20 




M DC + Mcd 
~ 20 


The shears or reactions at the bottom of the legs must be in equilibrium 
with the applied horizontal load or 
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This expression is often referred to as the shear or bent equation. Sub¬ 
stitution of the values Ni and J /2 results in 

MaB + JifBA + Af CO + 

Moc + 400 = 0 

If the values of the moments are 
substituted in this expression, one 
obtjiiiio a seeond c‘fiuation in term of 
ffo and /iJ, namely, 

(^) 3/i:KiOB - (SEKxH + 100 = 0 






Simultaneous solution with 

MSEKiOh ~ i'yEKiR — 0 

i;ives 

EK]9n — 7.()8 EK\R = 20.5 

If these valuers an* siibstitut6*d in the 
original moment e(juations, the fol- 
lowdn^r moments rc'sult: 

.1/ Mt — 4//><’ = — !()/.() ft-kips 
4//M -- 4/(/> = —92.2 ft-kips 
Mui = M<h = 92.2 ft-kips 

Tin* nH)rn(*nt diagram is as shown in 
Fij?. b.9r. 

[\. The fra UK* of Example TTI is 
loaded as show n in Fijr. (i. 10a. From 
Table 0.3, with J: = the absolute 
values of the lived-end moments are 
M{t(, ~ 900 ft-kips and = 300 
ft-kips. With proper attention to 
sijrns, and noting!; that the bottoms of 
both l(‘ji;s an* fixed, the slope-deflee- 
tion (*(iuations are 

M ui - 2EK,eH 

1/ /M — I /i' E\9ri 

.\f,u = SEE,On + 4EK^dr - 900 
M ( H = HA A \ 6r + 4EKiBb + 300 
4/ 1 It — 4EE\d(' 

41 in = 2EI\\9v 


Joint equilibrium re(iuires 


4fHA 4- 41 Hv = 0 and 


41CH “1“ 41 Cl) — 0 
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which, upon substitution of the moment values, results in the two follow¬ 
ing simultaneous equations: 

+ AEK^Bc - 900 = 0 
4E/V10Z, + VIEK.Br + 300 = 0 

which give 

EK\Bh = 93.75 and EK\Bc — “50.2.*) 

If these are substituted in the original moment e(}iia(ions, tlie following 
values result: 

Mah = 187.5 Mba = 375.0 M bc - -375.0 

Mcb = 225.0 Mcd = -225.0 M i,c = -112.5 

The corresponding moment diagram is shown in Tig. {\A0b. 

Since no horizontal loads act on the frame, ecjiiilibrium r(‘C|iiire/ that 
the sum of the horizontal reactions or shears at the l)ottom of th(^ l(*gs he 
zero. In Fig. G.lOc are shown the moments acting at th(' ends of the 
legs. Since these moments are known from previous computations, they 
are shown in the correct sense, while the as yet unknown shears If are 
indicated as acting in the positive direction, (/onsidering the (‘ciuilib- 
rium of both legs, it is seen that 

r/ ^ TT 0^75.0 + J87..5) . (225.0 + 112.5) 

//, + //, = - 

= -11.25 kips 0 

Consecpiently, the frame is not in equilibrium uiuh'r the (‘omputed dis¬ 
tribution of moments. It would be in eciuilibrium if an additional sup¬ 
port were present at the level of th(» beam, as shown in brok(*n lines in 
Fig. 0.10a, which would prevent horizontal di.splaccunent at that level. 
The reaction in that fictitious support must (‘(]uilibrate the sum of the 
shears in the legs, and is therefore as shown in broken lin(*s on Fig. 
O.lOf). This condition is known as “sidesway })revente(r' or “no side- 
sway.’^ If such a support were physi(*ally pn*sent, as it sonu'times is in 
bridge frames, the moment diagram of Fig. 0.10/) would be corr(‘ct. 

In a free-standing frame, how^(*ver, no such horizontal support exists. 
To realize this condition of zero horizontal load, it is n(‘cessary to apply 
to the frame a horizontal force ecjual and opposite to the fictitious, 
horizontal reaction. This means that the correct moments in the free¬ 
standing frame are the sum of tho.se comput(‘d for no sidesway (Fig. 
0.10/)) plus tho.se rc.sulting from a horizontal force ecpial to the sum of 
the horizontal leg reactions (Fig. 0.1 Or/). 

The latter loading is identical in character wu’th that of Example III, 
except that the load is now" 11.25 kips instead of 20 kips. Xo new- anal¬ 
ysis is needed since all moments are simply (11.25/20) times the moments 
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of Example III. Superposition of these sidcsway moments on those 
previously obtained for no sidesway results in the final moments as 
follows: 

Mab = 187.0 - 107.6 X = 126.9 
A/«x = 375.0 - 92.2 X ' = 323.2 

A/,,r = -375.0 + 92.2 X -1,'^- = -323.2 
Afru = 225.0 + 92.2 X = 276.8 

Mcu = -225.0 - 92. 2 X = -270.8 

Mor =■ -112.5 - 107.6 X = -173.1 

It ean easily be checked that the frame is now in ecjuilibrium, i.c., the 
sum of the moments at each joint is zero, and the sum of the horizontal 
reactions at the bottom is zero. These checks should always be made to 
guard against errors. 

The final moment diagram is shown in Fig. G.lOc. Comparison with 
Fig. i^AOb shows the sizable (liflenmcc' whidi obtains between moments 
computed for no sidesway and those a(‘tually occ urring in a free-standing 
frame, i.c., with free sid(‘sway. A correc*! evaluation of the actual side¬ 
sway conditions is ther<*fore a prer(*(juisite for correct analysis. The 
influence of sidesway is the* more pronounced the more the frame or the 
distribution of loads, or both, depart from symmetry. Indeed, if the 
given [)ortal frame were symmetrically loaded, side¬sway would not occur 
and the moments determined for no sidesway would be correct. It is 
the ofT-center location of the load of Fig. 0. lOn which ( aiises the frame to 
sidesway to the right. The direction of this sidesway is that correspond¬ 
ing to the horizontal force of Fig. O.lOd, wliich can also be realized from 
the fact that to prevent this sidesway it was found that a reaction acting 
to the left (F'ig. ().!()/>) would be required. 

It is of some interest to realize the actual magnitude of such horizontal 
sidesway displacements. In Example III it was found that for a hori¬ 
zontal load of 20 kips, KKxH — 20.5. Since R - d/20, one obtains for 
the horizontal load of 11.25 kips of Fig. O.lOc, the sidesw’ay displacement 
d = 20(20.5/A7vi)(l 1.25/20) if all quantities are expressed in kips and 
feet. If a column section of 21 by 24 in. is reciuired to resist the computed 
moments and loads, and if K = 3 X 10® psi, one finds, w ith proper atten¬ 
tion to units, that the sidesway d = 0.127 in., i.c., just over in. It 
is seen that even such small sidesw^ay displacements cause sizable changes 
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in moments. Therefore the assumption of “no sidesway’^ is justified 
only if horizontal displacement of the actual structure is prevented by 
effective connection to a practically unyielding mass, such as solid rock, 
or to another structure v/hich is very much more rigid than the frame 
proper. 

V. Direct analysis of the frame of Example IV. To obtain the “side- 
sway correction moments’' in Example IV, use was made of the pre¬ 
viously determined moments caused by a horizontal joint load (Example 
III). This procedure is advisable if a frame is subject to a variety of 
load conditions, such as dead load, several types of live load, wind, etc. 
In this case only one determination for sidesway must be made, w’hich is 
best done for some convenient horizontal load, such as unity, or 10 kips. 
Sidesway moments for any of the various load conditions are then found 
by simple proportion, as in h]xample IV. 

If only a single loading is to be investigated, it is frecpiently simpler to 
use the complete slope-deflection equations directly, including the side- 
sway terms. For the frame of Example IV^, remembering that sidesway 
displacements do not occur in member BC^ and that R is the same for 
AB and CD, these equations are 

A1 ab — 2iE Tilda — hEI\.iR 
Mba = iEKida - iyEK.H 
Afac ~ HEIiiSa “f“ 4:EI\^idc — 900 
Mra = SEKidr + AEKiBa + 300 
Mci> = AEKiSr - €)EKiR 
A1 jtc — 2DA 

The reciuirement of equilibrium results in the joint equations 

Mba + Mac = 0 and Mra + Mra ■= 0 

If only vertical loads act on the frame, as in Examj)le IV, the shear or 
bent equation is 

M AH + Mba , Af c n + Af i,r _ « 

20"“ " 20 

If, in addition, a horizontal force, such as the 20 kips of Example 111, acts 
simultaneously with the vertical load, the shear or bent ecpiation is 

Mab M ba I Aid) + AtBc , ,wv _ ^ 

- ^ -+ — 20 + ° 

Substitution of the expressions for M abj Af ba, etc., into the joint equa¬ 
tions and the bent equation results in three simultaneous equations for 
Bbj dcf and R. Once these are determined, the moments are computed 
as usual. 
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Example I shows that in structures without sidcvsway the requirement 
of joint equilibrium (joint ec^uation) permits one to determine the rota¬ 
tion of the particular joint. Once this is known, the moments are deter¬ 
mined from the basic, slope-deflection equations. 

Example II illustrates the fact that, without sidesway, as many simul¬ 
taneous equatiotis are obtained as there are unknown joint rotations, 
ex<*ept that rotations of liin^ed eiids rieed not be determined if use is 
made of the iTiformation of Tabh^ (),2. Exam])le ITI shows that if hori¬ 
zontal fon es cause sid(*sway in a frame, use must be made of the require¬ 
ment that the sum of horizontal forces and reactions is zero (shear or 
bent e<juation) to obtain th(‘ n(*cessarv number of equations. The 
example also shows th(‘ simplifi(*ation which obtains if Table 6.2 is used 
in cas(‘ of ant isymm(‘trical dedormation. h^xarnple IV demonstrates that 
sidesway i*** caus(*d not only by horizontal forc(‘s but also by asymmetry 
of loadinj^ and/or slnip(‘. It i^iv'es a method by which the effect of side- 
sway is det<u-min(‘(l by a s(‘parat(‘ sid(‘sw’ay correction, superposed on 
the solution of th(‘ franu* without sidesway. Finally, Example V shows 
that i list (‘ad of such a s(*parat(‘ correction th(‘ (‘fleet of sidesway can be 
in(‘lud(‘d dir<‘ctly in th(* first analysis. It also ilinstrat(‘s th(‘ fact that in 
fram(‘s with si(l(‘sw'ay one obtains as many simiiltan(‘()us (Mjuations as 
there ar(‘ unknown joint rotations and unknown sid(\sway displace¬ 
ments d. 

Problems 

Per the fellowinii; .s(ru<*tun‘s t/t) (*oinpiin‘ lli«‘ «mi(1 (ft) draw 

ineint'iit and shear diaKnmis, and (n sketch «l(‘fl<*eled shape 

1 The Ix'aiii (»f Pi^r;. (».S, loaded as showri, hut witli thi^ suppoit (' s(‘tll(‘d in. 
relative (<» the line AHD. Assiinu* a en^s.s .si'ction of 12 h\ 21 in 



2. The h^idl^e frame of Pi^. t». 11, suhjeet to a iinifonn di'ad load of 1 kip per ft over 
the (Mitire leiij^th. {Hint: the .symmetry of the' .structure can }>e used to simplify 
romputat ions.) 

3. Th(‘ hridjj;(' frame of Pij?. (». 11, su!»jeet to a horizontal force of 1 kip, applied along 
the axis of the beam. (Such fore(»s are caused by the inertia of Vehicles when brakes 
are applied.) 
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4. The bridge frame of Fig. 6.11, subject to a uniform live load of 1 kip per ft on 
span AB. 

6.7. Moment-distribution Method. The jslopO“defle(*tion method is a 
powerful and relatively simple tool for determining moments in con¬ 
tinuous structures, as was illustrated in Art. 6.0. Jt ^^as sho^^n that 
this method results in as many simultaneous equations as there are 
unknown joint rotations and translations (not counting the rotations of 
hinged joints). If there are not more than throe or four such unknowns, 
the method does not present any practical difhculties. However, in 






Fig. 6.12. Moment distrihution at one joint (pioeedun* and formulas). 

many structures, such as multistory, multi hay frames, th(*re may he 
anywhere from five to 1 wenty or more joints, each w ith an unknow’n rota¬ 
tion and many with additional, iiiiknowii translations. If the slope- 
deflection method were used to analyze such structures, the work and 
time involved in solving large numhers of simultan(*ous (‘(juations would 
he prohibitive. To overcome this difficulty, Prof. Hardy (Toss devel¬ 
oped and published the moment-distribution method in 1932. In view 
of the great saving of time achieved by it, this method is now very 
widely" used. It is different from most other types of analysis in that 
no equations are set up and solved unless sidesway is involved. Instead, 
the final moments are obtained by successive, numerical approximation. 
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Suppose that the four members shown on Fig. 6.12a were part of a 
building frame. For the time being the ends 5, C, D, and B will be con¬ 
sidered fixed. A temporary fixation against rotation is now introduced 
at joint A, indicated symbolically in Fig. 6.126. For this state all 
moments in the structure are known, since the moments at both ends of 
both girders are simply the fixed-end moment;^ for the respective spans 
and can be obtained from Table 6.3, while the columns are not subject 
to any moments. 

In general, .1/^^ ^^"d will not be ocjual and opposite so that an 
unbalanced moment = M{c + nr in general 

acts on the joint. The right side of (his equation stands for the sum of 
all fixed-end moments acting on the joint. This unbalanced moment is 
resisted by the temporary, fictitious fixation. 

If this fixation is now r(unov(‘d, /.c., the joint is released, it will rotate 
in the direction of .I/]}, as indicated in Fig. 6.12c, until equilibrium is 
established. Further rotntion is tluni resisted by the bending rigidity 
of all members meeting at the joint, each of which (‘xerts on the joint a 
moment (hat countera(‘ts the rotation, as shown on Fig. 6.12d. For 
etjuilibrium to establish itself, the sum of these momimts must be e(|ual 
and opposite to the unbalanced inonuMit, so that the sum of all moments 
at the joint is zero. Hence 

f Mi, + Mi„ + Mi, - (0.12) 

These moments are knowri a.s (he (li.strihuted inonunts^ since they repre¬ 
sent the fractions of the balancing moment, distributed to the 

respective abutting members. 

In Fig. 6.12 all moments are shown in the direction in which they 
actually act in this particular example, regardless of sign. In connec¬ 
tion with the moment-distribution method, the same sign convention will 
be used as was established for the slopf-deflection method in Art. 6.4. In 
particular, the distributed moments in the free-body sketches of the 
members and joints of Fig. (>. 12d are all seen to be positive in this particu¬ 
lar case, since they act clockwise on their respective members, or counter¬ 
clockwise on joint .1. 

Since joint .1 is rigid, (he angles Ba of all members (Fig. 6.12c) must 
be eciual. From (\ise e of Table 6.2, for a member whose far end is 
fixed, the angle at the near end 

Mi 



Art. 6J] MOMB^T-DtSniBUTION METHOD 175 

Hence, canceling 4£, the condition that all end angles are equal can be 
written as 


K^AB K.AC J\aI) KaI 


(6.14) 


Using this relation to express all distributed moments in Eq. ((>.12) in 
terms of il/la, one obtains, if the first term ii^ multiplied by {Kah/Kah), 


from which 





Similarly, 


The (juantities 


Mi, = 

Mi, = !^'J. etc. 


K x,t 

^aK 


(4(‘. 


(6 15) 


are known as the distribution factors since they indicate the fraction of 
the balancing moment which is distributed to i‘ach individual 

member. 

The distributed moments, acting at the near (mhI of (*ach member (at 
the joint), cause it to bend as shown on Fig i).]2d and consequently 
result in a moment at the fixed, far end By comparing Mv> and Mj\ 
of Case c. Table 0.2, it is seen that the inonumt .1/at the fi\i‘d, far (Mid 
is one-half of the moment il /12 applied at the neai end. lleiici* 

( 6 - 10 ) 

^^CA “ ^2^^AC 

The moments etc., are known as the carn/-ovrr moments^ since they 
arc carried over from the ru^ar to the far end, and the factor } 2 is knowm 
as the carrij-ovcr factor. From the fr(M‘-body sketch(‘s of Fig. 0.12(/ it is 
seen that the carry-over moments have the same sign as the distributed 
moments at the other end of the member. In the figure they arc posi¬ 
tive, since they act clockwise on tlnir respective m('mb(‘rs, or counter¬ 
clockwise on their joints B to E. 

The y?naZ moments at either end of any member, then, arc the sums of 
the original fixcd-cnd moments (where such exist, as in the girders) plus 
the distributed moments or the carry-over moments, as the case may be. 
Thus, 
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M,c = + Mi, Mi, - ^ 

M,u = Mi„ ^ -^.Mf 

Mka = ML + M-,j, = ML - I '^^Mf (6.17) 

w /t A 

M,., = ^ 


and similarly for the otfior four end moments. 

It is scon that tlu^ second of JOqs. ((>.17) \> i(I(‘ntical with tlu* expression 
used in Art. 0.7 for (l(*t(‘rmininp; moments «at lh(‘ (uids of columns in 
building frame's. In fact, aj)proximat(» value's of such moments are often 
obtained in (h'sign practice' })y consieh'ring tin* far ends of all mem]>ers 
abutting to a joirjt a^ tixeal (as in Fig. (>.12). Jn this case the inelicated 
expn'ssion is obtaineal for the; moineiits at the near ejids of the two 
eolurnns. 

The above' pre>ce‘dure* may se'em complicates) if written in general 
terms. The following nuim'rie*al example* will indicate its actual sim¬ 
plicity. Since, in the mome'iit-distributie)n method, all computations 
are earrie'd out nurne'rically rathe'r tlian in the form e)f (‘(juations, it is 
impe)rtant to organize* the* e*omputing shes'ts in a syste'inatie* manner in 
order not to ge't lost in a maze* e)f nnmb(*rs. \ ariou.s such sch(*m(\s arc 
in use, at the* computer’s pre'tere'uce. The* authors be'lie've* that the 
sehe'ine ('inpleiyed in the' following example's is simple* and not conducive 
to errors. 

The left, U])pe*r skedch in I'ig. (>.12 shows the* dime'nsions and loads e)f 
the frame. 'The* (i\e*d-(*?id me)me'nts ifre)m d'able (‘).2) and th(*unbalanc(*d 
joint mome'nts are compute'd as shown. \e*\t. the stitfne'ssc's K and the 
distributie)n factors A'' 17\ are ele*te‘rmine*d as indicate'd. 'J'he moment 
distributiem prope*r is e*arrie‘d out on a se'parate* ske'tch, not ne'ce'ssarily 
drawn to scale. It is advantag('e>us to indicate* ea(‘h uu'inber on this 
sket.e'h by two paralle'l line's. The designations of the joints can then be* 
placed as indicate'd. The* st ilTne*ss K e)f e'ach meunber is inse'rilx'd betwe'en 
the line's at mid-length and the distribution factor is written near the 
joint to which it pertains (here joint .1). Xe'xt, the fixed-end moments 
are showui at< the s(*e*(ions where the'v ae*t. It is advantageous to WTite 
all moments in conse'cutive spans alternatingly on one and the other 
side of the member. This prendele's the* neee'ssary space to enter all sub¬ 
sequent moments. In the giv(*n frame no ti\<‘d-end moments act on AD 
and AB. The balancing moment (ecpial and opposite to the unbalanced 
moment is now* distributed to the abutting members according to 
Eq. ((>.15); that is, - S.O X 0.1 = 0.8, = 8.0 X 0.4 = 3.2, etc. 
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The carry-over moments at the far ends are one half of the distributed 
moments [Eq. (O.IO)], the carry-over being indicated by arrows. Finally, 
the final moments at each end of all members are obtained by summing 
the individual entries. Once the distribution is completed, joint A is in 
equilibrium, ?.c., the sum of the tnial moments is zero: 

U.l f 0,8 - H).8 + l.(> = 0 


This check should alvays be made to guard against errors. At the ends 
of members AB and AJ) the lespecti^e and are tiu' final moments 
since no fixed-end moments are present. 
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04 


M^=-200 


3 


M =-168 


M^=-^200 

16 

M -^21 6 


Fig, (>.ia. Moniciit (listiihiiticm at orjc jojin (cah ulatioiis) 


It is seen that all eight end moments wen' det(*rmined without use of 
equations, by a very simple, numerical pro(‘ess. With some practice the 
moment designation.'^ J/', I'tc.j as w(*ll as the carry-over arrows 

can be omitted on the computation sheets. 

If the far md of a iiuudxr is hin(j((f rather than fi.xed (say end (' in 
Fig. 6.12a), the moment it exerts on the locked joint (Fig. is the 

moment at the fixed end of a beam hingid, rather than fixed, at the other 
end. In this case the corresponding moments are those listed in the last 
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two columns of Table 6.3. The rotation at the near end of a beam whose 
far end is hinged is obtained from Case a of Table 6.2 and is 


ZEK 


(6.18) 


Comparison wdth Eq. (0.13) shows that for such a beam the rotation for 
a given moment is four-thirds of the rotation for the same moment Mi, 
but with other end fixed. Pul in different terms, it may h(» said that 
the stiffness of a beam with far end hinged is three-fourths of that of the 
same beam with far end fixed, flenee, for computing distribution fac¬ 
tors, the sllffnefift of a mcmh(r with Jar end hinged is 

K = 0.7.') j (6.19) 


rather than K = I/I for far end fixed. For such members, of course, 
no moment is carried over to the hing(d end since such a support is not 
capable of resisting a mfiinent (M‘>i = 0 in Case a of Table* 0.2). 

So far, the moment-distribution method has b(‘en discussed only for a 
structure with one single joint {A in Fig. 0.12). If more than one such 
joint is prcs(‘nt, the saim* procedure is appli(‘d to one joint after another, 
in sequence. The method'is b(*st explained for a (‘oncrete example, such 
as the continuous beam of Fig. 0.11. 

At first all joints of the stnu'ture are locked (Fig. 0.1 la). In this state 
only the indicated fixed-end moments act at the* ends of the members. 
Next, one joint is unlocked, such as B (Fig. (>. I \h). To establish equilib¬ 
rium at B, the distributed moments are added as before These, in 
turn, cause carry-over monn^nts at th(* far ends, resulting in tin* indicated 
end moments. Now that B is in e(|^uilibrium it is relocked and C is 
released. The unbalanced moment at that joint + Mj.^) is bal¬ 

anced, as before, by the indicated distributed moments which, in turn, 
again result in carry-over moments at the far ends. At this stage the 
moments at C are balanced so that it can lie relocked. This completes 
what is known as the first distribution cycle. However, a new moment 
has now been added at B so that this joint is no longer balanced. 
It is therefore again unlocked and the process repeated. As will be seen 
from later, numerical examples, the new moments added in each cycle 
decrease rapidly in magnitude. For this reason the computation can 
be terminated when the additional moments be(*ome so small as to be 
negligible. Then, the sum of all moments entered in one column repre¬ 
sents the final moment at that end of the member. 

In physical terms this procedure can be interpreted as follows: The 
deflected shape under load, for the particular beam, is shown in Fig. 
6.14d. The beam assumes this .shape immediately upon loading, wdth 
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the final moments acting on it. In the distribution procedure this final 
or real state is approached in stages. In the first stage, with all joints 
locked, the deflected shape and the corresponding moments are very dif¬ 
ferent from the actual shape of the loaded beam (Fig. fi.Ua vs. 6.14rf). 
The release of joint B allows the structure to come closer to its final 
shape (Fig. 6.14f)); consequently the moments acting in it approach the 
final moments more closely. In each consecutive step (such as Fig. 



io) 
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Fid ().H Ono cyclf' of niorrH'iit (listrilmtion on (‘oiitiniious hnam. 

6.1 Ir) a still riosc'r approach is made to the actual, deflected shape, and 
consequently the moments corresponding to each step dilTer less and less 
from those when all joints are unlocked, as they actually are in the 
structure. 

The advantage* of this seemingly complicated procedure is that the 
moments in the first stage, ^^ith all joints locked, are known directly, 
since they are the fixed-end moments. In each suliseeiuent step the cor¬ 
responding correction moments are computed in a simple, arithmetical 
manner, and the final moments are obtained by simple addition of the 
original fixed-end moments and all subsequent corrections. Simul- 
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taneous eciuatioii.i, as they arise in the slope-deflection method, are 
entirely avoided so that complicated structures (‘an be analyzed with 
relative ease, even when the slope-deflection method would result in 
such a large number of simultanecms e(|uations as to make analysis 
practically prohibitive. 

Illufitrative Example, Solve Example II, Art. O.G, by moment dis¬ 
tribution. With j(nnts E and T locked, the stitTn(‘sscs of spans AB and 
BC are Kab - Kha — //20 = O.Oo/. Span Cl) is hing(‘d at D, so that 
its stiffness is Km == (? 4 )(//lo) = 0.07)1, Since all sliffiK^sses happen 
to be (‘(pial, the distribution factors of all m(‘mb(‘rs at joints B and C 
are K/'^K ~ O.o/l.O = O.o. The fi\(‘d-end moments from left to right 
are given in Art. G.G as T b)0, Juid —()(>.7 ft-kips, the last value 

having Ixhmi comput(‘d for far end hing(‘d. Figur(‘ G.lo shows the com- 
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plete (‘omputation. Joint B is r(‘l(‘as(‘d fir.Nt and tli(‘ (list ril)ut(‘d moments 

— 25.0 appli(‘d to both m(‘mb<‘rs. The joint, now balaiua'd, is relocked, 
which is indicat (‘d by a daslu'd Iiik'. Monuaits an* caiTH‘d ()\(‘r as indi¬ 
cated. The unbalamrd moment at is now 

50.0 {\(' k 7 12.5 -20 2 

The joint is r(‘l('as(‘d and (lu* distribut(*d mnnHMits, 14.0 each, applied for 
balance, aft(‘r which th(‘ joint is n‘lo(*k(‘d, as indicati‘d by the daslmd 
line. This complct('s the first cycli* of distribution. A moment of 7.3 
is carried over to joint B and th(‘ whoU* pro(‘<*ss r(‘pea(ed until the second 
cycle is completed, as indicat(‘d by the sc'cond daslu'd lines in each col¬ 
umn. If the moments at each of the tivi* (mds are now' summed up, the 
following final end monuMits obtain, from left to right: —114.3, +71.4, 

— 71.3, +51.2, —51.2. It is s(‘en that ((/) the moments at B and C 
balan<‘e, as they should; (W the mom(*nts from this tw'o-(*y(‘le distribu¬ 
tion deviate by only a fraction of a p(‘r cent from those obtaiiu'd by slope 
deflection in Art. (>.(>, riz,, —114.5, +71.1, —71.1, +51.1, and —51.1. 

It should be noted how' (juickly the corn'ction moments decrease. In 
this partic’ular case two distribution cycles have resulted in more than 
adequate accuracy. In more complex structures three or four cycles 
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may he retjuired for that purpose. It is iiiterestiiiji; to observe that, for 
this example, the three-moment method results in three simultaneous 
equations for Ma^ MMe, the slope-detleetion method hi two simul¬ 
taneous e(iuations for 6^ and Bn, while by the moment distribution the 
entire analysis is carried out in a numerical fashion. 

For an example of simple moment distribution (without sidesway) for 
a more complicated frame, see part (a) of t.he illustrative example 
in Art. (>.8. 

6.8. Moment Distribution for Frames with Joint Displacement (Side¬ 
sway). The method discus.sed in Art. 0.7 permits the determination of 
moments in structures whose joints, thoiijzih roiatiul, are not linearly 
displaced (translated) under load. In case such linear displacements 
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This jirocess is ('\a<*liy similar to that (*mp!oy(*d in Example's HI and 
IV, Art. ().(), (‘\cei)t that now moin(*n(s will be d(‘<(‘rmin(‘d by distribu¬ 
tion instead of by slope-detlection eeiuations 

If a horizontal force acts on a frame', it will (h'fle'ct an amount d, as 
indicated in Fif^. O.K). It was shown in Example* \\ Art. 0.0, how' thej 
magnitude of sue*h a defh'e'tie)!! can be e*()mj)ute‘ei for a ^iven value of the 
horizontal force. Even thouj 2 ;h, feir any d(*sif»;n. the* horizontal force is 
usually knowui (say, the winel pivssure) it is more conve'iiient in connec¬ 
tion with moment distribution to proe*e‘e*d in the reverse oreh'r: 

The frame is given an arbitrary displace‘me‘nt d e)f convenie*nt magni¬ 
tude. X(*xt, the moments due to this displacement and the magnitude 
of the force recjuin'd to produce it an* eomput(*d. Let the magnitude of 
this force be It, and the corre.sponding moments m, while the actual hori¬ 
zontal force is //. Then, obviou.sly, the actual moments are 



( 0 . 20 ) 
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To compute m and A, the joints B and C, Fig. 6.16a, are first locked 
against rotation, and then are given an equal arbitrary displacement d. 
This causes moments m' to o(‘(‘ur at B, and C {D being hinged in this 
particular example). Leg AB^ with tangents at both ends parallel, 
bends antisymmetrically, as in Fig. 6.6d. Consc(juently, for a given dis¬ 
placement the moments are obtained from'Case d of Table 6.2: 


{SKKBa - O/C 


( 6 . 21 ) 


which holds for the case that the bottom end of the column is fixed. Col¬ 
umn C/), being hinged at one end, corresponds to Fig. 6.6a. Con- 
sc(iuently, for a column with bottom md hing(d, the momcait at the top is 


- ZERO, 


( 6 . 22 ) 


Next, the temporarily locked joints are released and the moments m 
corresponding to the actual conliguration of the frame (Fig. 6.1G/)) arc 
computed by the usual i)roc(‘dure of distributing the moments m'. The 
horizontal reactions hi and hi, an* now d(‘t(‘rmin(*d l)y considering indi¬ 
vidually the eciuilibrium of each leg (sec* Fig t>.0/>). lienee, 


70 in + ?/?/M 


(6.2:1) 


and, since D is hinged, so that fOju -= 0, 


Hence, the horizontal force corr(*.sponding to the arbitrary displace¬ 
ment d is 

//=//!+ h„ (6.25) 


Since the actual force that acts on the frame is H rather than the ficti¬ 
tious, auxiliary force /i, the actual moments are tlu'n computed from 
Eq. (6.20). 

As was show n in Examples III to V, Art. 6.6, sidesway and correspond¬ 
ing moments are caused not only by actual, horizontal loads, but also by 
asymmetry of \ertical loads and/or of frame configuration. 

The analysis of frames with sidesway is illustrated below'. 

Illustrative Example. To compute the moments in the frame of Fig. 
6.17a, the stiffnesses K = I/I are calculated for all members except that 
for the hinged member /)£, K = 0.7ol/l. Next, the distribution fac¬ 
tors are computed for all members at joints B/ C, and D and, together 
wuth the stiffnesses, arc indicated on the computation sketch. Fig. 6.18a. 
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The fixed-end moments for the loaded span BC may be obtained from 
Table 6.3. 

a. With these data the moment distribution of Fig. 6.18a is carried 
out in the usual way for “no sidesway.” The distribution was started 
by unlocking B and then successively C and D, the completion of the 
first cycle in each column of figures being indicated by the dashed line. 
The second cycle is always carried out in the .same setiuence, here B, C, 


16 kips 





Fig. 0.17. ElTert of sidesway on nujinents in iigid fiaiiie. 


Z), its completion being indicated by the r(‘si)eeti\e second dashed lines. 
It is seen that the corrections produced by the se(*ond cycle (momoTits 
shown at all points between first and second dashed lines) amount to 
less than 10 per cent of those of the first cycle. Since correction moments 
in successive cycles decrease in about the same proportion, a third cycle, 
if carried out, would contribute corrections of about 1 per cent or less of 
the final moments. These can be neglected, so that, in this example, a 
two-cycle distribution provides satisfactory accuracy. 
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After completion of the distribution computations, each joint is checked 
for equilibrium, that is, 22.1/ == 0. It is seen that joints B and D check 
exactly. At joint C there is a discrepancy in the third digit. Such dis* 
crepancies in the last digit result freciuently from rounding off further 
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digits not shown in the computation. If computations are carried to 
three digits, as they usually are, slight discrepancies in the last digits are 
obviously negligible. 

Computing the shears at the bottom of the three legs, as shown in Fig. 
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6.18a [see Eqs. (0.23) and (0.24)], an unbalanced for(‘e of // = 4.57 kips is 
obtained. In other words, e.xactly as in Example IV, Art. 0.0, the frame 
would be in erjuilibrium under the moments of Fig. 0.18a only if an addi¬ 
tional support were present to prevent si<lesway and to supply a hori¬ 
zontal reaction of 4.57 kips. This fictitious state of loading and the cor¬ 
responding moment diagram are shown in Fig. 0.17/). 

h, It is now necessary to del ermine the “sidesway correction,^^ /.c., to 
apply a for(*e equal and opposite to //. This amounts to removing the 
fictiti()U|^support at I) which permits the natural sidesway to occur. 
The sidesway moments caused by II, if superposed on those of Fig. 0.175, 
give the correct end moments. 

To compute these monumts, joints and I) are locked and given 

an arbitrary horizontal displacement. This displacement is so chosen as 
to result in moments of convenient magnitude; here Ed — 1000 es 
this ])urpose. The corresponding end moments for legs AH and CF are 
computed from E(|. (().2n, and for the hing(‘d leg DE from E(|. (0.22'^; for 
Ed = 1000, they an' — t5.0, —15.0, and — lO.S ft-kips, respectively. 
These moments are ap])lie(l and distributed in tin' usual mai as shown 
in Fig. O.lS/i. It is seen that a t\\o-cy(‘le distribution is again suflicient, 
sin(*e a third cy(*le would add eorr(‘(*tions of h'ss than 1 pin* cent. Th(» 
horizontal shears are computed as in (a) |se(* E(js. (6.23) and (6 21)] and 
the total horizontal force h ^ —3.()0 kips, corresponding to the given 
deOeclion Ed = 1000, is calculated a^ indi(*at('d in Fig. ().18/> |see E(i. 
(6.25)]. Since the moments of Fig. (».lS/> are (‘aus(Mi by a force of 3.60 
kips, while tlu' force n'cjuin'd to eliminate th(‘ n'action of Fig. 6.175 is 
4.57 kips, the actual sidesway moments are 1.57/3.()0 time's those of 
Fig. ().185 [see Eep (6.20)]. The corresponding sidesway monu'nt dia¬ 
gram is shown in Fig. 6.17r. 

c. To obtain the final moments, the sidesway moments of Fig. 6.l7r are 
added to those' fe)r lU) side'sway, Fig. <>.175, re'sulting in the' final me)ment 
eliagram shown in Fig. 6.17e/. CV>mj>arison ejf Fig. (>.175 and d show's the 
very large influe'ne*e sidesway may have; not only are the magnitude's of 
the moments changeel by 50 per e*ent and me)re, but (‘ve'ii signs are' re've'rseel 
in some cases, sue*h as at points A anei I). Even thenigli the relative 
influence of sielc'sway ma}^ be^ consiele*rably smalle'r in many e*ases, the 
present example, as well as that of Art. 6.6, shows that it is unsafei to 
neglee't sidesway in design except (1) if symmetry e)f the* frame anei le)ad- 
ing fejrestall any sielesway tende'ne*y or (2) if the structure is so supj)orted 
as te) make sielesway physie-aily impos.si})Ie. 

d. If a real, horizontal force of, say, 10 kips, such as a wnnel lejad, acts on 
this frame, from le'ft to right, the moments are 10/4.57 times those of 
Fig. 6.17c or, wh'wh amenints to the same, 10/3.60 of those determined by 
the distribution of Fig. 6.185. 
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Problems 

Solve Prol)8 2 to 4, Art 6 6, by moment distribution 

6.9. Building Frames, Vertical Loads. Rigid frames with a small 
number of spans, and one or at most two stories high, occur frequently in 
industrial and (ommercial stnutuies and in bridges Since the number 
of joints m sufh frames is ndatnely small, thfir analysis represents no 
partKular diftic ulty, as is illustiatcd by the examples of the fijrecedmg 
artu les 
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In (ontiasi, the fiame^ of multistory apnitment or ofTue buildings, 
wan houses and the like have a multitude of iiumbeis and joints as is 
seen on the relatively small fiame of 1 ig h 19 Smh frames are known 
for shoit as bialihnq fraims and aie (omposed of (olumns and of gliders 
or beams These membcis must be designed for the largest moments, 
sheais and, in the ease of (olumns, axial loads which can reasonably be 
expcM ted to o((ui during the liletime of the building These moments, 
sheais and axi il loads are biought about in part b> the weight of the 
struttuie (dead load) and in pait bv Ine load hile the former is 
constant, li\e loads, sinh as flooi loads from human occupancy, can be 
plated in yaiious wavs, some of whuh will lesult in larger efTet ts than 
othei s 

In Fig () 19a, onl\ span CD is loaded b\ li\e Itiad The distortions of 
the \arious frame members are seen to be largest in and immediately 
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adjacent to the loaded span, and decrease rapidly with increasing distance 
from the load. Since bending moments are proportional to curvatures, 
the moments in more remote members are correspondingly smaller than 
those in, or close to, the loaded span. However, the loading of Fig. 
6.19a does not produce the maximum possible positive moment in CD, 
In fact, if additional live load were placed on span .1/^, this span would 
bend down, BC would bend up, and CD itsrdf would bend down in the 
same manner, although to a lesser degree, as it is bent b}" its own load. 
Hence, positive moment in CD is increased if AB and, by the same 
reasoning, EF are loaded simultaneously. Expanding the same reason¬ 
ing to the other members of the frame, it is easily seen that the “checker¬ 
board patternof live load of Fig. 6.196 produces the largest possible 
positive moments not only in CD but in all loaded spans. Hence, two 
such checkerboard patterns are reejuired to obtain the maximum positive 
moments in all spans. 

In addition to maximum span moments it is often necessary to investi¬ 
gate minimum span moments. Dead load, a(*ting as it does on all spans, 
usually produces only positive span moments. lJowe\(*r, live load, 
placed as in Fig. 6.19a and, even more so, in Fig. (>.196, is seiai to Ixaid the 
unloaded spans upward, i.c., to produce negative moments in the span. 
If these negative live-load momemts are larg(‘r than the generally positive 
dead-load moments, a given girder, depending on load position, may be 
subject at one time to positive span moments, and at anotla^r to negative 
span moments. It must be designed to withstand both types of moments, 
Z.C., it must be furnished with tensile steel at both top and bottom. Thus, 
the loading of Fig. 6.196, in addition to giving maximum span moments in 
the loaded spans, also gives minimum span moments in the unloaded 
spans. 

Maximum negative moments at the supiioiis of the gird(‘rs are 
obtained, on the other hand, if loads arc placed on the t wo spans adjacent 
to the particular support and in a corresponding patt(*rn on the more 
remote girders. A separate loading scheim* ol this type is then reipiired 
for each support for which maximum negative moments are to be 
computed. 

In each column, the largest moments oc(‘ur at the top or bottom, as can 
easily be seen from the examples of the preci^ling articles. While the 
loading of Fig. 6.19c results in large moments at the ends of columns 
CC' and Z)Z)', the reader can easily coii\in(*e himself by a simple moment 
distribution that these moments are further augmented if additional 
loads are placed as shown in Fig. 6.19(f. 

It is seen from this brief discussion that, in order to calculate the 
maximum possible moments at all critical points of a building frame, live 
load must be placed in a great variety of different schemes. If a complete 



Ill CONTINUOUS SEAMS AND FRAMES [Art. 6.9 

moment distribution for the entire frame is carried out for each of these 
cases, the required amount of computation becomes prohibitive, even 
for frames with a limited number of spans and stories. The need is 
apparent, then, for simplified approximate methods which would allow 
the determination of these moments with reasonable accuracy and yet 
with a limited amount of computation. ' Although such abbreviated 
methods cannot result in the largest theoretically p()ssi})lc moments, the 
use of approximations is justified for a variety of reasons. 

Thus, even though it is theoretically necessary to load span 
among others, to obtain the maximum positive moment in D'E' (Fig. 
0.1%), the former is so far removed from the latter that its effect on this 
moment is negligibly small. Hence, the influence on any moments of 
loads on spans sufficiently far removed can generally be neglected. That 
such a proc(‘dure is l(‘gitimate is eirq)hasized also by the fact that it is 
(juite improbable for the exact loading schemes of Fig. i)A\)l> and d ever to 
()(*cur during the lifetime of the structure. Considerations like these 
justify in('lhods in which, to d('t(a*mine any particular moment, only the 
influeiK'e of th(‘ adjaccait parts of the franu' is consi(l(‘r(‘d. 

In this coniH'ction it is also important to r(‘ali/e th(‘ difference in the 
importance of accurate momeiit detcTinination for girders on the one 
hand and for columns on th(‘ ofh(‘r. In the former the recpiin'd cross 
sections are di(*tated exclusively by momemts and shears, and for this 
reason a relativ(‘ly a(‘ciirate chdermination of th(‘s(‘ (juantities is called 
for. Columns, on th(‘ other hand, must resist the axial loads from over- 
lying parts of th(» structure, in addition to the bending moments induced 
in them by the rigidly coniu*ct(*d gird(*rs. Some iiiar’curacy in determin¬ 
ing these moments affects, therefore, only one of the two factors (loads 
and moments) which determine the recpiired cross s(M*tions and, for this 
reason, has smaller over-all effects than similar inaccuracies in detiumiin- 
ing girder moments. It should also be noted that the h)ad distribution 
w'hich results in maximum column moments does not at the same time 
result in maximum axial fonaxs in the same columns. For instaiu'c, 
even though the loading of Fig. ().1% re.sults in maximum Mrr', the axial 
load on that column would attain its maximum if all, instead of just a 
few’, of the adjacent girder spans in the upper stori(\s w (ue loaded. While 
such full loading of ov(‘rlying spans would result in maximum axial force, 
it would, conversely, cause a smaller moment Mcc' than that resulting 
from Fig. 0.1%. 

It is evident from this discussion that an approximate method of 
moment determination is ndiable for design use if it permits the determi¬ 
nation of girder moments with a relatively high degn^e of ac(*uracy. For 
column moments, a cruder approximation is p(*rnii.s.sii)lc, if such moments 
are used in conjunction with maximum axial loads (?.c., all overlying 
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adjacent spans fully loaded, except for such decrease in live load with 
increasing number of stories as is permitted in most building codes). 

Extensive investigation by means of numerous trial computations has 
shown that, for building frames with reasonably n^gular outline not 
involving unusual asymmetry of loading or shaj)e, the influence of side- 
sway caused by vertical loads can be neglected. 

Ip that case moments are deterniined with sufficient accuracy by break- 
ia^p the entire frame into simpler subframes. Each of these consists 
cw^ne girder, plus the top and bottom columns framing into that par¬ 
ticular girder. Placing the live loads on that girder in the most unfavor¬ 
able manner permits sutHciently accurate dc^ttnuaination of all girder 
moments and of the moments at the to]) ends of the bottom columns and 
at the bottom ends of the top columns. For this partial structun*, the 
far ends of the columns are coiisidered as (i\ed, excejit for such first-floor 
or basement columns where soil and foundation condicions more closely 
approach hinged ends (see Art. (i.ll). Conseciuently, the ACI Code 
specifies for floor members, including girders: 

(1) The live load may i)o coiisidcivd to be aiJplied only to the fioor under con¬ 
sideration, and the far (muIs of tin* colunins ma> be a'>suine<l a^ fixed. (2) (\)n- 
sideratioii may Ix' limited to combinations ot dead loads on all spans with full 
live load on two adjac(‘nt spans (for iM‘gafi\(‘ suj)port moments) and with full 
live load on alternate spans (for positive siran monients). 

In regard to columns, the Code indicates: 

In building frames, jrarticular attention shall be giv(‘n to the cfTect of unbal¬ 
anced floor loads on both exterior and interior columns and of (‘(‘centrie loading 
due to other causes. In eomjruting moments in columns, the far (Uids may be 
considered fixed. Column^ sliall be designed to resist tire axial foicrxs from loads 
on all floors, jdus the maximum luMulmg duo to loads on a single, adjaecmt span 
of tlie floor under consideration. 

The following example illustrates the computation of moments in 
building frames. 

lUuHtrntive Example. The structun* shown in Fig. (),2() repn*sents the 
second-story girder of tlu* frame of Fig. (i.It), including tin* abutting top 
and bottom columns, isolated as just described. Dimensions and 
moments of inertia are shown in the main sketch, while the magnitude 
and character of loads is indicated at the top of the figure. Since span 
lengths differ by more than 20 per cent and since the ratio of live to dead 
load, at least for some sj)ans, exceeds 3:1, dixsign by approximate momcint 
coefficients such as those of Art. 3.0 would be misleading and unsafe. 
Moment determination by more accurate frame analysis is, therefore, 
mandatory for this structure. Let it be re(iuired to compute all necessary 



LL= 3.0kipsAt LL.j= 2.0 kips / ft Loods 

D.L.!= 0.8 kips, / ft 


190 


CONTINUOUS BEAA^ AND FRAMES 


[Arl.«.» 



£ 


C C 
Q> — 

11 

O 

X </> 

si 




t t E 

I I i 

3 3c 

ez e::! s § .j 

£| I 

-ii ni -jl I 

_j E -J E -Jo < 
ro ^ in to 




1 

s 







c 

h 

_ 

") 






'li 

_ ] 

;) 






i 

j 

C 







3 

1 

1 

b 

VI 

1 _^ 







ond 

Fig. 6.20. Approximate determination of moments in building frames (vertical load). 



Art. 6.91 WILDING FRAMES, VERTICAL LOADS 191 

moments for span 5C, the minimum span moment for CJD, and the 
column moments Mbb' and 

According to the preceding discussion and to the quoted provision of 
the ACI Code it is necessary, for this purpose, to d(^<ermine moments 
from the six loading schemes shown at the bottom of Fig 0.20. This 
would require six separate moment distributions. TIowt‘ver, in this par¬ 
ticular case considerable simplification can be achievcul by noting that 

(a) all live and dead loads are uniformly distributed, though of varying 
magnitudes, and (6) the structure is symmetrical. To reduce computa¬ 
tions, moments are determined separately for a uniform load of 1 kip per 
ft placed individually on span AB, BC, and Cl). The moments for all 
six loadings of Fig. 0.20 can then be computed by simple superposition of 
the moments obtained from these three distributions. Simphfici t ions 
such as this depend on the shape of the structure and the type of Kj.aling 
and should always be used when p()s^ible. 

The fixed-end moments wl-/\2 for w - 1 kip per ft are 75.0, and 
18.75 ft-kips for spans AB, BC, and CD, respectively. The stilfnesses 
and distribution factors are computed in th(‘ usual manner fiom the given 
lengths and moments of inertia. 

For this particular type of moment computation in building franu's, a 
special w^ay of recording the calculations is oltcMi found c()n\ (‘uient. This 
scheme is showui in detail in Fig. ().21« and is self-(‘\planatory. ll has 
the advantage that all figures are written in oiu' instead of two din'ctions. 
Carry-overs along the girders can be indicated })y arrows in the usual 
manner. This would not be possil)Ie for carry-oA'crs along (olumns. 
However, these are not re(iuirod, since only moments in th(‘ column end 
sections adjacent to the girder are determined in this special form of dis¬ 
tribution. Moment Mb'b^ foi instance, would Ix' found, not from this 
calculation, but from a similar analysis of girder A'F' of Fig. 0.19, with 
its adjacent columns. 

The three distributions for the unit loads on the thre^ sjians are given 
in Fig. f).21a to c. In examining th(\s(‘ ealculat ions, thc‘ follow ing features 
are notew'orthy: (a) Jt is seen from Fig. (>.2In and b that moments decrease 
veiy rapidly wuth increasing distance from the loaded span, amounting 
here to less than 2 per cent of the loaded-span moments at those joints 
which are twdee removed from the loaded span. This r(‘duc(‘s very con¬ 
siderably the amount of calculations r(‘(|uired for singl(‘-span loadings. 

(b) Two-cycle distribution at the near joints and a single cycle at the 
remoter joints is seen to result here in satisfactory accuracy, although in 
some cases more cycles may be re(|uir(*d. 

For Fig. 6.21a the order of joint release was A, B^ C, 7), A, /i, while for 
Fig. 6.216 it was B, C, 77, E, A, T, 7J, A, furtluT distribution on each 
joint being discontinued as soon as correction moments have decreased 
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sufficiently. For the case of Fig. 6.21c, advantage ^^as taken of sym¬ 
metry by unlocking symmetrical!}^ located joints simultaneously in pairs. 
Thus C and D were simultaneously released first, next B and E, and 
finally C and 7). It is seen that if computed in this manner all com¬ 
ponent moments on one side are eijual and opposite to those for the sym¬ 
metrically located sections on the other side. With some e\j)(‘rience such 
computations in case of symmetrv are carried out l)y shoNving one set of 
figures only. The resulting moments caused by unit loads on individual 
spans are shown in the labh* below. 


Unit 

load 


( 

^)lumn inoinonts 

1 

1 

1 

1 

(In d(‘]* inoJiu'nf H 


on 

span 

Maa^ 

M aa" 

MbF 

M BiC 

M,, 

l/^(" 

Mau 

Mui j 

Urn 1 

1 

1 

1 M( H 

Mci> 

1 

AB 

4-7 () 

410 o 

~S 1 

-10 0 

40 s 

41 1 

- IS 0 

1 2S 7' 

10 0 

i 0 

-0 0 

BC 

-2 S 

- \ 0 

t IT) 5 

420 5 

- 14 0 

-IS 7 

40 

+ 27 2I 

-(i:i ;<! 

\ 00 0 

-33 8 

CD 



-0 1 

-0 5 

4 0 

4-4 S 


-0 7| 

' ' 

41 0 

- 13 0 

DK 



40 ;i 

40 1 

-3 0 

1 0 


-io :! 

1 5' 

3 S 

410 8 

EF 




1 

40 2 

f 0 2 




1 0 2 

f 0 6 

All 












spans 

+4 8 

4-G 5 

-r7 d 

-f 0 \) 

-12 4 

I() 0 

'-111 

1 

t 57) M 

1_ 

72 2 

1 (..1 7 

30 0 


The moments for span loads on I)E and EF in th(‘ 1abl(‘ above W’ere 
obtained as the ecjual and opposite of those' for syinin(*tri(‘ally located 
sections for span loads on BF and AB, respi'ctiA ely. 

From these moments causcnl })y lh(' unit hiads, the actual frame 
moments are easily coniput(‘d as follows: 
a. Maximum girder moments at sui)j)orts: 


M lid 


Me 


D.L. all spans: 0.8 (-7:13) - 
L.L. on BC: 2.0 (- 03.3) 
L.L. on AB: 3.0 (-10.0) = 
max AInc “ 


- 08 0 
-120 0 
-30 0 

— 210 2 ft-kips 


D.L. all spans: 0.8 (+03.7) 
L.L. on BC: 2.0 (+00.6) 
L.L. on CD: 2.0 ( +4,0) 
max Mcb 


+ol 0 


+ 133 2 
_ +^2 
+ 193 4 ft-kips 


(By the beam sign convention, both these moments arc negative.) 
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6. Maximum mid-span moment in BC: 

Mac* 

DAj. as in (a) = —58.6 

L.L. on BC as in (o) = —126.6 

L.I.. on DltJ: 2.0 (-1.5) = 

Mut = -188.2 ft-kips 

McbI 

D.L. as in (a) = -f-5I .0 

L.L. on B(^ as in {n) = -+ 138 2 

L.L. on IjK: 2.0 ( — 3.8) = —76 

Min = +17(>.6 

Mid-span rnomcnl: 

30“ 

Mtn = 2.8 X - 
= 132.6 ft-ki|)s 

(SiiK ‘0 the 1 wo end mom(‘n<s diHVr soni(‘\\ liat, the niaximiirn span moment 
does not o(*ciir at mid-sj>an Init at the point of /(*ro shear. In the present 
ease th(‘ diHereiue is (*xtrem(‘ly small.) 
c. Minimum mid-s[)an monuait in CD: 

M Cl) — — M tj(: 

D.L. all spans: O.S ( -*36.6) 

L.L. on B(^: 2.0 ( -33.8) 

L.L. on DC: 2.0 (+10.8) 

M<n - -Mnr 

Mid-span immuMit: 

Mu■^ - O.S X = -75.7 = -55.2 ft-kips 

o 

(It is seen that the minimum mid-s])an momiait in (U> is negative so that 
tension reinforecuiuMit is r(‘(jiiired near the lop fa(*(‘ of th(‘ girder.) 

(/. (\)himn moments: 

M liH' *. 

D.L all span.s: 0.8 (+ /.3) — + *) 8 

r..L. on BC: 2.0 (+15.5) - +31 0 

Mnn' - +3() 8 ft-kips 

D.Ti. all spans: 0.8 (+ 9.9) = -+79 
L.L. on BC: 2.0 (+20,5) = +41 0 
M ft O'* ~ +48 9 ft-kips 


= -29 7 
- -67 6 
= +21 6 
= —75 7 ft-kips 


188.2 + 17(>.6 
‘) 
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(Column moments of opposite sign are caused by live l(»ad on AB, instead 
of BC. It is (luickly verified that the absolute values of the column 
moments at B are larger if live load is placed on Bi" rather than on AB, 
In case of doubt, moments due to live load on (Mther side of the column 
must bo checked; the larger of them govern design.) 

Moments at other sections of columns or giider can lie computed in 
the same manner without additional distribution^ 

If dead and live loads are of different character so that they cannot be 
obtained as simple multiples of unit loads, and or if the stru(‘ture is not 
symmetrical, it may become nec(‘ssary actuall\ to carry out separate 
niviment distributions for each case of loading such as thos(‘ illustrated 
in Fig. 0.20. In numerous practical casi's, however, simplificalions, such 
as those illustrated in the example, can be uschI to shorten computations. 

6.10. Building Frames, Horizontal Loads. Horizontal loaiU on build¬ 
ing frames are causr^d primarily by wind pnsssurex IVc'ssures p(‘r scpiare 
foot of vertical w^all surface are sp(‘citi(‘d in building code's and, (lejiending 
on locality, exposure, etc., cary from 10 to 50 psf. In addition, eaiih- 
(piake shocks produce horizontal sway which re'sults ii inertia forces act¬ 
ing horizontally on the structun*. It was found by ('vte'iisive observation 
that these horizontal forces, latlu'r than those' inducc'el by the simultane¬ 
ous vertical motion eif tlu' ground, are' e*hietly respemsiblc' for strue'tural 
eartheiuako damage. For this re'asem buileling ceides in localities with 
high earthquake ine*i(lene*e reeiuiie tliat strue*tures lie designed to resist 
ceirresponeling heirizemtal fore'os. The'se* are' spe‘e*ilie'el as stipulated per¬ 
centages of the total loael eif the building abeixe* the* given floor, and are of 
the order of 10 per cent of that loael. 

In older-type Iniildings, with inassiv'* bearing walls, wind forces are 
resiste'd by these walls aeding as e*antih*ve'r be'aius (leiade'd in the* eIir('e*tion 
of the axis of the wall;. In nioeh'rn frame* Imilelings, light eairtain walls 
are usually employed whiedi eh) ne)t pe).sse‘ss signitieauit stre'iigth and stiff¬ 
ness so that horizontal le)ads must be* ivsiste-el by the* frame* pre)per. AVith 
regard to earthquake* force'r^ tlie e)l(le*r-typ<‘ buileling was femnd to be 
easily damaged because the* he*avy anel brittle* bearing walls did not 
possess the necessary stre*ngth anel fle*\ibility te) wilhstanel the* swaying 
motion. Correctly designed rigiel-frame builelings, on the oth(*r hand, 
were found to stand up very well uneler sue-h stress. 

These horizontal forces, by action of walls and floors acting as rigiel 
diaphragms in their ow'n plant's, are* transmitteel to the joints of the 
frame. For wind pre.ssurt's, it is e*ustomary te) e'omf)ute the le^ad on a 
joint from the area of exterie)!* wall surface pe*rtaining to it, i.c., from the 
rectangle outlined by vertical c(*nt(*r lint's b(*twt‘en adjacent frames and 
by horizontal center lines between floor It'vels. Earthtjuake forces are 
distributed to individual joints in similar w ays. These distributions are 
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not very exact, particularly if the external forces do not act in the planes 
of the frames, and also if the outline of the structure is irregular in plan 
and/or elevation. More accurate ways of distributing the total forces 
to the individual frames are discussed in the references cited later in this 
article. The references also indic^ate that the actual distribution of wind 
forces, in particular, is frequently very different from the assumed uni¬ 
form pressure on the surface of the windward walls. 

For the combination of live and dead loads plus wind load the ACI 
Code allows permissible stresses one-third larger than those allowed for 
live plus dead load alone. This is done in recognition of the fact that 
the coincidence of full wind force with most unfavorably distributed live 
load is extremely unlikely. Also, the rarity and temporary nature of 
maximum wind forc(‘s is likely to result in less damage than if these 
same forces were of gr(\at frc{iuen(*y and extended duration. Hence, 
wind stresses are treated in codes as somewliat secondary effef‘ts, in com¬ 
parison with the main stresses caused by dead and live loads. 

Horizontal forces on building frames produ(*e sidesway and their effects 
can be accurately computed only by sidesway analysis, as discussed in 
previous articles. It will be realized that such an analysis, for frames 
with anywhere from 5 to 20 or more stories, recjuires very lengthy com¬ 
putations, even by the more rapid moment-distribution method. In 
most cases, how^ever, such accurate det(‘rminations are neither required 
nor justified. It was point(‘d out that considerable uncertainty prevails 
regarding the magnitude as well as the distribution of wind and earth¬ 
quake forces. It is usel(‘ss, in analysis, to aim at an accuracy greater 
than that of the load data and otlier assumptions. In addition, the 
somewhat secondary <‘ffect of these rare and transitory forces also justi¬ 
fies the use of more approximate, analytical methods. 

A consi(leral)le number of smii approximate methods has been in use 
for many years. Altliough some of them result in slightly better theo¬ 
retical accuracy than others, in view' of the prevailing uncertainties these 
differences are usually not significant enough to discard the simpler 
methods in favor of those of slightly bettor theoretical accuracy. For 
this reason only the simplest of those methods which are in reasonable 
agreement with accurate analysis wdll be discussetl here, the approach 
wdiich is knowm as the portal methods 

In simple frames, horizontal forces result in moments distributed as 
shown in Figs. (>.9c and O.lTc. It is seen that in all members moments 
vary linearly and, excejit in hinged members {1)E in Fig. 6.17), have 

^ For more information on other types of analyses, as well as on magnitude and 
distribution oi horizontal forces, the reader is referred to “Wind Bracing in Steel 
Buildings,” Final B(‘i>ort of Suh-eommittee 31, Trans, ASCE^ vol. 105, p. 1713, 1940, 
and “Continuity in Concrete Building Frames,” Portland Cement Association. 
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opposite signs at both ends (in the sense of the beam sign convention). 
It is further seen that in these members the points of zero moment 
(inflection points, see Fig. 6,9rt) are lo^’ated reasonably close to the mid¬ 
point of each member. In hinged members, of course, zero moment 
obtains only at the hinge. At the inflection points, with zero moments, 
only shear aixd axial forces act on the cross section. For symmetrical 
portals, such as that of Fig. 6.9, the shear forces are the same in both 
legs and are equal, each, to half of the external horizontal load, as is 
easily checked from the information on that iigure. If one of the legs is 
more rigid than the other (larger value of A'), it would re(juire a larger 
horizontal force to displace it horizontally by the same amount as the 
more flexible leg. Consecjuently the portion of the total shear resisted 
by the stiffer column is larger than that of the more flexible <.olumn. 
This is easily checked by computing and com])aring shears in AB and 
CF of Fig. 6.17c. 

In building frames, moments and f()r(‘es in the girders and cclumns of 
each individual story are distributed in subMantially the same manner 
as just discussed for single-story frames. The portal method of comput¬ 
ing approximate moments, shears, and axial fon‘eo from horizontal 
loads is, therefore, bas(‘d on the following lhre(‘ simple propositions: 

1. The total horizontal slu'ar in all columns of a given story is equal 
and opposite to the sum of all horizontal loads acting al)ove tliat story. 

2. The horizontal shear in both extcu’ior c‘olumns is the same; the hori¬ 
zontal shear in each int(‘rior column is tv ice that of an exterior column. 

3. The inflection points of all members, columns or girch'rs, arc located 
midway between joints. 

Although the last of these propositions is commonly applied to all 
columns, including those* of the bottom floor, the* authors j)r(*fer to deal 
with the latter se‘parately, depending on conditions of foundation (see 
Art. 6.11). If the actual conditions are such as practically to prevent 
rotation (foundatioh on rock, massive pile foundations, etc.), the inflec¬ 
tion points of the bottom columns are above mid-point (see Figs. 6.9c 
and 6.17c) and may be assumed at a distance of 2/?/3 from the bottom. 
If little resistance is offered to rotation, such as for relatively small foot¬ 
ings on compressible soil, the inflection point is located closer to the bot¬ 
tom and may be assumed at a distance of /?/3 from the bottom or even 
lower. (In ideal hinges the inflection point is at the hinge, z.c., at the 
very bottom.) Since shears and corresi)onding moments are largest in 
the bottom story, a judicious (‘valuation of hmndation conditions as 
they affect the location of inflection points is of considerable importance. 

The first of the three cited propositions follows from the requirement 
that horizontal forces be in equilibrium at any level. The second takes 
account of the fact that in building frames interior columns are generally 



200 


CONTINUOUS BEAMS AND FRAMES 


[Art. 6j0 

more rigid than exterior ones because (a) the larger axial loads require 
larger cross sections and (h) exterior columns are restrained from joint 
rotation only by one abutting girder, while interior columns are so 
restrained by two such memf)ers. The third proposition is very nearly 
true because, except for the top and bottom columns and, to a minor 
degree, for the exterior girders, each member in a building frame is 
restrained about equally at ))oth ends. For this reason it deflects under 
horizontal loads in an antisymmetrieal manner, with the inflection point 
at mid-length. 

The actual computations according to this method are extremely sim¬ 
ple. At an inflection point, with Af = 0, only shears and axial forces 
are transmitted from one half of the memb(‘r to the other. An inflec¬ 
tion point is, th(‘refore, e(|uival(‘nt to a hinge, which also transmits only 
forces, but not moments. Once column sh(‘ars are determined from 
propositions 1 and 2, and inflection })oints (hing(‘s) located from proposi¬ 
tion 3, all moments, sh(*ars, and forces an* simply computed by statics. 
The process is illustrated in Fig. ().22a. 

For illustration, consider joints A and H. The total shear in the sec¬ 
ond story is 3 + G — 9 kips. According to pr()])osition 2, the shear in 
each exterior column is \)/{\ — 1.5 kips, and in each interior column 
2 X 1.5 ~ 3,0 kips. The sh(‘ars in th<‘ otlun- floors are obtained in the 
same maniKM*, and act at the hinges as shown. Considejjng the equi- 
lil)rium of tlu* rigid structure b<qw(‘en hing(‘s a, />, and r, the column 
moments, 3.0 and 9.0, r('sp(‘cti\ely, are ol)tained dir(*ctly by multiplying 
the shears by th(‘ir lever arms, 0 ft. T he girder mon uMit at to produce 
ecpiilibriuin. is e(jual and opposit(‘ to the sum of the cofumn moments. 
The shear in th(‘ gird(‘r is obtain(‘d by recognizing that its moment (/.c., 
shear times half of girder span) must b(‘ (‘(pial to th(‘ girder moment at C. 
Hence this slu'ar is 12.0/10 — 1.2 kips. Th(' inorncait at the other euid, 
/>, is e(jual to that at (\ since the infl(‘ction point is at mid-span. At 7>, 
column monuMits are computed in the same manner from the known col¬ 
umn shears and lever arms. 13ie sum of th(‘ two girder moments, to 
produce (Mpiilibrium, must be e(|ual and opposite* to the sum of the tw’o 
column moiiK'iits, from whicli the girder moiiK'nt to the right of C is 
18.0 + 0.0 — 12.0 ~ 12.0. Axial forces in the columns also follow from 
statics. Thus, considering the* rigid body «AV, a \ertical shear of 
0.3 kip is seen to act upward at d. To equilibrate it, a t(‘nsile force of 
— 0.3 kip is re(|uir(‘d in the column CE, In the rigid body abv an upward 
shear of 1.2 kips at b is added to the* pre*vie)us upward tension e)f 0.3 kip 
at a. To eepiilibrate the*se two fore*es, a tension force of —1.5 kips is 
rec|uireel in column AC, If the equilibrium of all other partial structures 
between hingtxs is e'onsielered in a similar maniief, all moments, forces, 
and shears are rapielly determined. 
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In the present case relatively flexible foiincJntions were ass'iimed and 
the location of the lowermost inflecfion points was estimated to be at 
h/S from the bottom. The geneial eliaia(*ter ot tin resulting moment 
distribution is show ii in Fig 6 22b 



.Fig. 6.22. Portal method for determining moments fiom wind load in building frame 

6.11. Effective Spans, Moments of Inertia, Support Conditions. 

Eff(ctive Spans. In structural analysis, stiuctures are usually repre¬ 
sented by simple line diagrams Actually, the depths of beams or girders 
and the widths of columns (m the planc^ of the frame) amount to sizable 
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fractions^of the respective lengths of these members. Their clear or 
free lengths are therefore considerably smaller than the respective center¬ 
line distances between joints. It must then be decided whether, in the 
analysis, center-line distances or clear lengths should bo used. The usual 
methods of analysis, such as those discussed, assume that each member 
has a given flexibility over its entire lengtli. Actually, the block of con¬ 
crete formed at a joint by the members there intersecting is extremely 
rigid in both directions, contrary to the assumptions of analysis. It is 
customary, nevertheless, to consider the lengths of the members to be 
given by center-to-center distances between joints. 41though this is not 
strictly exact, it is (*loser to the truth than the alternative of using clear 
lengths. Indeed, if these were employed in a frame of several bays and 
stories, the analyzed frame might easily be several yards shorter and lower 
than the actual structure so that the necessary similitude between analy¬ 
sis and structure would be lost. 

However, even though joint moments an^ determined on the basis of 
center-line distances, one has still to d(M‘id(‘ at what location the end 
moments shall be computed for which girder and column sections are 
dimensioned. A girder intersecting a column obvioiisly has a very great 
depth along the center line of the latter and, physically, assumes its 
design d('pth only from the column face outward. Since the diagram of 
negative moments is usually quite steep in the neighborhood of sui)ports, 
the theoretical moment at the joint is fre(|uently considerably larger than 
that at the face of the column. If the former wen' used for dimension¬ 
ing, an unnecessarily large section wunild obtain. For this reason the 
ACI Code specifies that ‘‘moments at faces of su])})orts may ])e used for 
design of beams and girders.^' The same situation arises for columns. 
How^ever, for these (a) the moment curve is generally not as steep as in 
girders so that the difTerence betwTen the theon'tical joint moment and 
that at the face of the girder is relatively smalha*, and (h) in view’ of the 
simultaneous axial force a moderate change in moment affects hut slightly 
the required cross section. For this reason theon'tical moments at joints, 
without reduction, are frequently used for designing columns, although 
the use of moments computed at the face of the girders may be advisable 
in unusual cases. 

Moments of Inertia. The design of flexural members is based on the 
cracked section, f.c., on the supposition that the part of the concrete 
w’hich is in tension is inelTective. It w^ould seem, therefore, that moments 
of inertia, for the purpose of computing stiffnesses A", should be deter¬ 
mined in the same mariner, i.c., for the transformed section (see Art. 
3.12), discounting the concrete in tension. This, how^ever, would not 
give a measure of the true stiffness of the member. Indeed, even though 
the concrete is capable of resisting onl^^ a moderate amount of tension, 
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hairline cracks from this cause form only in limited portions of the length 
of the beam (due to high moments or shears) and even in these portions 
they are rather widely spaced. Between cracks the member acts essen¬ 
tially as if it were monolithic. Only at the cracks proper and possibly 
in their immediate neighborhood is the effective moment of inertia that 
of the transformed section, with concrete in tension discounted, while 
between cracks the full section i.s effective. Since the sum of the widths 
of ail hairline cracks in a beam is extremely small as compared to the 
span, the actual bending rigidity is much more closely characterized by 
the moment of inertia of the full section. For this reason, in the analysis 
of continuous structures, moments of inertia ar(‘ mostly computed for the 
full concrete s('<*tion. 1''he contribution ol reinforcement is usually neg¬ 
lected, which compensates to some extent for the neglect of the influence 
of cracks. 

For T-shap(‘d mein])ers allowance must be made for the effect of the 
flange. Although the (piestion as to th(' exact amount of this effect is 
not settled, it seems reasonable to assum(‘ tlu' same effective wddth of 
flanges for computing moments of inertia as ar(‘ considcM'd in stress com¬ 
putations (see Art. 3.39). For continuous T beams the flanges are also 
effective in regions of negative moments wluTe tln^ flange is in tension. 
As w'as indicated above, there is litth* diff<‘rence betwt'cn (*oncrcte in com¬ 
pression and tension in regard to its (‘ITect on the flexural stiffness of the 
member. 

For columns, likewise, the moment of inertia is computed for the full, 
unreduced conende section, negl(M*ling th(‘ influence^ of reinfor(‘emenl. 

Conditions of Support. Beams and fram(*s arc supported at various 
})oints, usually by other structures which, in the end, transmit the loads 
to t\e underlying soil. Thus, columns eitluT r(‘s1 on individual footings, 
foundations, piles, etc., or tlu^y may be support(*d by basement walls. 
In })uildings, columns ar(‘ oft(‘n placed only in the* interior, while the outer 
ends of the girders are support<‘d by brick or con(*ret<‘ walls. In bridge 
frames, such as that of Fig. 0.11, th(‘ outer (uids of th(' girders often rCiSt 
on ndaining w^alls or abutments. In all tliesc' (*as(‘s it is important to 
decide w'hether these su])p()rts should be r(‘gardf*d as fixed or hinged. 
Their actual condition is often between these two extremes, but it is 
difficult in frame analysis to a(‘Count for such intermediate restraints. 
For this reason fixed or hinged supports are usually assumed, depending 
on w'hich of the t w'o conditions is more ch^sely api)roa(*hed in the structure. 

Moments are frc(|uently affected to a considerable degree by the choice 
made. Thus, in a portal frame under vertical load, fixity at the base 
results in larger girder and column moments at the knees, but in smaller 
span moments in the girder. This is so because the stiffness of a fixed- 
ended member is four-thirds of the stiffness of a hinged member; there- 
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/ore the girder is subject to larger end restraints by the columns if the 
latter are fixed. For horizontal loadsj hinged conditions at the bottom 
of columns result in larger moments than for a fixed base, since, in the 
former rase, the point of inflection is at the bottom end, instead of at 
about mid-height, and (‘orrospondingly increases the lever arm of the shear 
forces. An assumption of support conditions must, therefore, be made 
which is at the same time realistic and safe, ?.c., conservative. 

For columns supported on footings which in turn rest on compressible 
soil, a hinge is g(*nerally assumed, since sucli soils offer but little resist¬ 
ance to rotation of the footing. Tins is particularly true for footings of 
moderate horizontal dimensions. If the footings rest on solid rock or on 
a cluster of piles driven into highly compacted soil or to rock, complete 
fixity is often approa('h(*(l very closely and should be assumed. 

()ut('r ends of beams resting on brick wails should be assumed as 
hinged. On tlu' otlu'r hand, if such (uids ar(‘ cast mon()lithi(‘ally with 
concn*t(* walls and are anchored into them, they may be assumed as 
fixed if the monunit of inertia of the walls (center to center between 
girders) is \'(‘ry large as com[)ared to that of tlie girder. Otherwise, the 
W'alls may b(‘ tr('at(‘d as part of th(‘ frame by regarding them as columns 
with a moment of iiu'rtia computed in the above* manner. 

6.12, Preliminary Design. The analysis of moments and forces in 
continuous structures rCejuires the j)rior knowl(*dg(* of cross-sectional 
dimensions so thal / and K can be computed before* analysis is begun. 
The problem! e)f de‘taile‘d ele*sign, em the (dhe*r hand, is the* e'xact e)})j)e)site: 
the d(*t('rmination, from known fe)rc(*s anei mome'iits, of the re‘(juireHl 
cross s(M*tie)ns te) ensure* str(*ngth, safety, and se‘rvi(*e*al)ility. Te) attain 
this obje*ctive, it is the*re*fore ne*ce*.ssary to pre)cee*d in two sleeps: (1) A 
preliminary (*stimate e)f approximate* size*s of members must })e made, 
base'el e)n (*\pe‘rie*ne*e* and rule e)f thumb .so that I anei K fe)r all members 
can be ceunpute'el. (2) .\n ace*urate moment analysis is the*n e*arried out 
to (*heck the* a.s.sume'el size's, te) make vsue*h aeljustments anei changes as 
may be re'ejuired, and to obtain the complete* infe)rmatie)n on mome'uts 
and fe)rces which is ne*ces.sary for ele*signing the ele*tails e>f reinforceme'nt. 

The mon\ents anei she*ars obtaine'd in step 2 are acemrate e)nly if the 
final size's of members are the same as those use'el for computing / and 
A", that is, the)se e'stimate'd in ste'p 1. Ce)nseM|uently, if the analysis show^s 
that the e)riginally assunu'd elime'usions weme conside*rably in e'rror, it may 
become neci'.s.sary te) repe*at stc*j) 2 with revi.se'el dimensions. This .show^s 
the practical importance e)f making the l)est po.ssible pre'lirninary design 
before* beginning an elaborate analysis. 

On the other liand, exce'.ssivc ae*curacy in this connection is illusory and 
superfluous for various reasons. For one, the efTective moments of iner¬ 
tia of reinforced concrete sections can be ascertained only approximately 
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(see Art. 6.il), Furthermore, to carry out monwnt analyses, a num¬ 
ber of approximate, simplifying assumptions are made (conditions of 
restraint, subdividing of the structure into smaller frames, (^tc.) \\hich 
result in approximate, rather than accurate, moments and sliears. No 
purpose is served in obtaining an apparent accuracy of analysis better 
than that of the assumptions on \\hi(‘h it is based. Finally, and most 
important, reinfor(‘ed concrete frame\\orks, in vie\N of i\w long-time plas¬ 
ticity of the material (see Sec. 12), liave the very fortunate property of 
adapting themselves to limited amounts of local o\erstressing ^\ithout 
undue consequences. A b(‘am overstH' smhI in the span will sag, imper¬ 
ceptibly in most cases, and thereby transfer pi. rt of thi‘ excess moments 
to the supports; a column overstressed by an excessive bending moment 
at one end will deform slightly and bring into ])lay its strength at the 
other end or that of other abutting members to r(‘sist th(‘ monu'nt. 

In view of these considerations the authors lean toward th(‘ opinion 
that a moment analysis need not be re\ is(‘(l unless a<*tual r(‘lative stiff¬ 
nesses deviate from those assumed in th<‘ analysis by mor(‘ than al)out 
80 per cent. It is noted in this connection that what matt(‘rs are only 
the ratios of the stiffnesses (as in tin* distribution ia'tors), lather than 
their absolute values. If, in th(‘ preliminary anai\ sis, the si/(‘ of all mem¬ 
bers w'as underestiinat(*d by (he sanu‘ p(‘rc(‘ntag(*, the results of tin' analy¬ 
sis would not be affected by this erior. 

In vi(wv of the unlimiti'd vanity in (hi* shapes ol reinforci'd (‘oncrete 
frameworks, it is not possible to give an> reliable rules on the jirehminary 
determination of cross-sectional dimensions. The following hints may 
lie helpful, even though the exjieiienced ili'signer will inodily them accord¬ 
ing to the s])ecial conditions of his jxirticular structure. 

in huildififj frufn<s, the si/.es of {jitdirs are usually gov'crned by the 
negative moments and the shears at the supports, where (heir effective 
section is rectangular no matter whether or not they are sliaped as 
T beams. The* shears to be used in jirelirniiiary design can usually be 
taken as the simjile lieam reactions and the moments as tin* fixed-end 
moments of the part ieular sjian. Alternatively, the approximate moment 
and shear eoeffieients of Art. 8.() may often lu‘ used for preliminary design, 
with due adaptation if loads are other than uniformly distributed. 
Aloments in columns are gi'iierally eonsiderably smaller than in girders, 
so that their sizes are primarily gov'erned Iw the axial loads they have to 
carry. To determine these sizes preliminarily, it is best to compute the 
se(‘tions Avhieli would b(* rerjuired if axial load alom* w’(‘re present, and 
then to increase them slightly to provide for tin* additional influenee of 
moments. The additional areas so r(*(iuirf*d may vary from about 5 per 
cent for interior columns in the lower floors to possibly 28 per cent or 
more for exterior columns in the upper floors. In deciding on these esti- 
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mated increases, the following should be considered: Moments are larger 
in exterior than in interior columns since, in the latter, dead-load moments 
from adjacent spans will largely balance, in contrast to exterior columns. 
In addition, the influence of moments, as compared to that of axial loads, 
is larger in upper-floor than in lower-floor columns, since the moments 
proper are usually of about the same ipagnitude, while, of course, the 
axial loads are larger in the latter than in the former. 

For single-story frames preliminary desigr! depends even more on judg¬ 
ment and experience than in building frames. As an example rather 
than a rule, girders may be dimensioned for simple beam shears and for 
moments equal to almost the full fixed-end moment at interior supports, 
and somewhat smaller fractions thereof at exterior ones. Interior col¬ 
umns may be predesigned for the axial load jAus a moment equal to some 
fraction of the difTerence of fixed-erid moments of adjacent spans, while 
exterior columns, in addition to Iheir axial load, have to resist moments 
about ecjual to the exterior support moments of the adjacent girder. 
Slender columns with heavy girders result in relatively large span 
moments for the girders and in rela1iv(*ly small column moments. Side¬ 
sway generally results in larger column moments than would occur in the 
same structure if sid(»sway \\ere prevented. .Judicious consideration of 
factors such as these will enable a desigiun* with some experience to pro¬ 
duce a reasonably accurate preliminary design. 

6.13. Summary. The methods of analysis discussed in this section 
furnish the tools for the design of the most frecjuent types of continuous 
reinforced concrete structures. They are limited, ho\ve\('r, to struc¬ 
tures composed of straight, prismatic members and in A\hich all mem¬ 
bers are either in line, such as in continuous beams, or meet at right 
angles. For conditions oth(T than these, modifications of the anal.ytical 
method must be employed. Their dis(*ussion is beyond the scope of this 
text. Cases of this sort are not infrecpKnit. Thus, haunched girders and 
tapering columns are frecpiently used in bridges or single-story frames. 
In gable frames, members are joined at a variety of angles, and curved 
members are frequently used in spanning large halls. For such cases 
the reader is referred to special texts on analysis of indeterminate struc¬ 
tures. A number of publications issued by th(' Portland Cement Asso¬ 
ciation and available from them on re((uest will found useful. Among 
these arc ‘^Moment Distribution Applied to Continuous Structures,” 
“One-story Concrete Frames Analyzed by Moment Distribution,” “Con¬ 
tinuity in Concrete Building Frames,” and “Handbook of Frame 
Constants.” 
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7.1. Types and Function of Substructures. suhstruf'turo, or 

foundation, is that part of a structuro \\hi(*h is usually phurd Ix'low the 
surface of the ground and which transmits the load to tlie und»'rl>ing soil 
or rock. All soils compress noticeably when loaded and eaus(‘ th(‘ sup¬ 
ported structure to settle. The tw^o essential re(|uireinents in tl)*' design 
of foundations are that the total settlement of the structure shall be 
limited to a tolerably small amount and that difT(‘rentu’d s(dtleiMent of 
the various parts of the structure shall be eliminated i\- lu'arly as pos¬ 
sible. With res})ect to possible structural <lainage, the eliminatitm of 
ditTerential setthnnent, f.c., different amounts of scdtleinent within the 
same structure, is even more im])()rtant that) linutations of uniform over¬ 
all settlement. 

To limit settlements in the indicated manner it is ne(‘essary (1) to 
transmit the load of the structure to a soil stratum of suflicicuit strength 
and (2) to spread the load over a sufficiently large ar(*a of that stratum 
TO minimize bearing pressure, Jf adecjuate soil is uot found immediately 
below' the structure, it becomes necessary to use de(*i) foundations such 
as piles or caissons to transmit the load to deeper, firmer lay(‘rs. Jf 
satisfactory soil dire(*tly underlies the structure, it is nuTcly necessary 
to spread the load, by footings or other means. vSuch substructures are 
known as spread foundations and it is mainly this typ(‘ whicli will be 
discussed. Information on the more special types of de(*i) foundations 
can be found in texts on foundations engine(Ting. 

7.2. Bearing Capacity of Soils. Soils consist of products of rock dis¬ 
integration which are of various sizes, from microscopic clay and silt 
particles through sand and gravel to substantial boulders. These var¬ 
iously sized particles occur in an unlimited variety of mixtures wJiose 
compositions together with their w'ater content d(derinine the compres¬ 
sibility, strength, and, thereby, bearing capacity of each individual soil. 
To limit the amount of settlement, it is necessary to select a bearing pres¬ 
sure under the footings small enough to prevent excessive compression of 
the soil mass. The great variety of soils makes it impossible to give 
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generally valid preboriptions for the seleetion of this bearing pressure. 
In built-up areas with reasonably uniform soil conditions, previous expe¬ 
rience ofl(‘n provides a satisfactory guide. On virgin sites, soil-loading 
tests are conducted, often supplemented by laboratory tests. As 
exampl(‘s of average magnitudes of permissible bearing values, the stipu¬ 
lations of the Boston l^uilding Code of 1944 and of the New York City 
Code of 19IS are summarized in Table 7.1. 


TABLE 7.1. Allowable Bearing Pressures, Tons per Square Foot 




New 

I )<“'(•! jpt if»n 

Boston 

York 

Massive heUroek jitkI (tioioiiglily eeiiienteil corijijlomeiates 

JOO 

60 

Sourxl, lainiriMtc'd lock^ Kl'ifi*, .seliist) ....... 

:L5 

40 

Sound slude 

10 


Residiuil dej)()Mts ol sliatleu'd Ixxhock 

10 


Soft rock 


8 

Hard pan 

10 

12 

Ck)inpa(*t K»avf‘l and Haiul-j^iavel inivturc's 

5 

10 

Loose giavel and sand-grnv(‘l mi\tiu(‘s, coarse compact sand 

A 

f) 

(k)ajHe, loose sand line, compact s md . 


4 

Very compact sand-silt seals 


() 

Fine, loos(‘ sand 

1 

2 

.Medium compact sjnid-.silt soils 


2 

Hard clay 

(» 

5 

(^impact sand-clav sods 


d 

\rcalium clay 

4 

1 5 

Soft clay 

1 

1 


The apprecinble dirf(*rcnc('s in some of tin’ valu(‘s given l)y the two 
codes an' no n'fU'ction on the soundness of tlu'st' documents. On the con¬ 
trary, they illustrate the fact that a iner(‘ description, such as ‘Onediurn 
clay,” is not a sufficient criterion for selecting hearing pressures unless 
it is supplemented ('ither by t(\st information or by local experience with 
the particular soil in (pmstion. 

If a soft stratum underlies a firmer soil, large' settlements may be caused 
in the foriiK'r, even though the bearing pressure on the firm upper stra¬ 
tum may not b(' excc'shivc. In order to safeguard against such settle¬ 
ments, it is necessary {a) to investigate by borings to a sufficient depth 
the nature of the deei)er strata and (b) to ensure that the pressure on 
de<‘per, vvc'ak soils Ix' not greater than specified. For the latter purpose 
the Boston Code suggests that the pressure on the surfa(*o of a deeper 
layer can be computed by assuming it to si)read laterally and downward 
from the edg(\s of the footing at an angle of tiO® with the horizontal. 

The judicious evaluation of the Ix'aring capacity of soils and its effect 
on the correct design of substructures is one of the most difficult and 
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responsible problems of the structural engineer. Experience and souiui 
judgment are supplemented by the relatively new s(*ieiic(* of soils mecdian- 
ics, on which special texts should be consulted 

7.3, Proportioning of Footing Areas. It was i)ointed out that ade- 
(luate foundation design must secure tolerably small general settlement 
of the structure and must eliminate dilTerential settlement as nearly as 
possible. If the amount of settlement of all footings in a large building 
is the same, no structural harm \\ill occur since the whole building will 
settle uniformly and parallel. To be sure, if such uniform setthnnent is 
excessive, it becomes objectionable in view of misalignments of iioor and 
street levels, possible h'akages or breaks in pipes and other (‘onduits, et(* 
Xormal, general settlement vari(‘s from ^ j in. to 2 in. and more, df'pend- 
ing on soil and other conditions. The safe Ix^aiing pressure, disrusM d in 
Art. 7.2, is to be selected in such a manner as to limit the ovei-all settle¬ 
ment lo such tolerable amounts. 

On the other hand, if dilTenmtial settlement occurs in the variiais parts 
of a building, floors will w’arp, doors will sli(*k, and cracks will form in 
walls and partitions. Even more s(‘rioiis damage' may occur to tin' struc¬ 
tural framew^ork, actually impairing its carrving capai il\. Fortunatc'ly, 
the tw^o main structural materials, ste'el and re'inforced con(*r(‘t(‘, possi'ss 
a certain amount of j)lasti(*ity, or ductility, whi(*h (*nai)l<'s such struc¬ 
tures to adapt themselves Aithout serious damage* to moderate amounts 
of differential setth'rnents. 

Maxinnnn Da^ujn Load oa Foofin(/s. The* ii\(* load us(‘<l in the* de'sign 
of footings is not necessarily the* sum eif the* full lixe* loads on all con¬ 
tributory are*as of all floeirs. In meist stni<'tur<*s. e*spe*cially for eaimmer- 
cial, offie*e, or residential oce*uf»ane*y, it is<*\ln*mely impi'obabh* that full 
live load wall ever exist on all floors simultane‘ouslv. f'or this re'asein, in 
computing design leiads few ceilurnns and fexitings. some* re'eluction e)f the 
full loael on all floors is jicrmitted, ei(*peneling j)riinarily e>n the* number 
of stewies supported by the given e-edumii e>i fexiting. 

As an ('xample, the New’ Yewk City Huileling (\xle provid(*s that the 
feillowing live loads shall he taken few the elesign e)f eeilnmns and f(X)tings: 
100 per eciit of the roe)f load, S5 pew cent eif the le)ad eif the^ toj) floew, 
80 i)er e*ent for the next le)\ver fhxw, with a successive* re*eIuction of o pe^r 
cent for each additiemal floor, up to a te)tal ivdue'tion of oO per cemt. 
Such reductions are permittexl in huildings of ne)rmal occujiancy; in stew- 
age structures a redu(‘tion eif only lo per e’cnt is fxn’mitte*d. The Bejston 
Code is somcwdiat more liberal. Jt allejws a r(*due‘tion of lo, 20, 30, 10, 
and oO per cent of the total live load few me*mbers suppe)rting tw'o, thrf*e, 
four, five, or six or more storie*s, respeetivedy. The- h)a(^ fh»terjiiinexl in 
t his manner w^ill be ealled the maximum, or full design, live le)ad for the 
foe)ting. 
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Design for Uniform Settlement. If it were certain that the full design 
load, live plus dead, as just defined, would actually, simultaneously, and 
permanently oc(*ur on all footings, the discussed limitations of general 
and differential settlement would be ensured by proportioning the areo-s 
for full design load in such a manner that the pressure under all footings 
is equal and less than the allowable }>earing pressure./ Actually, matters 
are not as simple as this even in this ideal case, as will be shown later on. 
The difficulty in providing for uniform settlement is caused by two fac¬ 
tors. (1) In most soils except for some coarse-grained types, such as 
coarse sands and gravels, settlement does not take place immediately 
upon loading, but is a gradual, continuing process which extends over 
months and even years. As a consecjuence, in soils with significant 
amounts of fine material, such as clay and silt, the total settlement 
depends on the long-time average, rather than on the short-time peak 
load. (2) While the d(‘a(l load I) is known and constant, the live load 
L is relatively uiuan lain and varies in time. The long-time average load, 
th(*refore, consists of the d(‘ad load plus a certain fraction AL of the maxi¬ 
mum live load, g(‘h(*rally one-third to two-thirds, depending on type of 
occ‘U[)ancy. It imiy be assumed that in soils containing fine-grained 
components the total settlement is approximately proportional to the 
bearing pressure und(‘r this average load 1) + A/>. (Reservations to this 
statement are discussed at the end of this article.) Hence, in order to 
limit general s(‘ttlenient and to minimize differential settlement, footing 
areas are so proi)ort ioned that (u) for full design load D -f L the safe 
bearing pressure is not exceed(‘d under any footing, and (b) the bearing 
pressure unch'r the average load D + AL is the same under all footings. 

Such proportions are determined in the following manner. Dead and 
live loads are tabulated for all footings, including the estimated weights 
of the footings proi)er. Next, the percentages of total load which the 
live loads constitute are computed. These percentages differ and are 
generally largcT for interior than for exterior footings. The ‘‘critical 
footing” is that footing with the greatest pea’centage of live load. Let 
Ac, Dc, and l)e tlie areai, d(‘ad, and live load of the critical footing, 
while .1, />, and L stand for the same quantities for any footing other 
than the critical, and H is the allowable bearing pressure of the soils. 
The required area of the critical footing is then found from 


l)c+ Lc 


(7.1) 


The time-average bearing pressun* of the criti(‘al footing IL under dead 
load Dc plus partial live load ALc is 

Dc + ALe 


5 . 


A 


(7.2) 
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The area of all other footings is then found from 


A = 


D + AL 

Be 


(7.3) 


It is easily checked that if the footings arc proportioned in this manner, 
the maximum pressure under the critical footing at full load will be ecjual 
to the allowable value B, the maximum pressure under full load for any 
other footing will be less than and the tune-average pressure under 
partial live load will be the same and equal tt) for all footings. 

Illvstrativc Example. Four typical footings in a given building sup¬ 
port dead and probable live loads as tabulat(‘d below. If the maximum 
safe bearing power of the soil on which thes(‘ footings are to rest is 
oOOO psf, what must be the area of each of these footings in onhu* that 
uniform settlement may be expected, when the footings are loaded with 
the full dead load plus one-third of the live load? 


Footing 

Doad load, 
11) 

Live lt)ad, 
11) 

bi\c load, 
per rent 

I>.b t bd b., 
11> 

.1 

500,000 

300,000 

37 

000 (»00 

B 1 

100,000 

210,000 

31 

170.000 

r 1 

400.000 

.300,000 

12 

500,000 

i) 

500,000 

180 000 

2() 

r)(>o,i)oo 


The critical footing is (\ and the re(iuir<Hl an'a is 


Footing C 


1(W)()() -f 30(M)()() 
5000 


I 10 si\ ft 


A footing 12 ft sejuare is selected, the area of nhich is 111 sfj ft. 

The unit pressure B, under this footi?ig vhen it is loaded with the full 
dead load plus one-third of th(‘ probable livc^ load is 


500,000 

144 


3170 psf 


The required areas of th(‘ other footings an*, th(*refor(*. 

Footing A = - 173 .sq ft (13 ft-3 in. miuare) 

o470 

Footing B ~ == FI5 sq ft (11 ft-9 in. s(piare) 

3470 

Footing D = = IfiJ sq ft (12 ft-9 in. wiuare) 

Size Effect. The above method for minimizing differential settlement, 
which is widely used, rests on the assumption that the amount of settle- 
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mcnt depends only on the magnitude of the unit pressure under the foot¬ 
ing. Actually this is not so. If a large and a small footing are placed 
on the same soils and so loaded that their unit pressures are equal, the 
larger footing will settle more than the smaller one. The reason for this 
is easily understood. Figure 7.1 represents the approximate distribu¬ 
tion of vertical pressure in the soil under a circular footing. The pres¬ 
sures shown are those that act in the line of the axis of the footing. 
Pressures at any given level decrease, of course, with increasing distance 
from the axis. It is seen that these vertical soil pressures dissipate and 
decrease rather quickly with iiKTcasing depth. At a depth equal to the 
diameter of the footing, the pressure is only about 30 per cent of the 
maximum value, and it becomes entirely negligible at a depth equal to 



Fig. 7 1 Prcssnrt' (listnlnition in .soil under two footings with hearing prcssiiio p 

})Ut with dincTont (liimiet(‘i.s = l.(W. 

about t^v() diameters. (Actual details of pressure distributions depend 
on .sliape of footing and type of .soils. Figure 7.1, therefore, should be 
understood in a schi'matical rather than literal .sen.se.) It can be said 
that each unit \ olume of soil undtr the footing will compress roughly pro¬ 
portional to the pn^ssure acting on it. Hence, most of the settlement 
will occur in the soil immediately underlying the footing, say, to a depth 
of 1 to P 2 <liamt*t(T.s. The average pre.ssure in this length, multiplied by 
that length, will be about proiiortional to the total settlement. This 
length in turn is proportional to the size of the footing, as is shown 
schematically in Fig 7.1. Hence, under a large footing a thicker layer 
of soil is compre^.sed than under a .small footing, resulting in a larger 
settlement for the larger footing, even though the bearing pressures are 
the same. 

This size effect is not taken into account in the method of proportion¬ 
ing discussed earlier in this article. It can be neglected if the areas of 
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the various footings of the same building do not differ substantially. On 
the other hand, if eolumn loads and eorresponding footing areas vary 
greatly, attention must be paid to this influence. A method of pro¬ 
portioning which accounts for the size effect can be found in Art. 8.18 
of “Substructure Analysis and Design,” by Paul Andersen, Ponald 
Press, 1948. 

7*4. Types of Spread Foundations. Footings generally can be divided 
into wall and column footings. The horizontal outlines of tln^ most 
common typos arc given in Fig. 7.2. A wall footing is simply a strip of 
reinforced concrete, wid^n* than the wall, to (iistribiile its ])ressure. 
Single-column footings arc usually s(iuare, soni(‘times rectangular, and 
repnssent the simplest and most 
(‘conomical type. Their use under 
exterior columns meets with difli- 
(‘ulties if property rights pre\ent 
the use of footings jjrojecting be¬ 
yond the exterior walls. In this 
case combined footings or strap 
footings are used w'hich enal)l<‘ one 
to design a footing which will not 
project l)('yon(l the wall (‘oluinn. 

Combined footings under two or 
more columns are also used und(‘i 
closely spaced, heavily loaded inte¬ 
rior columns where single footings, 
pletel}" or nearly merge*. 

Such individual or combiiu'tl column footings an* tin* most fr(*(juent 
types of spr<*a(l foundations on soils of r(*asonabl(* bearing f*apa<*ity. If 
th(* soil is weak and/or column loads an* gn‘at, tin* re(iuin‘d footing areas 
become* so large as to be* uneconeunie'al. In this ease*, unless a de*ep 
feamdatioii is called for by soil e*e)nelitions, a mat or raft foundation is 
resorted to. This consists of a soliel nnnforc(*d concie*te* slab which 
extends under the entire building and which, cons(*(juently, distributes 
the load of the structure over the maximum availa})le area. Sue*h founela- 
tions, ig v i ew^ of their owm ritriditv. also minimize differ(*ntial settl euneuit^ 
They e^onl^t, in their simplest form, of a ce)n(*rete slab re*infon‘e*(l in both 
directions. A form which provides more rigidity and, at the same time, 
is often more economical consists of an invert(‘d beam-and-girder floor. 
Girders are located in the column lines in one direction, with beams in 
the other, mostly at closer intervals. If the columns are arranged in a 
square pattern, girders are equally spaced in both directions, and the 
slab is provided wdth two-way reinforcement. Inverted flat slabs, with 
capitals at the bottom of the columns, are also used for mat foundations. 
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7.5. Factors Affecting the Design of Concrete Footings. In ordinary 
constructions the load on a wall or column is transmitted vertically to 
the footing, which, in turn, is supported by the upward pressure of the 
soil on which it rests. If the load is symmetrical with respect to the 
bearing area, the bearing pressure is assumed to be uniformly distributed 
It is known that this is only approximately true. Under footings rest¬ 
ing on coarse-grained soils the pressure is larger at the center of the foot¬ 
ing and decreases toward the perimeter. This is so because the individ- 
ual pjrains iu j^iiph soils are somewhat mobi l e so that t he soil located close 
t olthe p erimeter caiTshht ver^slightly Outward m the direction of lovr er 
soil stresses, in contrast, In clay soils pressures are higher ne^the edge 
tnan at tne center of the footing in view of the fact that in such soils the 
load produces a slu'ar resistance around the perimeter which adds to the 
vertical, upward pressure. It is customary to disregard these nonuni¬ 
formities (a) because their numerical amount is uncertain and highly 
variable, depending on type of soils, and (b) because the influence of 
these irregularities on the magnitudes of bending moments and shearing 
forces in the footing is relatively small. 

In order to avoid tilting of footings, the pressures under them should 
be symmetrically distributed, which implies that columns should be 
placed at the center of single footings. For the* same reason, for com¬ 
bined footings, the resultant of the column loads should strike at the 
(‘enter of the footing area. If this is not done, uneven pressure dis¬ 
tribution will result itj uneven settlement, with a corresponding tilting 
of the footing toward the side of higher soil pressure and possible damage 
to the sup(‘rstructure. Only on quite incompressible soils (rock, highly 
compacted gravels) may exc<q>tions be made to this rule. 

Footings must be located below frost depth in order to protect them 
from the heaving action which frost causes in some soils and which can 
be strong enough to lift footings even under multistory buildings. This 
depth amounts to 4 to 5 ft and more in northern climates. 

The accurate determination of stresses, particularly in single-column 
footings, is not practical sin(*e the}^ represent relatively massive blocks 
which cantilever from the column in all four directions. Under uniform 
jjpward pressure they deform in a bowl shape, a fact which would greatly 
complicate an ac(*urate stress analysis. For this reason present proce¬ 
dures for the design of such footings are based almost entirely on the 
results of two extensive, experimental investigations, both carried out 
at the University of Illinois.^ The results of the latter investigation are 
not yet completely reflected in the latest edition of the ACI Code. 

* A. N. TalUot, “Hemforc’cd Concrete Wall and Column Footings,’' Univ. III. Eng. 
Exp, Sta. Bull. 67, 1913; F. K. Uichart, “Ileinforced Concrete Wall and Column Foot¬ 
ings,” J. ACI, vol. 20, pp. 97, 237, 1948. 
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7.6* Reinforced Concrete Wall Footings. The simple principles of 
beam action apply to wall footing with only minor modifications. Fig¬ 
ure 7.3 shows a wall footing with the forces acting on it. If bending 
moments were computed from these for[*cs, the maximum moment would 
be found to occur at the middle of the width. Actually, the very large 
rigidity of the wall modifies this situation, and the tests (|u<)ted in Art. 
7.5 show that for footings under concrete walls it is satisfa(‘tory to com¬ 
pute the moment at the face of the wall (section 1-1). 'tension cracks 
in these tests formed at the locations .^hown in Fig. 7.3, ?.c.. under the 
face of the wall rather than in the middle. For footings supporting 
masonry walls, the maximum moment is coTnputt‘d midway between the 


middle and the face of the w'all, since masonry 
is generally less rigid than concrete. I'he 
maximum bending moment in footings under 
concrete walls is, therefore, given by 

M =- - «)“ (7.1) 

The calculation of bond st nesses is based on 
the shear for the same section, 

Vb = ~ (7 5) 



and the allowable bond stress is the same as foi biaiins, ? (., 0.10/' for 
deformed bars and O.Olo/J for plain Oars Jn pie\ ions cod(‘s, hooks were 
re(iuir(Hi for all footing ])ars Iti(*hart’s t('sts have shown that for 
deformed bars which .satisfy the ASTJVl A 305 Sp(M*iiication.s, hooks in 
^ footing bars are not necessary in order to develop th(‘ full strength of the 
^bar. For this rea.son the 19.51 odition of tlie AC'l Code does not re(iuire 
hooks in footings, except if plain bars are used. 

Although formal application of the beam theory would indicatt* that 
the maximum vertical shear stre.sses also occur at the face of the wall, 
the portion of the footing slab below and directly adjac(*nt to the wall is 
primarily stressed in vertical compies.sion. ’'Fhese compression stresses 
neutralize to a large degree the diagonal tension str('s.ses cau.sed by the 
vertical shear. In consecjuence, diagonal tension is largest, not at the 
face of the wall, but at some distance from it. Shear or diagonal tension 
cracks in the quoted tests formed, accordinglv, in the manner shown in 
Fig. 7.3, and propagated upward and inward at about 45*^ toward the 
intersection of the wall surface with the lop of the footing. Accordingly, 
for determining shear .stre.sses, the vertical sh(*ar force is computed on 
section 2-2, located at a distance d from the face of the wall. Thus, 



(7.6) 
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It is generally not eeonomical to use web reinforcement in footings. 
Hence, the allowable shear stress in section 2-2 is 0.03/' but not more^ 
than 75 psi, the values permitted by the ACI Code for concrete in^ 
footings. 

7.7. Design of a Wall Footing. A IG-in. wall supports a total load 
of 23,100 lb per ft. The allowable bearing pressure of the soil is 2 tons 
per sq ft. Design a footing for this wall, using 2500-psi concrete and 
intermediate-grade steel. 

Assuming the weight of the footing to be 900 lb per ft, the reejuired 
width is 24,000/4,000 = 0 ft. The net upward pressure caused by the 
wall load alone (see Art. 7.8 for explanation) is 23,100/0 = 3850 lb per ft. 
This results in a moment at the criti(‘al sections 1-1 of 


M = 1/8 X 3850 X (0 - 1.33)' X 12 = 120,000 in.-lb per ft 

For the given grades of material, K — 190 and j = 0.800. The effective 
depth reciuired for bending is 


d = 


I 


I 2(*>,000 
19() X 12 


7.3 in. 


Assuming temporarily d = IJy in., the shear force to be used in comput¬ 
ing shear slress(\s at a distance d from the wall is 

V, = 3850[i2(0 - 1.33) - 7.5/12] = 0550 lb per ft 
and the effective depth recpiired for shear 


d = 


(>550 

12 X X 75 


8.3 in. 


It is seen that shear gov('rns in this case. A depth of d - 8.5 in. is 
sele(*t( kI. The ACI Code calls for a 3-in. clear insulation for footing bars . 
whi(4i results in a total depth of 12 in. The \\(ught of the footing is tlieii 
0 X 150 = 900 lb per ft, as assumed. 

The r(Hiuired area of reinforcamuait is 




12 (>, 00 (^ 

20,()()0 X 0.8t>() X 8.5 


= 0.850 sfj in. per ft 


The shear force to be used in bond computations is 

r,. - I 2 X 3850(0 - 1.33) = 9000 lb per ft 
and the required perimeter 

= 250 X ^ X 8.:, = 

Number 0 bars 0 in. center to center furnish .1, = 0.88 sq in. per ft and 
Zo == 4.7 Ml in. per ft. The required shrinkage reinforcement is 0.002 
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X 12 X 8.5 = 0.2 sq in. per ft of width of footing; No. 5 bars spaced 
12 in. on centers provide 0.31 sq in. per ft. llioy have the added fuiiction 
of spacing the main reinforcement while the concrele is being poured. 
In addition, they help the footing to bridge accidental ^^eak spots in the 
soil. For this reason it is good practice to selt'ct tht*s(‘ bars somewhat in 
excess of the minimum reouirernents for shrinkage reinforcement. 

7.8. Single-column Footings, General Information. In plan, single- 
column footings are usually square. Hectangular footings are used if 
space restrictions dictate this choice, or if the siqiportc'd columns are of 
strongly elongated rectangular cross se<‘tion. In the simplest form, they 
consist of a single slab, Fig. 7Aa. Another type is that of Fig 7Ah, 
w'here a pedestal or cap is interpos(‘d betwf'cn the column and (In' foot¬ 
ing slab; the pedestal or cap provides for a moie favorabI(» transit'/ of 
load and in many cast's is also retjuired in order to pro\ idt' the nc'cessary 
length for dowels. This form is also known as a .'‘It jipt'd footing. All 



ia) (If) ic) 

Fig. 7.4. Types of single-eelunin foot jugs. 


parts of a stepped footing must In* poured in a singlt* ])our. in ordt'r to 
provide monolithic action. Sometimes sltqx'd footings likt' those' in Fig. 
7. Ic are ust'd. ddit'v retjuii'c It'ss concrete than slt'ppt'd footings, but the 
additional labor necessary to produce tht' sloping surfaces (formwork, 
etc.) usually makes step])ed footings more (*conoTnit*al. 

Singlt'-column footings r<'pr(*s<*nt, as it wt'rt', cantik'vt'rs proj(*cting out 
from the column in both directions, and loath'd upward by tht' soil j)res- 
sure. (h)rresponding tension stresst's art* caused in btilh iht'st* tlirt'clions 
at the bottom surface. Such fot)tings are iht'reftjre rt'inftncetl by two 
layers of steel, perpendicular to each other and parallt*! to the edges. 

The retjuired bearing area is obtained by tlivitling tht* total loatl, includ¬ 
ing the wx'ight of the footing, by the st'lectetl bt'aring jirt'ssure. Weights 
of footings, at this stage, must be estimated and amount usually to 4 tt> 
8 per cent of the column load, the former value applying to the stronger 
types of soils. 

In computing bending moments anti shears, only that part of the 
upward i)ressure is considered which is caust'd by the column lt)ad. The 
weight oTthe footing proper docs not cause inomi'nts or shears, just as, 
obviously, no moments or shears are present in a bt)ok lying flat on a 
table. 

The correct determination of bending, shear, and bond stresses in sin- 
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gle-column footings has long been a matter of some dispute and even 
today cannot be regarded as definitely settled. For this reason, in the 
following articles, information will be given not only on the design method 
as presently specified in the ACI Code but also on those points where 
this method is either confirmed by or somewhat at variance with the 
results of the quoted tests. In addition, previous design procedures will 
be briefly mentioned since they arc still specified in some building codes 
and in foreign countries. 

7.9. Bending Moments and Reinforcement of Single Footings. 

Earlier design rules and codes provided that the moment about the sec¬ 
tion ab, Fig. 7.5a, be d(‘termined by passing the imaginary cuts ac and 
bd through the footing and computing the moment about ab of the total 
upward pressure on the trapezoid abed. Later it was recognized that 
this reasoning is inaccurate, since, in actuality, the critical section does 


c 



ia) id) 

Bending and Bond Shear 

Fia. 7.5. Critical sections in single-column footings. 


not end at a or b but extends without interruption to the edges. Con¬ 
sequently, since 10 tO, codes provide that the critical section for determin¬ 
ing moments shall be located at the edge of the column and extend over 
the entire width of the footing (that is, cf in Fig. 7.5a). The design 
moment is that produced about (f by the upward pressure on the area 
efgh. This corresponds to the basic sense of a bending moment as being 
the sum of the moments of all forces located to one side of the section, 
and is fully born out by the very careful stress measurements made by 
F. E. Kichart. The present ACT C'odc provides that the reinforcement 
perpendicular to cf shall be reejuired to resist only 85 per cent of this 
bending moment. The tests by Richart do not confirm this assumption 
and show that the bending moment which is resisted by the reinforce¬ 
ment is equal to 100 per cent of the above value. 

For footings supporting steel columns, the section cf is located, not at 
the edge of the steel base plate, but halfw^ay betw’cen the edge of the col¬ 
umn and that of the base plate. 

In footings wdth pedestals, the width resisting compression in section 
ef is that of the pedestal; the corresponding depth is the sum of the 
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thicknesses of pedestal and footing. A further section parallel to vf is 
passed at the edge of the pedestal and the moment on it determined in 
the same manner, to check concrete and steel stresses at tliat location, 
where the depth is that of the footing only. 

For footings with relatively small pedestals, the latter are often dis¬ 
counted in moment and shear computation, ai d hending is checked at 
the face of the column for a section c/, with width and depth eciual to 
that of the footing proper. 

In square footings, the reinforcement is uniformly distributed over the 
width of the footing, in each of the two layers, ?.c., the spacMiig of the 
bars is constant. The moments for which the two layers are designed 
are the same. However, the effective depth d for the upper layer is less 
by one diameter than that of the lower layer. (\)ns('(ju<‘ntly, the i‘ ‘cpiired 
A, is larger for the upper layer. Instead of using dilTenait spadugs or 
different bar diameters in each of the two layers, it is customary to deter¬ 
mine As for the upper layer and to use the sanH‘ arrangeimuit of rein¬ 
forcement for the lower layer. 

In rectangular footings, the reinforcement in the long diii'ction is again 
uniformly distributed over the pertinent (diorter) w'dth. In bx'ating 
the bars in the short direction, oik* has to c(#nsider that the support pro¬ 
vided to the looting by the column is coiu^Mitrated iK\‘ir tlie middle. 
Consequently, the curvature of the footing is sharpest, ? the moment 
per foot largest, immediately undt'r the column, and it d(‘cn'ases in the 
long direction with increasing distance from the column For this reason 
a larger steel area per longitudinal foot is needed in the central portion 
than near the far ends of the footing, d'he ACI C\)de ])rovides, th(*rt*- 
fore, that: 

In the case of the reinforcement in the short (lirection. the j)()iti()n [of the 
reinforcement] dcteimined h> K(j. (7.7) slnill he iinih)imf\ distiihut(‘d acioss a 
band-width {B) centered with j<*spect to the column xiid h.‘i\ mg a width cfjual to 
the lengtli of the short side of the footing. The lemamdei of the icinfoiceriKuit 
shall be uniformly distributed in the outei j)oition of the footing. 

Reinforcement in baml-wadth (B) 2 

Total reinforcement in shoit direct “Hi) 

In formula (7.7), S is the ratio of the long side to the short side of the f(K»ting. 

7.10. Shear and Bond in Single Footings. The shear force Vi which 
is used in determining bo 7 id sinsHcn is calculated for the same critical sec¬ 
tion c/ as the bending moment and is C(iual to the total net upward pres¬ 
sure on area cfgh of Fig. 7.5a. Consistent with its moment requirc*- 
ments, the ACI Code provides that for calculating bond stresses only 
0.85Fft need be considered. This proposition is not confirmed by 
Richart^s tests. The allowable bond stress for deformed bars in two- 
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way footings is w = 0.08/J, as compared to O.lOf' in beams. (This dif¬ 
ference is often explained by the argument that bond is weakened in two- 
way footings at the numerous points where bars cross. Also, the tension 
perpendicular to one set of bars caused by the bending moment in the 
other direction tends to pull the concrete away from the bars, which may 
weaken bond strength.) * 

Until 1951, hooks were required on all footing bars, w'hether deformed 
or not. Richart\s tests have shown that in column as in wall footings 
hooks do not contribute to the bond resistance of bars deformed in 
accordance with the reejuirements of ASTM A 305. P^or this reason, 
beginning with its 1951 edition, the A(R Code no longer calls for hooks 
on footing bars. 

With regard to d(\signing footings for shear, older specifications often 
provided for checking the ‘^punching shear.That is, it was thought 
p that in footings of insufficient depth the 

(‘oluinn would puindi through the slab along 
its p(‘rimeter abed (Fig. 7.56). The (juoted 
tests hav(‘ showni, however, that failure in 
such cases o(*curs as showui on Fig. 7.6. 
That is, a truncated pyramid, wdth sides 
sloping at about 15^\ is piuudied out of the 
slab und(M’ the column. As was discussed 
Fid. 7.0. Shear failure in single* f(,|. .j]| foot mgs in Art. 7.1), the portion of the 

footing. und(*r and directly adjac(*nt to the col¬ 

umn is essentially vertically (*ompresM‘d. The diagonal tension stresses 
caused by shear are reduced by this compn'ssion and attain their largest 
valu(\s oidy at some distance from tin* column. The tests gi\ e no entirely 
clear information on tin* exact value of that distance, which is probably 
e({ual to or somewhat hvss than the efii'ctive depth of the footing. 

'fhe ACd Code providc's that in column as in wall footings the critical 
sections for sh(*ar shall be locat(‘(l at a distance d from the faces of the 


column, and their lengths shall be determined by 45° lines drawn) from 
the cornei-s of the* column. Ihmce, the critical sections for sh(‘ar are c/, 
/(/, f//i, and hi in Fig. 7.56. They are seen to coincide approximately with 
the outline of the base of the truncated pyramid of Fig. 7.(). The shear 
force W to be used in determining shear stresses is equal to the total net 
upward pressure on the bearing areas contributory to the respective 
iTitical sections. Hence, the shear on section ef is the total pressure on 
area efji, while for si'ction fg the corresponding area isfjldrng (Fig. 7.56). 

It is not customary to provide shear reinfoi'cement. Coiise(|uently, 
the permissible shear stress is that on concrete alone, Vc — 0.()3/J. In 
many cases it is shear rather than bending which determines the depth 
of the footings. 
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Of round or octngofiol columns^ the preceding rules for localin|a;(Titictii 
sections are not directly applicable, since, in this case, the “face of the 
columnneeds special definition. The ACT (\)de specifies that for this 
purpose the “face” of the column shall he taken as ttu side of a square 
having the same area as that of the column. 

7.11. Transfer of Stress at Base of Column. The compressive vstress 
in the longitudinal reinforcement at the base of a reinforced concrete col¬ 
umn is transferred to the pedestal or footiiig by nutans of (kn\els. There 
should be at least one dowel for each column bar and the total area of 
the dowels must be at least e<iual to the total area of th(‘ (*olunin bars. 
The dowels have to extend into the p(Mi(‘.slal or 'ooting tlu' length laa-es- 
sary to transfer to the concrete, by bond, their full working value, /.c., 
a force ecpial to the bar area times the allowable st('el stress, 'fhe d<»wels 
must extend up into tln^ column a distance e(jual to that re(|uir(‘(J for 
lapping of longitudinal column bars. This lattcn* i^nigth is sp(*eihed as 
20 bar diam(*ters for concretes with /' ~ 3000 psi or more, and 2t).7 l>ar 
diameters for concrete of smaller cylinder strength. For jilain bais, 
twice the above values must be used. 

When a column rests on a footing or ped(\stal, it transbu's its load only 
to a part of the total area of th<‘ supporting member dTu' adjacemt con- 
cret(‘, which is not under (Iir(‘ct load, pro\ id(‘s lal(‘ral support to the 
loaded part of the concrete, somewhat analogous to (In' function of spirals 
in columns. The pt'rmissibh' bearing stn‘ss on such |)artially loadc'd 
areas is, th('refore‘, larger than that permitt('d in Ixauing ovim* th(‘ full 
area. Th(* \C\ (V)d(‘ specifies the allowable Ixairing ])r(‘ssure on th(‘ full 
area (such as on tin* bas<* ar(*a of a pedestal) as 0.25/', and on a partially 
loaded area (such as tlie top ar(‘a of p(‘d(*stal oi footing) a^ 0.375/' it the 
loaded portion is one third or i(‘ss ol thi' full ar(‘a. din' allowable stn\ss 
on an area larger than one third but less than th(‘ full ar(‘a is obtam(‘d by 
linear interpolation between these two \alu(‘s 11 tlit* str(‘ss on th(» bot¬ 
tom surface of a ped(\stal is larger than 0.25/', tin* ped(‘stal must bo 
designed as a reinforced conende column 

7.12. Plain Concrete Footings. For steel and timber columns with 
relatively light loads and for masonry pna-s and pilastms, plain unnan- 
forced comu'ete footings are often economical. 1 h(‘ ACl C ode provides 
that the width and depth of such footings shall be such that the tcaision 
stress in the concrete shall not exceed 0.03/^ and the sluair stress 0.02/,.. 
Tlie critical s(a*tions for bending and shear are d(d<*rinined in the same 
manner as for reinforced concrete footings. 

To keep shear and, ])arti<*ularly, bending stresses within these limits 
for plain concrete, the depth of such footings must b(* mad(‘ considfTably 
larger than with reinforcement. Tdain comTete footings ar(‘ either 
stepped or sloped. The ratio of depth to width to satisfy the code 
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quirements depends on load, bearing capacity, and grade of concrete. 
As a rule of thumb it can be said that for stepped footings the ratio of 
projection to depth of any step usually does not exceed 1:2, while the 
sides of sloped footings subtend an angle with the vertical not greater 
than 30®. 

7.13. Design of a Square Footing.^ A column 24 in. square and 

reinforced with twelve No. 8 hard- 
grade steel bars supports a total load 
of 400,000 lb. Design a square foot¬ 
ing, using 2500-psi concrete and 
intermediate-grade steel. The safe 
soil pressure is 5000 psf. 

Assuming the weight of the foot¬ 
ing as () per cent of the column load, 
or 24,000 lb, the re(iuired bearing 
area is 424,000/5000 = 84.8 sq ft. 
A base 9 ft-3 in. scfuare is selected, 
furnishing 85.5 sej ft. The net up¬ 
ward pressure due to the column load 
only is 400,000/85.5 = 4G80 psf. 

The depth of footings is mostly 
governed by shear stresses; but in 
order to locate the critical section for 
shear, the depth must be known or assumed. An approximate value is 
obtained by first computing the depth re(}uired for bending. 

The maximum moment (see Fig, 7.7) is 

M = 4080 X 9.25 X X 12 = 3,420,000 in.-lb 

With K = 196, 

Since the depth re(|uired for shear is usually greater, d = 18 in. will be 
assumed for a trial. The critical section for shear (Fig. 7.7) is then 18 in. 
from the face of the column, and its width is 

24 + 2 X 18 = GO in. = 5.0 ft 
The shear on this section is 



3,420,000 . 


K. - — X 2.125 X 4680 = 71,000 lb 

With an allowable shear stress v = 75 psi and assuming j = 0.9, the effec¬ 
tive depth required for shear is 



Art. 7.13] SINGLE-COLUMN FOOTINGS jjj 

- 71,000 

60 X 75 X 0.9 ~ 

The assumed value of d = 18 in. is seen to be adequate. (If a revision 
of the initial assumption were necessar}^ the width as well as the loca¬ 
tion of the critical section and consequently also V, ^\ould change.) 

The computed value of d refers to the upper layer of bar^ Allowing 
4 in. for insulation plus the distance center to center between top and 
bottom layer of bars, the total height of the footing is 22 in. and its 
weight 23,600, very close to the assumed value 

According to the 1951 ACI Cod^ the moment to be used for comput¬ 
ing the steel area isD.85 X 3,42^0^ = 2,910,000 in -lb and 


2,910,000 

20,000 X 0.9 X 18 


= 90 s(i in. 


The shear force on the critical section for bond, un same as for bend¬ 
ing, is 85 per cent of the net upward pressun* on the area in from of that 
section or 

n = 0.85 X 9.25 X 3.625 X 1680 = 131,0(H) lb 


The allowable bond stress is u = 0 08 X 2500 200 psi so that the 

required total perimeter 


234,000 
200 X 0.9 X 18 


= 11.2 in. 


Sixteen No. 7 bars provide .'I* = 9 62 s(j in and So = 44.0 in. (If the 
reduction factor 0.85 w'ere not applied to M and Tb, as seems indicated 
by Richart’s test results, the re(iuired A, and So would be larger than 
the above values in the ratio 1.0/0.85, and nineteen No. 7 bars would 
have to be used.) 

Dowels are placed in the footing, one for each column bar and equal to 
them in size, to transfer the stress from the column reinforcement into 
the footing. According to Art. 7.11, they should extend into the column 
26.7 bar diameters, or, for No. 8 dowels, 2 ft-3 in. 44ie full working 
value (bar force when stress is equal to allowable) of one column bar is 
0.8 X 20,000 X 0.785 = 12,000 lb, which is also the working value of 
the dowel. With a permissible bond stress u = 0.10 X 2500 = 250 psi, 
the length by which the dowels have to extend down into the footing to 
transfer their forces to the conciete by bond is 


122 > 00 _ 
^ 250 X 3.142 


16 in. 


where 3.142 is the perimeter of one No. 8 bar. This length can be accom¬ 
modated within the 19 in. available in the footing (22 in. minus 3 in. for 
insulation) so that no pedestal is required. 
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The hearing stress 400,000/24 X 24 — 692 psi is less than the allow¬ 
able value of 0.375 X 2500 = 938 psi. Complete details are shown in 
Fig. 7.8. For design examples of square footings supporting round col¬ 
umns, and for rectangular footings, see Arts. 8.53 and 8.54. 

7.14. Multiple-column Footings. It is sometimes desirable and quite 
freciuently necessary to support more than one column on the same foot¬ 
ing. A multiple-column footing is ne(*essary when two or more heavily 
loaded columns are so close to each other that there is not sufficient 
space for individual footings. They an^ also necessary when the face of 
an exterior column coincides with, or is close to, the property line so that 

a single footing c(‘ntered under the column 
would project i)eyond that line. If an 
eccentric, single footing were used, this 
would result in une(jual bearing-pressure 
distribution, w ith the possibility of tilting 
of th(‘ footing and conse(juent bending in 
the column. In such cases a combined 
fooling, supporting the exterior and the 
adjfH*ent interior column, Van be so pro- 
port ioni'd that the centroid of the footing- 
area coincides w-ith th(‘ resultant of the 
column load'' j)roducing an even pressure 
distribution and uniform settlement with¬ 
out tilting. 

V (‘ombiiK'd footing may be rectangular 
in plan or trap(*zoidal. The form is so 
clioseii as to make the centroid and the 
nvsultant coincide. Hence, rectangular 
footings are suitable for interior columns, 
or for exterior columns when the exterior 
column has the lighter load and the footing may be extended beyond the 
interior column as far as necessary. Tin* trapezoidal shape is recjuired if 
(*olumn loads are unecpial and if, for any reason, the footing cannot extend 
any appreciable distance beyond the heavier column. 

Another expedient that is being used if an independent footing cannot 
1)0 centered under an exterior column is to place the exterior-column foot¬ 
ing eccentrically and to connect it with the nearest interior-column foot¬ 
ing by a beam or strap poured monolithically with both footings. This 
beam, which is counteiwveighted by the interior-column load, resists the 
tendency of the eccentric exterior footing to overturn and equalizes the 
pressure under it. Such constructions are known as strap, or cantilever, 
or connected footings. 

With respect to combined footings, the ACI Code (1951) states that 
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''the committee is not prepared at this time to make recommendations 
for combined footings/' Proper judgment, howe\ er. can provide a reli¬ 
able guide for a safe design. In locating critical sections, it will be 
ivcalled that the peculiarities of single-footing design stem from the fac*t 
that they represent deep blocklike stnu'tures as distinc*! from the more 
(‘ommon beam and slab c(>nst met ions in which the depth is small as com¬ 
pared to the span. It is logi(‘al, tluu*efore, in combined footings to apply 
the single-footing procedures only \\h(u*e the ac'tion invohcMl is of the 
same type as in these single* footings, but to u^c* Sc'am-dc'sign procculures 
where the struc*tur<* performs more in the manner of bc'ams of ordinary 
proportions. 

It follows that in the transvc*rse dirc^ction, in which comlnncHl footings 
cantilever in much the same manner as single footings, the* critical sec¬ 
tions will be located as in the latt(*r In the* direction of thc' liiu*« onnect- 
ing the t>vo columns, on the othcT liand, combiic^ 1 footings are nss<‘n- 
tially ordinary beams, with or without o\erhangs at one or b^„th ends. 
Design sections are, theivlore, located as in ordinaiw' beam dc'sign (tor 
flexure at points of maximum moment, for slic'ar at tiu* lace of the* col¬ 
umns, or of transverse beams, if su(*h are iis(‘d, etc ). 

In regard to allowalile bond strc'ss it will lx* rc’callcxl that O.IO/J is per¬ 
mitted in beams, whereas 0 OS/' is allowcxl in I wo-way footings. Ilciice, 
in eombinod footings, tlu latt(‘r value* should be usexi wh(*re reinforce¬ 
ment is proxdded of the* same type as in single* lootings, i .(., in two layc'rs 
at right angles, 0.10/' is pc'rrnissiblc*, on ilie otlic*!* hand, wh(*r(* ordinary 
beam ac'tion is involvc'd, (‘xcepl that, as in beams, OOTf' must be* used 
for "top bars.'’ The* same leasomng aj>pli(*s to the* sclc'ction ol allowable* 
sh(*ar stresses. 

7.15. Design of a Combined Footing Supporting Two Interior Columns. 

Two columns, each 2t in sepiarc and (‘ach carrv ing ID0,000 Ih, an* spaceel 
10 ft-0 in., as showui in Fig 7 9. I)e*sign a ivctanguhir combined footing 
for an allowable seiil firessure eif KMK) psf, using a OOOO-psi cemcr<‘to and 
interrnexliate-grade steel 

The footing proper consists of a slab spanning longitudinally and pro¬ 
jecting be*yond the columns in that dii(‘ction Sin(*(‘ the slab, trans¬ 
versely, is wielcr than the columns, a tiansve*rse beam is provide*d under 
ea<*h column to distribute the* load and spnxid it ()V(‘r the entire width of 
the slab. Assuming the weight ot the footing to l)0 

O.OC) X 2 X 310,(K)0 = 37,0(K) lb 
the required bearing area is 

2 X 310.000 + 37,000 ^ 164.3 sq ft 
4000 * 
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The proper selection of width and length is governed by several fac¬ 
tors. If the footing is too long, the moments in the portions projecting 
beyond the columns longitudinally will be excessive. If the footing is 
too short, the span moments between columns will be uneconomically 
large. Also, in this case the width will become quite large, which would 
call for excessively heavy transverse beams. A few approximate trial 
designs are necessary to secure the most economical proportions, consider¬ 
ing excavation, concrete, and steel. In the present case the size finally 
selected is 18 ft-9 in. by 8 ft-9 in., providing an area of 164.1 sq ft. 




Fig. 7.9 

Design in Transverse Direeiion. The load per linear foot of each of 
the transverse beams is 310,000/8.75 = 35,400 lb per ft. As in single 
footings, the moment will be computed at the edge of the column and is 

M = 3.-),400 X X 12 = 2,420,000 in.-lb 

The width of the transverse beam is selected by experience, usually from 
one to two times the width of the column. With a width b = 48 in. the 
required effective depth is 


/2,420,C 

\235 


14.7 in. 


This depth is insufficient for shear. Since the transverse beams are quite 
short and deep, the critical section for shear is assumed as in single foot¬ 
ings, t.c., at a distance d from the face of the column. After several trial 
assumptions, d == 20 in. appears satisfactory. Then, at 20 in. from the 
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edge of the column, the critical shear force Ts 

V, = 35,400(3.375 -^^ 2 ) == 60,5001b 
and the shear stress 

60,500 , 

^ 48 X 0.9 X 20 


227 


Since the critical section has been selected by the procedure for single 
footings, to be consistent the allowable shear must also be that for such 
footing, i.e,j 75 psi. The depth is seen to be satisfactory. (A value of 
j = 0.9 is used throughout this computation because the reinforcement 
ratio p is usually (juite low in such footings, of the order of 0 005, \shich, 
from Table 6, Appendix D, gives a j v^arying \cry little from O.M.) A 
depth smaller than 20 in. would have recjuired the use of web ri inforce- 
ment, \vhich is generally avoided in footings. 

The required steel area is 


2 , 120,000 

20,000 X' 0.9 X 20 


6.73 sq in. 


The critical section for bond is at the edge of tlu‘ column where the 
shear force is 


Vb = 35,100 X 3.375 = 119,500 


Since the reinforcement of the tnmsverse beams is laid on top of that of 
the longitudinal slab (see Fig. 7.9), the })ar arrangement is tin* same as 
in single footings and the permissible bond .stress then^fon* is 240 psi. 
Hence, 


2 


0 


__ 119,^0 
^0 X 0.9 X 20 


27 7 in. 


Twelve No. 7 bars are selected, \vhi(*h pro\ide A, = 7.22 sq in. and 
2o = 33 in. 

Design in Longitudinal Direction, The load per linear foot of the 
longitudinal slab, which spans between transv(Tse beams, is 

(2 X 3J0,000)/18.75 = 33,050 lb i>er ft 

The positive moment at the outer edge of the transverse beam is 


M = 33,050 X X 12 = 1,120,000 in.-lb 


while the negative moment midway between columns is 
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The latter is seen to govern, and the ro(iuired effective depth becomes 


r 1/200,0( 

\23r) X 8.75 


000 _ 

X 12 


7.0 in. 


In the longitudinal direciion the slab represents a beam of great width, 
but with a span-depth ratio of customary magnitude, ?.c., the depth is a 
small fraction of the span. For this reason shear and bond stresses are 
computed as in beams rather thaii as in footings, and allowable stresses 
are taken correspondingly. 

The shear force at the inner face of the transverse beam is 


y = 33,050(2.375 + 1.0) - 310,000 - -09,000 lb 
and at the outer fac(' 


V - 33,050 X 2.375 = 78,500 lb 

The former is seen to govern and, with an allowable shear stress of 90 psi, 
the re(juire<I dej)tli Ix'comes 

^W)00 

“ 00 X 8.75 X 12 X 0 9 ^ 


A depth of c/ = 11.5 is selected, which results in v = 91 psi, only about 
1 per cent larger than the allowable value With a total insulation of 
3.5 in. from the center of bars to the bottom of the slab, the total slab 
thickness is 1 1.5 + 3.5 = 15 in. 

The steel area iH^iuired midway between columns is 


_ 1,200,000 

20,(K)0 X 0.9 X 11.5 


5.8 s(| in. 


This reinforcement, near th(' toj) face of the slab, is required theoretically 
only to the point where the n<*gatne moment becomes zero, ^.c., the 
inflection point. It is at this point that the shear force is largest aiiy- 
wh(‘re along the recjuired length of these bars, and hence the bond stress 
must be checked at that point. To find the inflection point, the moment 
at any section is e\})ressed in term of th(‘ distance' .r from one end of the 
slab, ?.c., 

M = 83,050 - 310.000(,.r - \ 375) 


To find the point of zero moment, the above expression is eejuated to 
zero, and the resulting cjuadratic equation is solved for x. One obtains, 
in this manner, .r = O.OO ft. The shear force at this point, which is just 
inside the inner edge of the transverse beam, is- 

- 33,050 X 0.0 - 310,000 = -92,000 lb 
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For top bo^rs tho Code allows a bond stress of 210 ])si so that the reQuir^d 
perimeter is 


2 o 


210 ~x 0.1) X ii.r) 


42.3 in. 


Twenty-two No. 5 bars are s(4(^cted, which furnisli A, == (>.(U sej in. 
and So = 43.2 in. (li is seen that .1, i.'^ considerably in excess of tin* 
reciuired 5.8 sq in. S(4ectinj2; a larger nuinber of smaller bars would have 
led to some saving of steel. It would have resulted, however, in an 
inconveniently small spacing of bars and the saving probably would have 
been offset by the greater labor cost in handli )g and placing tin' larger 
number of bars.) These bars are j)laced 3.5 in. from the top of the slab 
and are extended to the column center lines. 

At the outer edge of the transverse beam, the inomcMit was found to be 
1 ,120,000 in.-lb so that the retiuired bottom st(‘(4 at this s<‘ction is 


, 1,120,000 

"" 20,(KM) X ().!) X 11."' “ ''' 

The shear force at lh(‘ sanu' s(‘ction was found to bt' 7S,500 ’b and the 
perimeter retiuired for bond, with u - 210 psi for bottom bars, is 


So 


7<S,5()0 

240 X 0.9 X 11.5 


31.() in. 


At the outer edge of tin' column, 

M = :«,().■)() X X 12 - 2,2:)(),(MM) m.-ll) 


Since the longitudinal ste(4 is laid b<‘low tin* tninsvcust* bars, th(‘ (‘fT<*ctive 
depth at this section is about \ in. gn‘atej than that of tin* transv(u*se 
beams, that is, d — 20.7.7 in. Computation shows that this is more 
than twice the re(|uired depth for tin* al>o\(* moimait. 4 he nMjuired bot¬ 
tom steel area at this section is 


- 4 . 


2.250,000 

2(),()00 X 0.9 X 20.75 


().02 s() in. 


At the same section 

Y = 33,050 X 3.375 = 111,5(K) lb 

2 .= - ,- = 2).Sin. 

" 240 X 0.0 X 20./.> 

These computations .show that for the lajttom loiifjitudiiial l)ars the 
rcc|uired area is governed liy the section at the outer edge of the column 
{A, = 0.02 sq in.), while the required perimeter is eritieal at the outer 
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edge of the transverse beam (So = 31.6 in.). Fourteen No. 6 bars are 
selected, which furnish = 6.19 sq in. and So = 38.5 in. These bot¬ 
tom bars should extend from each end of the footing to a section at least 
12 diameters beyond the inflection point. This would leave about 4 ft 
midway between columns where bottom steel would not be required. 
Instead, the bars will be detailed to extei^d the full length of the foot¬ 
ing. This simplifies placing and also safeguards against the possibility 
that uneven settlement due to soil or load irregularities may cause a 
different distribution of moments, with inflection points closer to the 
center than computed. If no steel were provided, tension cracks would 
then result. In view of the uncertainties inherent in most foundation 
design, most engineers prefer this method of placing at least some rein¬ 
forcement in portions of foundation beams where computation does not 
indicate its necessity, but where such steel may become necessary because 
of such irregularities. It is for this same reason that the top bars were 
detailed to extend from center to center of columns. (In contrast, there 
is no conceivable distribution of loads or reactions which could cause ten¬ 
sion, and reciuire steel, in the top of the outer cantilevered portions of the 
longitudinal slab.) 

The transfer of stress at the base of the column is handled in the same 
manner as in single footings and will not be discussed in detail. The 
weight of the footing as designed is 37,900 lb, which is sufficiently close 
to the assumed value of 37,000 lb. 

Figure 7.9 shows complete details. In designing the reinforcement for 
this footing, the aim was maximum economy, which results from using 
the smallest, number of bars compatible with area and perimeter require¬ 
ments. This method, in this case, led to the use of three different bar 
diameters within the same footing. This is not objectionable on larger 
constructions, {)articularly if the footings are repetitive. For smaller 
structures, it may be more advantageous to use uniform bar diameters as 
far as possible, even at some sacrifice in steel and labor cost, to avoid 
extra charges for small (juantitles of various diameters and the problem 
of separate storage on the site of a great variety of various bar sizes. 

7.16. Design of a Combined Footing Supporting One Exterior and 
One Interior Column. An exterior column, 24 by 18 in. with a total load 
of 2(X),000 lb, and an interior column, 24 by 24 in. with a total load of 
300,000 lb, are to be supported on a combined rectangular footing whose 
exterior end cannot protrude beyond the outer fa(‘e of the exterior column 
(see Fig. 7.2). The distance center to center of columns is 18 ft-0 in. 
The allowable soil pressure is 4000 psf. A 3000-psi concrete and inter¬ 
mediate-grade steel are to be used. 

It is difficult to estimate the weight of footings of this type. The bear¬ 
ing area, as in single footings, depends only on the column loads and the 
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bearing pressure. The depth, however, is often governed by the longi¬ 
tudinal bending moment, which increases rapidly with increasing distance 
betw^een columns. Hence, for equal column loads and bearing pressures, 
larger column spacings result in heavier footings. a crude rule, 0 to 
15 per cent of the combined column loads can be taken as the approxi¬ 
mate weight of such footings. In the present case, since the column 
spacing is relatively large and the bearing capacity rather low, the foot¬ 
ing weight will be assumed as 12 per cent of the column loads, or 00,000 lb. 
The reejuired bearing area is then .>00,{)(X)/4(K)0 = 110 s(} ft. 

In order to secure uniform soil pressure, tlie centroid of the bearing 
area must coincide ^^ith the resultant of the column loads. The latter is 
located at a distance of 300,000 X 18/500,000 --- lO.S ft from the center 
of the exterior column. The length of the footingTSfiSl be 

2(10.8 + 0 75) - 23.1 ft 

A length of 23 ft-3 in. is selected. The rc(|uircd width is then 

110/23.25 - 0.0 ft 

(see Fig. 7.11). 

The method of design is analogous to that of the sMnmetn(‘al footing 
of Art. 7.15. That is, longitudinally it repn'scMits an upward-loaded 
beam spanning het\>eeni columns and cantihw(‘ring Ix'^ond the interior 
column. Since this b(‘arn is c(nisid(‘rahly \\id(‘r than tin* columns, the 
column loads are distributed crosswise* by trans\crs(* b(*am.s, one* under 
each column. In the* c\ainj)l(* of Art. 7 15, the* rclati\cly large w'idth of 
the footing resulted in laige* moments and slnsars in these transverse 
beams so that their rociuii(‘d (le])th was fouinl to be* large*r than that of 
the footing slab. lle‘iice, the edTe*e*live‘ wielth, for compre‘ssie)n anel she^ar, 
of these transverse i)eams was simjdy (*(iiial to tlie* r(*al wielth e)t the por- 
tiem projecting above the slai). in the* pre*scnt re‘]ative*ly narre)W’ aiul long 
fe)e)ting it will be found that the* re'ciuireel minimum depth for the trans¬ 
verse beams is smalleT than is reejuire*el ten* the fe)e)ting in the lemgitudinal 
direction. These '‘i)cams,” thcre'fe)ic, arc not really distine*t members 
but merely represent trarisv^(‘rse strips in the* main bexly e>f the fe)e>ting, 
so reinforced that they arc capable e)f resisting the transveise bending 
moments and the corresponding shcais. It then b(*c(>mes a (juestion to 
decide how large the effective width of this transverse ‘*beam’^ can be 
assumed to be. Obviously, the strip dir(‘etly under the column does not 
deflect independently and is strengthened by the adja(*ent parts of the 
footing. The effective width of the transverse beams is, therefore, evi- 
dentl y larger than that of the columiij hut cannot be taken as very much 
larger than the latter since the column load must be able to distribute 
itself reasonably uniformly over the entire width of the beam. In the 
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absence of definite rules for this case, or research results on which to 
base such rules, the authors recommend that the effective width of such 
integral, transverse beams be determined in the following manner. The 
effective width shall be equal to that o^the column plus, on either side of 
the column, a strip of width e(|ual toTialt of that of the column, or to 
half the depth of the footing, whichever is srhaller. (This rule assumes 
that the load from the column will spread at an angle of about 30° with 
the vertical, a rather conservative assumption.) 

Design in Longitudinal Direction. The net upw^ard pressure per lon¬ 
gitudinal foot is 500,000/23.25 = 21,500 lb per ft. The maximum nega¬ 
tive moment between the columns occurs at the section of zero shear. 


200,000/d 300,0001b 



Viu. 7.10 

Let X be the distance from the outer edge of the exterior column to this 
section. Then (see Fig. 7.10) 

V = 21,500x - 200,000 - 0 

results in x = 9.32 ft. The moment at this section is 


M 




2i,r)00 X 


200,000(9.32 - 0.75) 


12 = - 9,300,000 in.-lb 


The moment at the right edge of the interior column is 


M = 21,500 X X 12 = 1,575,000 in.-lb 

and the details of the moment diagram are as show n on Fig. 7.10. 

For the given grades of steel end concrete, K = 235, and the depth 
required for bending is 
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d = 


4 


9,3(>0,000 
235 X 72 


23.5 in. 


This computation shows that the depth of the footing is at least equal 
to the width of the interior column so that the width of the transverse 
beam under the interior column can now be established by the previously 
discussed rules to be 24 + 2 X 12 = 48 in. 41ie shear will be checked 



Fig. 7.11 


at the interior ^^edgo’^ of this transverse beam. From the shear diagram 
of Fig. 7.10 it is seen that at this point the shear is 

\\ = 181,750 - 1 X 21,500 - 1 (>0,250 lb 

By the same rule the width of the exterior transv(‘rse beam is 


18 + 9 = 27 in. 


and the shear at the interior ‘^edge’^ of that beam is 


Vs = 107,750 - 0.75 X 21,500 = 151,400 lb 


Since, longitudinally, the footing acts as a beam of normal span-depth 
ratio, if no web reinforcement is to be used, the allowable shear stress is 
that permitted for ordinary beams, t.c., 90 psi, and the depth required for 
shear is 


_ jOO/250 _ 
90 X 72 X Js 


28.3 in. 


With d = 28.5 in. and 3.5 in. insulation from the center of bars to the 
concrete surface, the total thickness of the footing is 32 in. and its weight 
55,700 lb, which agrees closely with the assumed value. 
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For the negative moment in the span between the columns, the required 
steel area is 


A, = 


9,360,000 


20,000 X X 28.5 


== 18.8 sq in. 


The critical sections for bond, for these bars, are at the inner edge of 
the exterior column and at the point of inflection (see Fig. 7.10), which 
is about 0.1 ft from the edge of the interior column. It is seen from 
the shear diagram that the latter section governs in this design, and 


Vb = 181,750 - 0.1 X 21,500 = 179,600 lb 


For top bars, the allowable bond stress is 210 psi and 


So 


_179^()0q _ 

210 x' h X 28.5 


34.3 in. 


Fifteen No, 10 bars are selected, with a spacing of about A}^ in. 

For the portion of the longitudinal beam which cantilevers beyond the 
interior column, 


_ 1,575,000 

20,000 X *7 8 X 28 5 


= 3 15 sq in. 


The critical section for bond is at th(» edge of the column, where 


V = 21,500 X 3 5 - 75,250 lb 


Since these bars are at the bottom of the footing and in contact with the 
transverse bars, the allowable* bond stress is the same as in single foot¬ 
ings, i.e., 240 ])si. Hence, 


So 


240 X Ja X 28.5 


12.6 in. 


Eight No. 6 bars are selected. 

Design of Transverse Bearn vnder Interior Column. The net upward 
load per linear foot of the transverse beam is 300,000/6 = 50,000 lb per ft. 
The moment at the edge of the interior column is 


M - 50,000 X ^ X 12 = 1,200,000 in.-lb 


Since the effective \vidth of the transverse beam was determined as 48 in., 
the required depth is 


d = 




1,200,000 

48 X 235 


10.3 in. 


Since the transverse bars are placed on top of the longitudinal bars (see 
Fig. 7.11), the actual value of d furnished is, to the nearest quarter inch, 
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28.5 - 0.75 = 27.75 in. Then 


23S 


A, = 


1,200,000 


= 2.40 sq in. 


20,000 X 0.9 X 27.75 
At the edge of the column, V = 50,000 X 2 = 100,000 lb, and 


So = 


100,000 


240 X 0.9 X 27.75 


^ = 10.7 in. 


Seven No. 6 bars are selected and placed within the 48-in. effective width 
of the transverse beam, at a spacing of about 8 in. 

Since the transverse beam is quite deep in relation to its span, t.c., 
dimensional^ close to single footings, the critical section for shear can 
be taken as in such footings, /.c., a distance d from the column. Since 
this section falls outside the footing, no investigation for shear is culled for. 

(It will be noticed that in the longitudinal design 7 = Js used and 
in the transverse design j — 0.0. From Table 5, Appendix D, it is seen 
that the former value applies closely for steel ratios nol too much below 
that for balanced reinforcement. This is the case in the longitudinal 
direction. The transverse beam, in view of its excessively large rf, has a 
very small steel ratio, in which ease j = 0.9 is a closer approximation. 
A stress check for the designed dimensions and reinforcements will show 
the design on the basis of these approximate j values to be quite close.) 

The design of the transverse beam under the exterior column is in no 
way different from that under the interior column, except that the effec¬ 
tive width is 27 in., as previously determined. The details of the calcu¬ 
lations are not shown. It will be easily checked that five No. 0 bars, 
placed within the 27 in. effective width, satisfy all requirements. Design 
details are shown in Fig. 7.11. 

7.17. Design of a Strap Footing. In a strap or connected footing, the 
exterior footing is placed eccentrically under its column, in order not to 
project beyond the property line. Such a position would result in an 
uneven distribution of the bearing pressure and tipping of the footing. 
To counteract this tendency, the footing is connected by a beam or strap 
to the nearest interior footing. 

Tl\ g footing areas are s o proport ioned th^ ihe.Jji:fi§§.ure undiSILcach of 
them k uniform and is the same under both footings. To achieve the 
latter, it is necessary, as in other combined footings, that the centroid of 
the c ombined area of ijh e two footings coincide with the resultant of the 
column loads. The strap proper is generally constructed in such a man¬ 
ner that il will not bear directly on the soil. 

To illustrate this design, the columns of Art. 7.16 will be so supported. 
Connected footings for larger column distances generally require less con¬ 
crete than rectangular footings. Therefore the combined weight will be 
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assumed to he 0.08(300,000 + 200,000) = 40,000 lb. The total required 
hearing area is 540^000/4000 = 135 sq ft. 

In Art. 7.16 the resultant of the column loads was found to be located 
10.8 ft from the center of the exterior eolumn, or 11.55 ft from the exte¬ 
rior face of that eolumn. To distribute the two footing areas so that 
their total will add up to the required 135 sc| ft and their centroid will be 
located at 11.55 ff from the outer edg(‘ recpiires several trial computa¬ 
tions, The arraiigemeut shown in Fig. 7.13 w as determined by such trials 
and provides exactly 135 s(| ft of area. Its centroid is located from the 
outer edge at a distance x — (72 X 18.75 + 03 X 3.0)/135 = 11.40 ft, 
which only insignificantly differs from 11.55 ft. 

To t*ompute the moments and shears in the various parts of the con¬ 
nected footings, it is first neccvssary to determine the intensity and loca¬ 
tion of all external forces and reactions. These are shown in Fig. 7.12. 



Since the footing areas are so arrangc'd that the prcvssure on each of them 
is uniform, the resultants of these net prc*ssurc‘s, /i\ and it,, act at the 
centcM's of the respective footings. Assuming the weight of the strap to 
be 1000 II) pcT ft, Hr is found by cH|uating to zero the moments about the 
center line of the interior column, /.c., 

200,000 X 18.0 + HKK) X - X 15 75 = 0 

and henc'e H, = 240,000 lb. The other reaction is then found by 
equating to zc^ro the sum of all \ertic‘al forces, t c., 

200,000 + 300,000 + 1000 X 18.75 - 210,000 ~ = 0 

hence = 278,750 lb. 

Design of Strap. The maximum moment in the strap occurs at 
the section at which the shear force is zero. Designating by x the 
distance of this section from the (*xtcrior edge, and noting that the 
uniform upward load from the exterior footing, per foot of strap, is 
240,000/0 == 40,(K)0 lb per ft, 

= -200,(X)0 + 40,000a; -lOOOx = 0 
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from which x = 5.13 ft. The moment at this section is 


237 


M = 1^-200,000(5.13 - 0.75) 


- 1000 X 


(5.13)^ 


+ 40.000 X X 12 = -4,300,000 iti.-lb 


For the strap a width b = 2H in. is selected. With a column width of 
24 in. this permits simple placing of beam and column bars where they 
intersect and allows the column forms to be supported on the top surface 
of the strap. Then 


\23 


23'5 X 28 


= 25.8 in. 


With an effective depth of 2G.5 in. and, for insulation, 3.5 in from the 
center of bars to the bottom face, the total depth of the strap becomes 
30 in. The recjuired steel area is 


4,360,000 

20,000 X 0.800 X 20.5 


9.5 sq in. 


The shear at tin* face of the column 


y ^ -200,000 - 1000 X 1.5 + 40,000 X 1.5 = -111,500 lb 


recjuires, for lop bars, a total perimeter of 


So 


141,500 

210 X 0.800 X 20 5 


29.1 in. 


Ten No. 9 bars furnish .1, = 10 s(j in. and iJo = 35.4 in. They can be 
placed in one layer with clear distances slightly Jarg(‘r than the bar diam¬ 
eter, which is permissil)le by the Code. (Some d(‘sign(u*s may feel that 
even though the formal spacing ref|uirements are satisfied, a solid layer 
of top bars with clear distances between them of about 1^8 Tnay 
seriously interfere with placing the concr(*te. In this case bars can be 
arranged in t^vo layers of Ove bars each, ^^itll a clear vertical distance of 
1 in., which would call for a total depth of 31 in. for the strap.) 

The moment in the strap decreases to^\ard the interior (‘olumn and is 
zero at the center line of that column. Hence, part of the strap rein¬ 
forcement can be discontinued A\hcre no longer ne(‘ded. Half of that 
reinforcement will be terminated where the moment in the strap is half 
the maximum moment, that is, M = 4,300,000/2 = 2,180,000 in.-lb. 
The net downward load on the strap at the interior column is 

300,000 - 278,750 = 21,250 lb 

If X is the distance from the center line of the interior column to the 
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point where the moment h&s the shove vslue, one obtains 

21,250a; + 1000 

from which x = 7.35 ft. The distance of tjiis point from the outer face 
of the wall is then 18 ft-9 in. - 7 ft-4 in. = 11 ft-5 in. Bars are extended 



12 diameters beyond the point where they are no longer needed. Hence, 
half of the No. 9 bars can be discontinued at a distance of 

11 ft-5 in. -1- 12 X - = 12 ft-7 in. 

from the outer face of the wall column, as shown in Fig. 7,13. 

The maximum shear stress is 


141/)00 

28 X'0,800 X 20.5 


= 220 psi 


which exceeds y = 90 psi allowed for the concrete. Web reinforcement 
is, therefore, called for. To determine the length over which stirrups 
are needed, the shear carried by the concrete is determined to be 

Vc = 90 X 28 X 0.860 X 26.5 = 57,900 lb 
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The distance x from the outer face to the point where the concrete alone 
5s capable of canying the shear is found from 

V = -200,000 + 40,000a; - lOOOx = -57.900 
from which x = 3.65 ft. 

The required spacijig of No. 5 double-looped stirrups at the inner edge 
of the exterior column is 


_ _ 4 X 0.307 X 20,000 X 0.866 X 26.5 . 

® ' 141,500 - 57,900 in. 

Hence, over a distance from the inner edge of the column of 

3.65 - 1.5 = 2.11 ft 


six stirrups are required at the above spacing. 

Design of Exterior Footing. The exterior footing performs exactly like 
a wall footing of 6 ft length. Even though the (‘olumn is located at its 
edge, the balancing action of the strap is such as to transmit the total 
reaction Re = 240,000 lb uniformly over the 6-ft length, thus iosulting 
in the desired, uniform soil pressure. The net upward pressure is 


240,000 
(10.5 X 6) 


= 3810 psf 


The distance from the face of the strap to the edge of the footing is 
5.25 — ^^12 ~ moment at the strap 


A/ = 6 X 3810 X 


(4.09)2 


X 12 = 2,300,000 in.-lb 


The required effective depth is 


\235 


300,000 ,, ^ . 


Computation shows that this depth is not sufficient for shear. For 
d = 15 ill., the critical section for shear is located at a distaiice from the 
strap equal to 4.09 — ^^^2 = 2.84 ft, so that the shear force at that sec¬ 
tion becomes 

F. = 3810 X 6 X 2.84 = 64,900 lb 


The shear stress 


64,900 _ ^ . 

■ 72 X X 15 P * 


is smaller than the permissible value of 75 psi for concrete alone. 
The required steel area is 


2,300,000 


20,000 X J-8 X 15 


= 8.76 sq in. 


A 
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240 


At the critical section for /)ond, /.r.. at the fare of the strap, 


and 


Vi = 3810 X () X 4.09 = 93,500 lb 




93,500 


300 X K X 15 


- = 23i8 in. 


Nine No. 9 bars furnish A„ = 9.00 s(\ in. and So = 31.8 in. 

The interior fooling is dosiji^iHHl as a simple, two-uay square footing for 
an effective column load of 278,750 lb, disregarding the slightly 

modifying influence of th(‘ si rap. The procedure is (‘\actly the same as 
that of Art. 7.13. C’omputations are not shown hero. Dimensions and 
reinforcement are given in Fig. 7.13. 

The wTight of this strap bioting is 44,700 lb, sufficiently close to the 
assumed value of 40,000 lb. It is inteu-esting to compare this value with 
the weight of the* combined footing devsigned in Art. 7.10 for the same 
situation. This v\(‘ig}it was 55,700 lb, or about 25 j)er cent more than 
that of th(' strap footing. The' actual saving in using the latter will be 
sonuwvhat smalh'r than 25 per cent, since* the* ste‘e*l ratie) in the strap foot¬ 
ing is large*r Ilian that in the* combine*el feieiting, anel sinen semiewhat more 
ce)mj)le\ formweirk is re*fjuiii*d lor the* forme*]’. lOven so, the saving is 
substantial jinel wenilel be even larger fen* gre*a1er distane*es between the 
two cedurnns. 

(V)mplete‘ details are sheiwn ein Fig. 7.13. The beittom of the strap has 
been leicateel \ in. abeive the* bottom of the foeitings. This permits the 
be)ttom planks eif the* strap lorms le) be plae*(*el on we*elge*s, so that they 
can be withdrawn afte*r the e*e)ne*re*te has harele*ne*el. This prevents eiirect 
bewaring of the* strap on soil. Some de'signers re*e‘e)mmenel that aelditional 
leingitudinai re*infe)re*ement lie* j)lae*e*el at the botteim eif the strap to guard 
against mome*nts eif e)ppe>sile sign which may e’e>ne*eivably occur because 
of irregular settlement. 

7.18. Footings on Piles. If seal e'onditiems require the use of piles, 
these are usually driven in cluste*rs, enie* te) each e*e)lumn, and the loael is 
transferreel from the e'eilumn to the pile*s by a fe)e>ting. Tlie elesign of 
such pile-supj)e)rte*el feieitings is iu)t mue*h different from those resting 
directly on soil, exc(*pt for some spe(*ial features. 

The size of the footing is determined i)y the r(*(|uired number of piles 
and by the spacing between them, which usually, for friction piles, is not 
less than 3 ft for concrete pil(*s or 2.5 ft for t imber or 11 piles. End-bearing 
piles are sometimes driven at clo.ser distanc(*s. The top of the piles must 
be securely embedded in the footing. For tin’s purpose the bottom of the 
footing is located not less than 0 in. below the top of the piles, and the 
distance from the center of outside piles to the edge of the footing is not 
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made less than 1.5 ft. Reinforcement is located at a distance of 3 in. 
above the tops of the piles. 

Occasionally individual piles are not driven to the design depth, with 
the result that their tops are above the planned elevation. Under no 
eircumstances should the footing reinforcement in such cases be bent 
around the protruding pile. Jf this were done, tlie smaller depth of con¬ 
crete left above the top of such a pile and the complete absence of rein¬ 
forcement above it would make it possible for the pile to punch through 
the footing. For this reason such piles must be cut to the recjuired eleva¬ 
tion before the fooling is poured. 

In designing the footing, the load from the column is assumed to be 
uniformly distributed to all ])iles in the cluster. For this purpose piles 
must be arranged symmetrically about the axis of (he column. The net 
load per pile, ?.c,, the column load divided by the number of piles, k then 
assumed to act as an upward load on the footing, concentrated at the 
center of the pile. 

The critical sections for moment and bond are the same as for footings 
resting on soil, and the ACT (''ode allows the same coelljcient of 0.85 to 
be applied in computing tensile and bond stresses. 

A somewhat more conservatiAT assumption than in soil-supported foot¬ 
ings is used in locating the (•riti(*al sections for sh(\ar. '^rh(\se sections are 
placed at a distaiu'e of d/2 (rathc^r than d) from lh(» faces ol the column 
or th(‘ pedestal, as the eas(' may be. 

While for bending computations the pile reactlOJis are assumed to be 
concentrated at the pile centers, in computing shear forces (both for bond 
and for shear cakailations) account is taken of the fact that these reac¬ 
tions are actually distributed over the l)earing area of the ])ile. The 
fact that shear is usually the critical feature which determines the depth 
of a footing is the reason for the great(*i reluKmient in this d(‘termination. 
It is obviously unrealistic to assume (hat if the center of a |)ile is lo(*ated 
1 in. inside the critical section it will not produce any shear on that sec¬ 
tion, while, if it is located 1 in. outside, its tull value will contribute to 
the shear. Correspondingly, the ACT Cod(^ stipulates: 

In computing the cxtci nal shear, the eiitiie leaction fiom any ])ile whose center 
is located six inches oi moie outside the section shall be assumed as pioducing 
shear on the section; the leaction fiom am pile whose centei is located six inches 
or moie inside the section shall Ix' assumed as pioducing no shear on the section. 
For inteimediate positions oi the pil(‘ centei, the poition oi the pile reaction to be 
assumed as producing shear on the section shall be based on straight line inter¬ 
polation between full value at six inches outside the section and zero value at six 
inches inside the section. 

Actual pile positions frequently differ from assigned locations. On 
occasion this happens even with careful construction supervision and 
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workmanship, particularly in irregular soils where boulders and other 
obstructions may deflect piles during driving. Such off-location piles 
may produce moments and shears significantly in excess of the computed 
values. By the above-quoted rule, unfavorable pile displacements as 



TYPICAL PILE CAP 
Fig 7 14. Typical pile cap. 

small as 1 ft may change the tshear on the section by an amount equal to 
the total pile reaction Ihlc* footings for soils in \\hich such displace¬ 
ments are likely to occur should, therefore, be designed conservatively, 
that is, with unit stresses (’onsiderably below the stipulated values. By 
this means a strength reserve is created which is available in case actual 
moments and shears exceed the values computed for peilect pile location. 
Details of a typical footing on piles are shown in Fig 7.14. 
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REINFORCED CONCRETE BUILDINGS 


8.1. Adaptability of Reinforced Concrete. Reinforced concrete has 
gradually become one of the leading building materials of the present 
day, chiefly because of its durability, its fire-resisting qualities, its adapt¬ 
ability to various types of design, and its pleasing archite(‘tural appear¬ 
ance. When used with any other type of construction, as for example, 
the floors in a steel frame structure, or by itself in a building all of whose 
constituent structural parts are of reinforced concrete, its suitability is 
well recognized. 

In determining the type of structure to be used for any particular 
building, usually the two most important considerations arc the time 
requi red before the bgildinfi jimu be occupied, and the relative economy 
of.the selected type as compared with the other available structures. 
While the actual erection of a steel frame building may be completed in 
considerably less time than a reinforced concrete building, in many cases 
the length of time necessary for the fabrication of the steel will result in 
the lapse of a longer period of time from the letting of the contract to the 
completion of the structure than in the case of reinforced concrete 
construction. 

Steel frame structures in which no attempt is made to encase the steel 
may be lower in first cost than those of reinforced concrete. If, how¬ 
ever, an attempt is made to have the steel structure as fireproof as the 
reinforced concrete structure, the ratio of relative first costs may be 
reversed. This is especially true of certain types of buildings in which 
long spans and heavy loads exist. A real comparison between buildings 
of different materials should be made only after a consideration of the 
first cost and subseejuent annual expenditures. Experience has shown 
that, for many types of structures, the real cost of reinforced concrete 
construction compares favorably with that of other materials. 

Another factor favorable to reinforced concrete is that, in times of 
materials shortages, reinforcing steel and cement may usually be obtained 
long after structural steel has disappeared from the open market. 
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8.2. Floor and Roof Loads. The minimum live loudb for which the 
floors and the roof of any building should be designed are always specified 
in the building code that governs the site of the construction. 

The ranges of minimum live-load values in pounds per scpiare foot of 
floor or roof area, as contained in several typical building codes, are given 
in Table 8.1. 


TABLE 8.1. Recommended Minimum Live Loads for Buildings 


Apartments 

40 

Hoofs, flat 

20 

to 

Auditoriums and theaters* 


School !>uildings 



With fixed seats 

ao 100 

Classrooms 

40 

00 

Without fixed seats 

100 

Corridors, })ul)li( spaces 

100 

Dwellmgs ... 

to 

Oarages* 



Hospitals. 

40 

All typ(‘s ol v( hi( h s 

100 

175 

JIot(*lb: 


Passengf'i c.ns onlv 

75 

125 

Itooms . 

to 

Store huildmgs 



Corridors, lolihu's, dmmg 


Hetail 

75 

125 

rooms 

100 

W hoh sal(‘ 

100 

125 

Manufaetuiing liuildiriKs 


Warehouse's 



Light munufaetunng 

125 

Light stoi.ige 

75 

150 

Heavy manufaetuiing 

125 200 

Heavy stoi ige 

200 

250 

Office huildings* 





Offic(‘ space 

.50 ()0 




Corridors, public sjraci s 

100 125 





The specified minimum li\e loads cannot always bo used. The type 
of occupancy should lx* considoK'd, and th(» piobable loads should be 
computed as accuralelj as possible W ar(‘hous('s tor heavy storage may 
be designed for loads as high as oOO psf or mor(\ iimisually heavy opera¬ 
tions in manufacturing buildings ma\ KMjuin' a large inciease in th(» 
200-11) maximum sp(‘cifi(‘d abo\e, and special provision must be made 
for all definitely lo(*ated hea\y concentlated loads 

Some* building codes pro\ ide for occasional probable concentrated 
loads, such as the weight of a hea\\ safe, by recpiiring that in addition 
to !)eing adcxpiate to support the specified minimum unifoim live load, 
the floor syst(*m shall also be capable of supporting a single concentrated 
load of 2000 lb (or more) on an ai('a 2*2 It scpian' wlnai this load is 
placed in any position on tlie floor The concentrated load and the uni¬ 
form load are, however, not assumed to act simultaneously. 

In all cases the d(»ad weight of the floor must be included in the ^)tal 
design load When plastered ceilings an* specifu'd, as is frequently the 
case where ribbed floor construction is used, an additional allowance of 
from 10 ko 15 psf is made for the lath and plaster In certain types of 
buildings, particularly office buildings, where a)I partitions are not defi¬ 
nitely located on the plans, an extra allowance of from 10 to 20 psf of 
floor area is freciuentl}’' made for the w'eight of these partitions. 
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There are still many areas of this country where no building codes are 
in force. In such localities the choice oi live loads and working stresses 
depends largely on the judgment of the designing engineer. He may be 
guided by the requirements of eodcs for other parts of the same general 
region or by codes such as those of The National Board of Fire Under¬ 
writers or of The Building Officials C'onference of America. 

REINFORCED CONCRETE FLOORS AND ROOFS 

8.3. Types of Floor Systems. The types of ( (nicrete floor systems are 
so numerous as to defy concise classification. In steel construction the 
designer is usually lirnittHl to the utilizatiofi of structural plattvs and 
shapes whi(*h have })een standardized in form and size l)y the relrdively 
few producers in the field. In reinforced con(*rete, on the other h^iTid, 
the engineer has inuc'h more control over the form of the structural com¬ 
ponents of a building. In addition, many small pi-oducers of reinforced 
concrete structural elements and construction accessoiic> can (*ompele 
profitably in this field since plant and (M|uipment re(|nirements are not 
excessive, as they frecjuently are in ste(‘l work. This has resulted in the 
development of a few more or less standard methods of coiKTc'te floor (*on- 
stru(*tion and many sp(‘cial or j)roprietarv methods. Only a few of the 
more commonly known tyi)es (‘an be mentioned in a text of this type.^ 

In general, theVommonly used reinforced concrete floor systems can be 
classified as follows: 

1. f)ne-way nnnforcing syst(‘ins (in A\hi(‘h the main reinforceiru'iit in (*ach 

structural element runs in one din'ction) 

a. Solid-slab l)eam-aii(l-gir(ler floors 

b. One-way ribbed floors; concref(‘ joists with steel-pan, clay, (jr con¬ 
crete-tile fillers 

c. Steel-joist floors (commonly us(‘d with steel framcjs) 

d. JVecast systems; 

(1) Precast slab or deck 

(2) Precast beams and girders 

e. CVjncrete slab reinforced with steed deck 

2. Two-way reinforcing systems (in \\hi(*h the main reinforcement in at 

least one of the structural elements runs in two directions) 

a. Two-way solid slabs with beam supports 


^ For illustrations of several other types of floor syst(»ins, set* Ramsey and Sleeper, 
'‘Architectural Graphic Standards,” 4th ed., John Wiley & Sons, Inc., New York, 
1951. See also manufacturers' catalogues in Sweet's File, F. W. Dodge Corp., New 
York. 
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b. Two-way ribbed slabs with tile or steel-pan fillers and with beam 
supports 

c. Flat-slab floors 

Each of these types is described in the following articles. 

8.4. Solid-slab Beam-and-girder Floor. A solid-s\ab ^^ eam- and- 
girdcr floor consists of a scries of parallel beams supported at their extrem¬ 
ities by girders which in turn frame into concrete columns placed at more 
or less regular intervals over the entire floor area. This framework is 
covered by a one-way reinforced concrete slab, the load from which is 
transmitted first to the beams and thence to the girders and columns. 
The beams arc usually spaced so that they come at the mid-points, at the 
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Section 

Fkj. 8.1, Framing of bcam-and-girdor floors. 


third points, or at the quarter points of the girders, as shown in Fig. 8.1. 
The arrangement of beams and spacing of columns should be determined 
by economical and practical considerations. These will be affected by 
the use to which the building is to be put, the size and shape of the 
ground area, and the load which must be carried. A comparison of a 
number of trial designs and estimates should be made if the size of the 
building warrants, and the most satisfactory arrangement selected. As 
the slabs, beams, and girders are built monolithically, the beams and 
girders are designed as T beams and advantage is taken of continuity. 

Beam-and-girder floors, as they are usually called, are adapted to any 
loads and to any spans that might be encountered in ordinary building 
construction. The normal maximum spread in live-load values is from 
40 to 400 psf, and the normal range in column spacings is from 16 to 
32 ft. A complete design of a typical beam-and-girder floor panel is 
given in Arts. 8.26 to 8.29. 
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In normal beam-and-girder construction the depth of a beam will be 
about twice its stem width. For light loads, however, it may be econom¬ 
ical to omit the intermediate beams and deep column-line girders entirely 
and to have the one-way slab supported by wide, shallow beams which 
are centered on the column lines and which frame directly into the col¬ 
umns. The wide beams keep the effective span of the slab from becom- 
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Fig. 8.2. Comparison of sections through conventional and slab-band floors. 


ing excessive, the number of framing members may be considerably 
reduced, and, perhaps most important, shallow beams p( rrnit a reduction 
in the over-all height of the building. This t.ype of framing is frequently 
called slab-band construction. It has been us(‘d often in multistory 
apartment and office buildings. In Fig. 8.2 are shown comparative sec¬ 
tions through a conventional and 
slab-band type of floor such as might 
be used in a wing of an apartment 
building. 

One-way reinforced compete slabs 
are also frequently used with struc¬ 
tural-steel frame buildings. Figure 
8.3 shows one method of using wire 
hangers for supporting formwork for 
the structural slab and beam fire¬ 
proofing from a steel floor beam. 

The usual maximum spacing of beams 
in such construction is about 6 ft. 

8.5. One-way Ribbed Floors. A 
ribbed floor consists of a series of 

small, closely spaced reinforced concrete T beams framing into beams or 
girders which in turn frame into the supporting columns. The T beams 
(called joists or ribs) are formed by placing rows of fillers in what would 
otherwise be a solid slab. The fillers may be special steel pans, hollow 
clay-tile or lightweight concrete-tile blocks, or ordinary wood forms. The 
girders which support the joists are usually built as regular T beams. 



Fig. 8.3. Formwork 
steel floor beam. 


suspended from 
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Since the strength of concrete in tension is small, and is commonly 
neglected in design, elimination of much of the tension concrete in a slab 
by the use of fillers results in a saving of weight with little alteration in 
the structural characteristics of the slab. Ribbed floors are economical 
for buildings such as apartment houses, hotels, and hospitals, where the 
live loads are fairly small and the spans comparatively long. They are 
not suitable for heavy construction such as in warehouses, printing plants, 
and heavy manufacturing buildings. 




Fin. 8.4. Details of ribbed floors with steel tiles. 


8.6. Ribbed Floors with Steel-pan Fillers. Steel-pan forms are made 
by many manufacturers. The steel cores usually arc available in lengths 
of 36 in. and depths of 6, 8, 10, 12, or 14 in. Other sizes are made but 
these are the most common. They are tapered in cross section, as shown 
in Fig. 8.4a. The most common wddth at the bottom is 20 in., although 
other widths betwTcn 10 and 30 in. are also obtainable. In some sys¬ 
tems th^ individual core lengths a (Fig. 8. la) rest on the edges of soffit 
boards h wdiich serve as the bottom forms for the ribs or joists c, and w’hich 
in turn are supported by transverse timber joists d and vertical posts c. 
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In other systems the steel tiles a (Fig. 8Ah) are supported by ledger 
strips 6, which are fastened to the sides of timber joists c, laid on edge 
under the soffit boards d. With the latter system one depth of tile can 
be used for various depths of joists. In Fig. 8.4?>, the bottoms of the 
tiles arc held in the correct position by the separators e, which are made 
of two pieces of 1 by 2 strips nailed together. Some tiles are furnished 
with collapsible steel spreaders which pass through small boles in the 
sides of the tile and rest on the soffit boards, providing the proper depth 
and width. The timber joists c rest on transverse joists and these are 
supported by the vertical posts /. 

Concrete is placed on the soffit boards in the space between the rows of 
steel cores, and above the cores to form a slab 2 in. or more thick.^ After 
the concrete has hardened, the steel cores are generally removed, although 
some types are designed to be left in place permanentl 3 ^ 

With permanent tiles, metal lath / (Fig. 8.4o) is placed under the tiles 
before they are put in position and anchored to the concrete joists by 
suitable metal clips which project up into the joists. The entire ceiling 
is plastered after the formwork is removed. With removable tiles, the 
ceiling may be plastered })y fastening metal lath to the concrete after the 
tiles are removed, or the joists may be left exposed. The joists are usu¬ 
ally made 5 in. wide at the bottom, so that the distan(*e center to center 
of joists is ordinarily 25 in. 

The reinforcement of the joists consists usually of two bars, one bent 
and one straight. Th(‘ slab is reinforced, primarily for tempcTature and 
shrinkage stresses, with wire mesh or small l)ars pla(‘(‘d at right angles to 
the joists; the area of the reinforcement is usually about 0,25 per cent of 
the cross-sectional area of the slab.^ 

Steel cores with the sides tapered in the direction of the length arc 
available for use at the ends of the rows in designs where the shearing 
stresses are relatively large. The wddih of tapered cores at the small end 
is 4 in. less than at the large end, so that the width of the joist near the 
sup})ort is increased accordingly. The increased width of the joist 
reduces the shearing stresses in the concrete. A typical constrxiction 
showing tapered end lengths in position is illustrated in Fig. 8.5. 

The girders which support the joists are rectangular beams or T beams 
with a maximum flange thickness exiual to the total floor thickness, as 
showm in Fig. 8.6a. 4'he rows of tiles are stopped at the proper distance 


^ The ACI (/ode speeifies a miiiiTTiuin .slab thickness of 2 in., but not less than ono- 
h\clfth of the clear disfanet* between joists. 

* The ACT Code' specific's that such slabs be reinforced at right angles to the joists 
■with at least the amount of reinforcement required for flexure, but in no case shall the 
reinforcement be less than that required for normal shrinkage and temperature rein¬ 
forcement (see Art. 3.17). 
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from the stem of the girder. End caps are used at each end of each row 
of tile, as shown in Fig. 8.5, to hold the girder concrete in position. 

Tile pieces which are tapered in depth are also available. These tiles 
are usually about 3 in. less in depth at one end than at the other, so that 
if one length of such tile is used at each end of each row, a slab from 5 to 
6 in. thick at the edge of the girder is obtained, as shown in Fig. 8.66. 



FiCt 8 5. files with tapered ends 


This thickness is often sufluunit to furnish an adetjuate flange for the 
girder. A complide design of a typical ribbed floor panel with steel-tile 
fillers is given in Aits 8 30 to 8 31 

8.7. Ribbed Floors with Clay-tile or Concrete-tile Fillers. Figure 
8.7 shows a nblx'd flooi m which stiuctural clay-tile blocks are used as 
fillers. The blocks are usually 12 in sejuare and can be obtained in 
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Fki 8 6 Dot ails of girders for steel-t lie floors. 

thickness varying from 3 to 12 in. Other sizes as well as specially formed 
blocks are also manufactured for use as form fillers. The blocks are 
placed flatwise and end to end, in rows between and at right angles to the 
girder forms. They are supported either by a solid decking similar to 
that used for regular concrete slabs, or on 2 by 8 planks called soffit 
boards, w hich are centered under the space between the rows of tile. The 
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decking or soffit boards are supported on light shoring from the floor 
below. The usual clear distance between rows is 4 in., thus making the 
distance center to center of rows 16 in. Concrete is poured on the deck¬ 
ing or soffit boards to fill the space between the rows of riles and also to 
cover the tiles to a depth^ of 2 or in. The resulting construction con¬ 
sists of a series of concrete T beams, or ^ 

joists, with tile fillers under the slab in the Tl* 
spaces between the stems of the joists. Section s-ff 

The joists frame into, and are supported 

by, the girders, and these in turn are sup- --Im¬ 

ported by the columns. When the con- rif” 

Crete has hardened, the forms are removed, 1 jl^j j! j| j| ||^|j ij jj [! [| | 
hut the tile fillers remain in place, securely [ |1 m ji 1[ *1 *1 !{ j 

anchored to the concrete by the projec- | i| i', ij^ij jj ij ij [i jj {j [j i 

tions on the surfaces of the tiles. The [ jj 1| "n|i Ij [i jj [j |[ [i |[ | 

entire ceiling is then plastered. The ar- [ Ij 1| jj .j jj ij jj jj jj j| [l j 

rangement of reinforcement is similar to lJljLJl|jLJlJLjljLJljLJlj 

that used in ribbed floors with steel-pan -h- 

rinri^ri ir-)r*nrnnrin 
bllers. LJLjuJiflLjLjLjULJLjLJhJ 

Hollow concrete-tile fillers come in 

many shapes and sizes, the most common p . . .,, ^. 

being 8 by 16 in. in plan with depths of Dll ^ ^ j J I. 1—i 
4, 6, or 8 in. They are usually made with IlU Section 

Portland cement and a lightweight aggre- — 

gate of cinders, slag, burned clay, or Fig 8.7. Details of one-way tile 
mineralized organic substance. Concrete- 

tile fillers arc used in the same manner as clay-tile fillers in floor 
construction. 

The design of a typical ribbed floor panel with conen^te- or clay-tile 
fillers is outlined in Arts. 8 35 to 8.37. 

8.8. Steel-joist Floors. A steel-joist 
floor consists of a series of closely 
\\ spaced, parallel, shallow joists or trusses 

\\ yy \\ of the Pratt, Warren, or double-Warren 

\\ ^ type, supported at the ends on steel or 

concrete beams, or on masonry walls, 
and covered with a thin concrete slab. 
A common type of steel joist is 
Fig. 8.8. Typical steel joist. shown in Fig. 8.8. The truss is com¬ 
posed of angle chords and a continuous bar web, assembled by the high- 
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_ One-way fife _ 


Section A-A 


Fig 8.7. Details of one-way tile 
floor. 


^ The ACI Code permits a minimum slab thickness of in., but not less than one- 
twelfth the clear distance between joists. Normally, a 2-in. minimum slab thickness 
is used. 




























252 REINFORCED CONCRETE BUILDINGS [Art. 8.8 

pressure electric welding method. The welds are designed to develop the 
full strength of the web members. 

Steel joists are manufactured in depths of 8, 10, 12, 14, and 16 in., and 
are carried in stock in a range of depths and lengths to meet all usual con¬ 
ditions of load and span. The span limits vary from 4 to 32 ft.' The 
joists are spaced from 12 to 30 in. on centers, depending on the load and 
span, and are covered with a 2- to 3-in. concrete slab poured on metal rib 
lath which r(\sts on and is fastened to the upper surfaces of the joists. 

The joists are braced transversely by some form of rigid diagonal 
bridging placed between adjacent joists, at intervals of from 5 to 8 ft. 



Fig. 8 . 9 . Stocl-joist floor cunstiuctiori. 


One type of bridging is shown in position in Fig 8.9. The biidging mem¬ 
bers are light ^ f-in. channels. The channels are fastened to the chords 
of the trusses by extending one leg of the channel and wTapping it tightly 
around the chord. Bridging is quite often tack-w^elded to the joist. 

The concrete slab which rests on the joists acts as a one-way slab 
spanning between joists. The metal rib lath on wdiich it is placed (see 
Fig. 8.9) serves as formwork for the fresh concrete and reinforcement for 
the hardened slab. 

Steel-joist floors are economical for light occupancies, but they are 
unsuitable for heavy or vibrating loads. They are easily installed and 

1 Ijong-span joists are also available, primarily for roofs, with depths up to 32 m., 
and for spans up to G 4 ft. Roofh supported by tliese long-span joists have wood plank 
decks with built-up roohng, light-gauge steel decks, or conciete decks. The spacing 
of the joists 18 limited by the safe span of the deck. Long-span joists are bridged w ith 
cross bracing ol not less than U4 X F4 X 'g angle's, spaced not more than about 
10 ft apart. 
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the cost of construction is low, because no forms are required for the con¬ 
crete slab. Ceiling lath for plaster is attached directly to the lower 
chords of the trusses. Since the webs of the joists are open, all plumb¬ 
ing and service pipes may be concealed in the construction without inter¬ 
fering with the structural members. Further informational the design 



Fig. 8.10. Cross sections of typical i>re(*ast cone ret j cists. 


of joists and the details of joist construction is given in the publications 
of the Steel Joist Institute, a trade asso(‘iation. 

8.9. Precast Concrete Floor Systems. F)uring the last two decades, 
and particularly since the Second World War, a great amount of work has 
been done on the development of precast concrete structural units. The 
two distinct types of precast units currently manufactured are the joist 



type, an example of which is shown in Fig. 8.10, and the slab or deck 
type shown in Fig. 8.11. 

Precast concrete units are used in a variety of ways. p]xamples are 
precast roof decks used on steel frame buildings, and precast beams sup¬ 
porting cast-in-place or precast slabs. Precast members are designed by 
standard reinforced concrete theory. In some cases departure from the 
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usual requirements for concrete cover around bars may be justified when 
the units are made by carefully controlled factory methods.^ The prin¬ 
cipal advantages claimed for precast members are those of standardiza¬ 
tion and mass production: close control over design and manufacture, 
multiple use of formwork, elimination of expensive on-the-job forms, and 
speed of erection of the structure. 

Most precast elements are designed for relatively light floor loading or 
for roof loads. Recently, however, heavy prestressed, precast floor beams 
and girders have been used in industrial structures. 

8.10. Steel Deck Floors with Concrete Slab. In recent years con¬ 
siderable use has been made of light-gauge steel dock covered with a con¬ 
crete slab for floors in steel frame office and apartment buildings. Two 
examples of this type of construction are shown in Fig. 8.12. Figure 
8.12a shows a steel deck manufactured by the Detroit Steel Products 
Company covered with a poured slab. The deck acts as formwork for 
the fresh concrete and reinforcement for the hardened slab. Figure 8.126 
shows the laying of a corrugated steel deck manufactured by the Granco 
Steel Products (/ompany. Transverse wires welded to the ridges of the 
sheet provide bond between the sheet and the concrete slab, as well as 
serving as shrinkage and temperature reinforcement for the slab. The 
corrugated steel sheet serves as positive reinforcement for the slab and 
ordinary deformed bars are used for negative reinforcement over the 
supports. 

Several other companies make steel deck of similar types. Manufac¬ 
turers^ recommendations should be consulted for loading and span limita¬ 
tions. These arc all essentially one-way reinforced slabs. 

The chief advantages claimed for this type of construction are that it 
is fast and that it eliminates expensive formwork. 

8.11. Two-way Solid Slabs with Beam Supports. Solid concrete slabs 
supported by beams on all four sides and with main reinforcement run¬ 
ning in two directions have been discussed in detail in Arts. 3.19 to 3.22. 
Floors of this type are suitable for intermediate and heavy loads on spans 
up to about 30 ft. The range of usefulness of two-way slabs corresponds 
generally to that of flat slabs. The latter are often preferred because of 
the complete elimination of beams in a flat-slab system. In many con¬ 
crete buildings designed for other types of reinforcing systems there occur 
isolated floor panels which are ideally suited to two-directional reinforce¬ 
ment. An example of this is the floor or roof of a penthouse one bay 
wide in each direction. 

8.12. Two-way Ribbed Slab with Tile or Steel-pan Fillers. As in one¬ 
way slab systems, the dead weight of two-way slabs can be reduced con- 

' See ACI 711-46, Minimum Standard Requirements for Precast Concrete Floor 
Units. 
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siderably by the use of filler blocks of lightweight concrete or by using 
removable steel-pan forms which are square in plan and impart a waffle¬ 
like appearance to the underside of the slab. The Slagblok system 
shown m Fig. 8.13 is one type of ribbed two-way floor slab. Fillers of 
slag-aggregate concrete 16 by 16 in plan and from 4J^2 to 10 in. deep are 



Fig. 8.12a. Concrete slab with steel deck reinforcing (Detroit St(H‘l Products Co. 
Holorib). 


Fig. 8.12&. Placing corrugated sheet (Cofar panel) reinforcing foi- floor slab. 

placed on the forms in a grid pattern with room between fillers for con¬ 
crete joists running in two directions. In the illustration the supporting 
beams are steel, but concrete beams and columns can be used just as well. 
A concrete slab or topping may be poured over the blocks. Floors of 
this type may be designed as ordinary two-way slabs. It is usually nec¬ 
essary to make a ribbed slab somewhat thicker than a comparable solid 
slab but an over-all weight saving can be accomplished. 
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8.13. Flat-slab Floors. A Hat-slab floor consists of a reinforced con¬ 
crete slab supported directly on concrete columns without the aid of 
beams or girders. The transition between the slab and the column is 
usually made through thickened portions of the slab called drop paliels 
and enlarged sections at the tops of columns called capitals tfelse'Tigis. 
8.14 and 8.25). This type is discussed in d^'tail in Arts. 8.38 to 8.45. 
general, flat-slab construction is economical for live loads of 100 ¥ 
more and for spans up to about 30 ft. For lighter loads, such as are 
used in apartment houses, hotels, and offlco buildings, some form of 
ribbed-floor construction will usually be cheaper than a flat-slab floor, 



Fig. 8.13. Two-way sla]> using lilock fillcus (Roj)u])1k* Slagblok). 


although in recent yenrs flat slabs have* Ihhmi iistnl economically for a wide 
range of loading. For spans longer than about 30 it, beams and girders 
are desirable because of tlu' greater stiffness which can be secured with 
them. 

Ribbed flat slabshaveproved very successful in a number of applications. 
One type, the Orid System, uses reino\able dome-shaped steel pans which 
form concrete ribs spanning in two directions. Figure 8.14 shows a flat- 
slab building using the Orid System. The design procedure for this type 
of floor is the same as that for the ordinary flat slab. The same type of 
form may also be used for ribbed two-way slabs. 

Flat-plate floors flat slabs w4th drop panels and column capitals omit¬ 
ted-have been developed in recent years for use in buildings wuth rela¬ 
tively light loading. The floor slab is simply a plate of uniform thickness 
supported directly by the columns. The only beams used in this type 
of construction are those at the exterior walls and around large openings 
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in the slab. This system, an example of which is shown in Fig. 8.15, has 
proved very successful in a number of apartment-house projects. Design 
procedure is similar to that for ordinary flat slabs, but the lack of capitals 
and drop panels and the use of thin slabs require that special attention be 
givoil to many of the details of analysis, design, and construction. 

8.14. Floor Surfaces. Many types of wearing surfaces are used on 
concrete floors. Concrete topping ■‘•j to 2 in. thick is freiiuently used. 
Su^ topping may be either monolithic or bonded. Monolithic finishes 
should be placed within 45 min after the base .slab is poured; bonded 
finishes are placed on a fully hardened base slab In order to obtain an 



Fig 8 H Grid System fUt-sIab building; 


effective bond in the latter case, the base slab should be rough, and it 
should be thoroughly wetted and coated with a neat cement paste before 
placing the finish. Mix proportions vary and quite often an artificial 
hardening agent is added. ^ 

A wooden floor may be provided for if desired, by embedding beveled 
nailing strips or ‘'sleepers/' usually 2 by I's laid flat, in a layer of cinder 
concrete on top of the main slab, as shown in Fig. 8 16. A spacing of 
16 in. for the sleepers has been found satisfactory for the ordinary floor. 

Small vitrified-clay flat tiles embedded m a 2-in. layer of portland- 
eement mortar also provide a satisfactory floor surface. Asphalt or lino¬ 
leum tile placed over a smooth cement base is also freiiuently used. 

^ See Portland Cement Association Bulletins, “Surface Treatments for Concrete 
Floors” and “Specifications for Heavy-duty Floor Concrete Floor Finish,” for more 
complete coverage of this important topic. 









Fi(. 8 15 I lat-plate apartirunt building 

The durability of any weaiiiig buifaee dependb in a large measure upon 
the method of placing the suiface If not properly constructed, the con¬ 
crete finish might s])all, the \vood flooi ‘‘dry-iot/’ the tiles curl, and the 
linoleum crack In oidc'i to ensure the maximum degree of serviceability 


Crushed floor of maple^ 
Cmder concrete ^ 


Yellow ptne sleepers 



End View 


Reinforced concrete floor slab-' 

Fk» 8 It) Details of a wooden floor on a concrete slob 


from a given t>pe of llooi suifate, a special study of methods which have 
proved successful foi laying that particular type of floor should be made 
8.15. Concrete Roofs. The design of roofs is similar to the design 
of floors In addition to the structural requirements, however, the roofs 
must be impervious to the passage of water, provide for adequate drain¬ 
age, and furnish protection against condensation. 

















Art. 8.16] FLOOR AND ROOF SYSTEMS 259 

In order to provide adequate drainage, the roof slab may be pitched 
slightly, or a filling of some light material su^h as cinder concrete, covered 
with a suitable roofing material, may be used, the thickness of the filling 
being varied so as to give the required slope to the roof surface. The 
amount of slope required for drainage will depend upon the smoothness 
of the exposed surface, A value of in. per ft might be used with a 
surface of hard tile. Felt and gravel roofs should ha^ e a pitch of at least 
in. per ft. Some form of flashing is required along the parapets to 
prevent the drainage from seeping into the building at the edges of the 
roof slab. 

Condensation may best be guarded against by proper ventilation and 
insulation. The form of insulation to be used \^ill depend upon the par¬ 
ticular class of building under consideration. 

Imperviousness may best be provided for by the appli(*ation of some 
form of separate roof covering, such as a combinalion of felt and gravel 
in alternate layers cemented together and to the slab l\y means of coal- 
tar pitch or asphalt, vitrified tile embedded in asphalt, or any of th(» com¬ 
mercial types of built-up roofings. Tin, corrugated in n or copper roof¬ 
ings are sometimes placed on reinforced con(‘rete buildings but aie usually 
more expensive and less permanent than other types of coverings. If it 
is not desirable to use any separate roof covering, the main slab may be 
made reasonably waterproof by the methods mentioned in Sec. I. Such 
procedure is not recommended except for structure's \\hei*e absolute imper¬ 
viousness is not essential, because of the difliculty of preventing entirely 
the formation of shrinkage cracks and the attending s(‘epage. 

WALLS AND PARTITIONS 

8.16. Panel and Curtain Walls, As a general rule, the exterior walls 
of a reinforced concrete building are supported at each floor by the 
skeleton framework of the building, their only function being to enclose 
the building completely. Such walls are called panel walls They may 
be made of concrete, brick, concrete blocks, tile Irlocks, or hollow masonry 
blocks faced with brick or stone. The thickness will vary according to 
the material, the type of construction, and the building requirements 
governing the particular locality where the construction takes place. 

The New York City Code (revised to H)49j recjuirc's that panel walls 
in skeleton frame construction shall be at least 8 in. thick if such walls are 
constructed of solid masonry (brick or stone), at least 12 in. thick if of 
hollow masonry (z.e., hollow concrete blocks or terra-cotta tiles), or at 
least 10 in. thick if the wall is a combination of hollow and solid masonry, 
constructed with at least 4 in. of solid masonry on the exterior face. The 
maximum height between supports of panel walls constructed of the mini¬ 
mum thicknesses specified above shall be 13 ft. When such walls exceed 
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13 ft in height, they shall be increased 2 in. in thickness for each 6)^ ft, or 
fraction thereof, of height in excess of 13 ft. 

The pressure of the wind is practically the only load that need be con¬ 
sidered in determining the theoretical thickness of a reinforced concrete 
panel wall. Designed as a slab supported on four sides for a wind pres¬ 
sure of 20 psf, the walls in buildings of ordinary proportions need only 
be from 3 to 4 in. in thickness. This is too thin to permit of practical 
and economical construction and to ensure complete protection against 
seepage and condensation. Most building codes re(|uire a minimum 
thickness of 8 in. for panel walls of reinforced concrele.^ The amount 
of steel necessary is usually governed by the necessity of guarding against 
the formation of cracks caused by expansion atid contraction due to tem¬ 
perature (‘hanges. Small l)ars running horizontally and vertically are 
placed near each face of the wall and spa(*ed not more than 12 or 18 in. 
center to ceiiter in botli directions. On account of the probability of 
greater temperature variation on the exposed face, more steel should be 
placed near that fac(‘ than on the inside unless the lateral pressure recpiirc- 
rnents govern these amounts.- These bars should extend into the col¬ 
umns and wall beams if the walls are poun^d at the same time as these 
mcm))ers. If, as is usually the (*ase, the walls are poured after the col¬ 
umns and beams, anchorage should be provided for by nu'aiis of dowels 
projecting from the latter units.^ It is good practice in such cases to 
mortise the wall into the columns and wall beams by leaving grooves in 
the latter members when they are poured. The grooves may be formed 
by nailing wooden strips on the inside of the forms. 

Where a small amount of window area is inserted in a panel wall, the 
reinforcement may remain as for a solid wall, but additional bars should 
be placenl near all (‘dg(\s of the openings. Where light is essential, as in 

’ The ACT s])ocifi('s a iniiiiniiiin tliickiiess of 5 in., hut not loss than ono-tliirtioth of 
tlio (listanoo hotwoon sui)[)orting or onclosing nioinbors. 

* Tho ACT ro(|uiros that the loinfoiooniont in each dirc'otion (vortical and horizontal) 
shall have an area at least ocpial to 0.0025 times th<‘ oross-sootiorial area of tho wall if 
bars are used, or 0.0018 times tin* area if olootrioally wedded wire* fabric is used, with 
wir(»s not loss than No. 10 W. and M. Kauge*. Walls more than 10 in. in thickness 
shall have the reinforeement for each dire*etion plaee'd in two laye*rs parallel with the 
face's of the w'all. One layer, e*e)nsisting of ne)t less than e>nf*-half and not more than 
twei-thirds of the total ree|uireel are*a, shall be plaoeal not le‘ss than 2 in. and not more 
than one-thirel the* thiekne*ss eif the wall from the exterior surfae*e. The other layer, 
comprising the remainder of the* re'cpiired reinforcement, shall be placed not le*ss than 
?4 in. and not more than one‘-third the thickne'ss e)f the w'all fre)m the inte*rior surface. 
Bars, if used, shall not be less than m. in size, nor shall they be spaced more than 
18 in. on centers. 

* The ACI requires that concrete w^alls shall be anchored to the columns, floors, 
pilasters, or buttresses wdth dow’(*ls at least in. in size, spaced not more than 12 in. 
on centers, for each layer of wall reinforcement. 
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a factory, practically the entire wall panel may be enclosed by windows 
or filled with glass blocks as in Fig. 8.29, coustriictioii then consisting of 
a wall beam or lintel at each floor and a spandrel between the wall beam 
and the window sill. Sometimes this spandrel is made of reinforced con¬ 
crete and constructed as a part of the wall beam. In other instanc*es the 
concrete spandrel is considered independent of the wall beam, and is rein¬ 
forced only for temperature stresses. The advnntage in using independ¬ 
ent spandrels lies in the fact that they may be placed after the structural 
framework is completed and greater care can be taken in the finishing 
than would be possi})le if they were part of the load-bearing skeleton of 
the structure. The spandrel may also be made of brick or other suitable 
material. 

Where a panel is made up primarily of window space, the New York 
City Code permits a minimum thickness of 8 in. for the portion of the 
wall below the window sill and above the Avindow head, whether these 
portions are made of brick, liollow masonry blocks, oi nanforced con¬ 
crete. The portion of a panel wall betw’oen the wni\dow sill and the sup¬ 
port of the panel w^all is called an apron Avail in that CV)d(‘, and the por¬ 
tion above the Avdndow^ head is called a spandrel Avudl. 

Curtain AA^alls are non bearing enclosure walls built between columns, 
but not supported at each slory by the frame of the building. They are 
used less frecjiiently than either paiH‘l or bearing Avails. Minimum thick¬ 
ness reciuirements for curtain walls are found in most building (‘odes. 

8.17. Bearing Walls. A bewaring wall may be dtdined as one wdii(‘h 
carries any vertical load in addition to its own w(‘igbt. Such walls may 
be constructtHl of stone masonry, brick, hollow building blocks, or rein¬ 
forced concrete. Occasional projections or j)ilasters add to the general 
aj^pearance and strength of the wall. In small reinforcc^d concrete com- 
m(‘rcial buildings and residences the bearing-wall typ(‘ of construction 
may be us(*d with economy and expediency. In larger commercial and 
manufacturing buildings where the element of time i^ an important fac¬ 
tor, the delay necessary for the (‘rection of the bearing wall and the 
attending increased cost of construction often dictate the use of some 
ejther arrangement. 

Bearing Avails may be of either single or double thickru'ss, the advan¬ 
tage of the latter type being that the air space be'tween the walls renders 
the interior of the building less liable to temperature variations, and 
makes the wall itself more nearly moistureproof. On account of the 
greater gross thickness of tlie double w’all, such construction reduces the 
available floor space. This feature is often suffiedent in itself to warrant 
the selection of the solid wall unle'ss the factors of condensation and tem¬ 
perature are of great importance. Hollow wall construction is usually 
limited to a total height of about 40 ft. 
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The thickness of bearing walls varies with the height. The New York 
City Building Code recjuires that, for bearing walls made of solid masonry 
units (brick, stone, sand-iime or concrete brick, etc.) and not more than 
75 ft in height, the thickness of the uppermost 55 ft of height shall be at 
least 12 in. and the thickness below this shall be at least 16 in., except 
that for walls in buildings of one, two, and three stories the top-story 
thickness in each case may be 8 in. In computing wall thicknesses, a 
maximum story height of 13 ft shall be assumed. For bearing walls of 
reinforced concrete, the thickriess shall be at least one twenty-fifth of the 
unsupported height, but not less than 8 in. Reinforcement in concrete 
bearing walls shall be at least ecpial to the reinforcement specified in 
Art. 8.10 for curtain or panel walls. 

According to the ACI (>ode, the working stress fc in reinforced con¬ 
crete bearing walls shall be 0.25/' for walls having a relation of height k 
to thickness f of 10 or l(‘ss and shall be reduced proportionally to 0,15/' 
for walls where hU ^ 25. If the wall supports concentrated loads, the 
length of wall to be considered effective for each load shall not exceed the 
distance c(‘nt(‘r to center of loads, nor shall it exceed the width of the 
bearing plus four times the wall thickness. If the wall reinforcement is 
designed, placed, and anchor<*d in position as for tied columns, such rein¬ 
forcement may be considered efT(‘ctive in resisting vertical loads in the 
same manner as for tied columns. 

8.18. Basement Walls. In determining the thickness of basement 
walls, the lateral pressure of the earth, if anj , must be considered in addi¬ 
tion to the other structural features. If part of a bewaring wall, the lower 
portion may be desigiifnl either as a slab supported by the basement and 
first floors, or as a retaining wall, depending upon the type of construc¬ 
tion, If columns and wall beams are available for support, each base¬ 
ment wall paiu*! of ndnforced concrete may be designed to resist the 
earth pressure as a simjile slab ndnforced in either one or two directions. 

A minimum thickness of 8 in. is generally specified for reinforced con¬ 
crete bas(*ment walls, with minimum reinforcement as specified in Art. 
8.16 for panel or curtain walls. In wet ground a minimum thickness of 
12 in. should be used. In any case, the thickness cannot be less than 
that of the wall above. 

Care should be taken to brace a basement wall thoroughly from the 
inside if the earth is backfilled before the wall has obtained sufficient 
strength to resist the lateral pressure without such assistance. 

8.19. Parapet Walls. In the case of buildings with flat roof slabs on 
which drainage slopes are built, parapet walls are necessary architec¬ 
turally to give a more finished appearance to the top of the structure, and 
practically to provide a backing for the drainage slopes. They are usu¬ 
ally of brick or concrete or a combination of both. Concrete is, in most 
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cases, preferable from an economical standpoint. In order to give a bet¬ 
ter appearance it may have a veneer of brick or terra cotta. 

The chief point to be considered in the construction of parapet walls 
is the necessity of providing adequate reinforcement to prevent cracks 
caused by excessive temperature changes (on account of exposed position) 
and expansion and contraction at corners. 

The thickness is usually required to be the same as the wall below, but 
not more than 12 in. in any case. Parapet walls should extend at least 
2 ft above the roof surface. 

8.20. Veneer for Exterior Walls. In order to give an attractive 
appearance to the building, it sometimes becom^^s necessary to cover up 
the entire exterior wall surface with a veneer of bri(*k, stone, terra-cotta 
tile, marble, or other finishing material. A method of securing a cover¬ 
ing of face brick to concrete consists in placing corrugated coppei or 
galvanized steel ties, usually about *^4 in. wide and b in long, at freciuent 
intervals in the wall or column forms so that about 4 in. of the tie strip 
will project into the concrete when poured and the remaining 2 in. will 
lie flat against the form and tacked lightly to it. When the form is 
removed, this latter portion is bent outward and is bonded into the brick 
veneer by means of the joint mortar. dVrra-cotta and stone facings are 
generally supported by ledges in the concrete or by steel angles, and are 
provided with steel anchors commensurate with the size of the veneer 
units. ^ 

8.21. Partition Walls. Interior walls used lor the purpose of sub¬ 
dividing the floor area may be mad(» of concrete, metal lath and plaster, 
clay tile, plaster block, metal partitions or l)ri(‘k Reasonably adecpiate 
lire protection is afforded by a solid concrete' wall 3 or 1 in thick The 
reinforcement should be similai to that in curtain walls but need not be 
so great in quantity. Suitable anchorage may be* obtaiiu'd by permit¬ 
ting the vertical rods to project into the floor and e*eiling. If it is con¬ 
venient, as is usually the case, to pour the wall after the* structural frame¬ 
work of the building is completed, a groove should be left in the floor and 
e)ne in the ceiling to receive the partition Tw'cj objectionable features 
of the solid concrete partition wall are its weight and cost of installation. 
In buildings where many lives would be endangered by a rapid spread of a 
fire once started, these objectionable features become insignificant. 

The most common form of metal lath and plaster partition consists of 
some form of vertical steel studding suitably anchored to the floor and 
ceiling, with metal lath fastened to both sides. Each side is plastered 
with a mixture of lime and cement mortar, thus forming a hollow wall 

^ See Ramsey and Sleeper, ^Architectural Graphic Standards,for anchorage 
details. 
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from 3 to 6 in. thick, which has, if proper bond is secured between the 
plaster and lath, a fair amount of fire resistance. 

Clay-tile partitions are usually made of blocks from 4 to 6 in. thick, 
although the blocks may be obtained in thicknesses varying from 2 to 
12 in. This type of partition is light in weight and is satisfactory under 
ordinary conditions. The blocks may be plastered on one or both sides, 
the thickness of wall being increased by about in. for each plastered 
side. 

Partitions made of plaster blocks usually vary from 4 to 8 in. in thick¬ 
ness. The blocks are made of gypsum or plaster of paris, with an admix¬ 
ture of cinders, asbestos fiber, wood chips or vegetable fiber, and laid in 
gypsum plaster or cement mortar tempered with lime. They are light 
and easy to handle and place, but offer decidedly poor resistance to the 
action of fire and water. 

The main us(‘ of brick inner walls is for the enclosing of stairs and 
elevator shafts, and in fire walls, the express purpose of which is to divide 
the floor area into .s(M*tions to prevent the spreading of fire from one part 
of the structure to another. Hidnforced concrete partitions are also used 
for the same purpose. Thes(‘, as well as all other permanent partitions, 
should be independently supported at each floor on the fireproof construc¬ 
tion of the floor. The use of partitions of pressed metal and glass or of 
wood and glass should bo restricted to the subdivision of rooms or spaces 
enclosed by fireproof partitions. 

STAIRWAYS 

8.22. Types of Concrete Stairs. The simplest form of reinforced con¬ 
crete stairw^ay consists of an inclined slab supi)orted at the ends upon 
beams, with steps forim‘d upon its upper surface. Such a stair slab is 
usually designed as a simple slab with a span e(iual to the horizontal dis¬ 
tance between supports. This method of design recjuires steel to be 
placed only in the direction of the length of the slab. Transverse steel, 
usually one bar to each tread, is used only to assist in distribution of the 
load and to provide temperature reinforcement. It sometimes becomes 
necessary to include a platform slab at one or both ends of the inclined 
slab. Many successful designs made as outlined aboA e for the simple 
inclined slab indicate that the effect of the angle that occurs in a slab of 
this type can safely be disregarded. 

It is advisable to keep the unsupported span of a stair slab reasonably 
short. If no break occurs in the flight between floors, intermediate 
beams, supported either by the stmctural framework of the building or 
by additional short posts from the floor below% may be employed. If the 
stair between floors is divided into tw^o or more flights, beams as described 
above may be used to support the intermediate landing, and these in 
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turn supported as above for the long straight flight, or the intermediate 
slab may be suspended from a beam at the upper floor level by means of 
rod hangers. Where conditions permit, the intermediate slab may be 
supported directly by the exterior walls of the building. 

When it becomes necessary to use a stair slab of comparatively great 
length with no possibility of intermediate support, inclined side beams 
may bo used. The stair slab is then reinforced with transverse bars to 
carry the load to the side beams, which are designed to transmit this 
load to the floor beams. This is normally not an economical form of 
construction. 

8.23. Beams around Stair Wells. In buildings with flat-slab floor 
construction, it will be necessary to insert special Ix'ams at each floor 
level around the stairway opening as showii in Figs 8 38 and 8 40 prop¬ 
erly to support the stair slabs. In buildings with beam-and-girder floors, 
the regular floor beams, with dimensions modified as nec(\ssary, may be 

"*used to support the stair slabs, or special beams may b(‘ inserted for that 
purpose. In any case, the arrangement of beams must be su(*h as tt) 
ensure proper transmission of all loads to the columns o walls 

8.24. Building Code Requirements. The required number ol stair¬ 
ways, and many of the details, are governed to a large extemt liy the pro¬ 
visions of the governing building code. Among other things, these pro¬ 
visions stipulate the maximum distance from the most remote point in 
the*floor area to the stairw^ay, the minimum width of stairway, the maxi¬ 
mum height of any straight flight, the maximum height (or rise) of a 
single step, the minimum distance (the run) between the vertical faces of 
two consecutive steps, and the reijuired lelation between the rise and the 

^ run to give safety and convenience in climbing 

In most codes the miiiimuin width of any stair slab and the minimum 
dimension of any landing are about 44 in. The maximum rise of a stair 
step is usually specified as about 7'^4 in , and the minimum run or tread 
wndtli, ex(4usive of nosing, is 9^2 i*'- than (>12 hi. is not 

considered generally satisfactory. In order to give a satisfactory and 
comfortable ratio of rise to run, various rules have bcnni adopted. One 
reejuires that for steps without nosings, the sum of the rise and run shall 
be 173 2 in., but the rise shall not be less than 6*2 hi. or more than 7;^4 in. 
The New York City Building Code requires that run and rise shall be 
so proportioned that the product of the run, exclusive of nosing, and the 
♦ rise in inches, shall be not less than 70 or more than 75, but risers shall 
not exceed 7^4 in. in height, and treads, exclusive of nosing, shall be not 
less than 93-^ in. wide. 

The maximum height of a straight flight betwwn landings is generally 
given as 12 ft, except for stairw^ays serving as exits from places of assem¬ 
bly, where a maximum of 8 ft is normally specified. 
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The number of stairways is governed by the width of the stair slab, 
the number of probable occupants on each floor, and the dimensions of 
the floor area. One typical code specification is that the distance from 
any point in an open floor area to the nearest stairway or exit shall not 
exceed 100 ft; that the corresponding distance along corridors in a par- 
ticiilar area shall not exceed 125 ft; and.that the combined width of all 
stairways in any story shall be such that the stairs may accommodate 
at one time the total number of persons occupying the largest floor area 
served by such stairs above the floor area under consideration on the 
basis of one person for each 22 in. of stair width and one and one-half 
treads on the stairs, and one person for each 33^2 sq ft of floor area on the 
landings and halls within the stairway enclosure. 

If the exact number of probable occupants is not known, the codes 
usually assume that there will be two occupants for every 10 sq ft of 
floor area in dance halls and places of assembly; one person for every 
25 sq ft of floor area in stores, lodging houses, and reading rooms; one 
person for every 50 sq ft of floor area in offices and show rooms; one 
person for every 100 sc^ ft in hospitals, hotels, and residence buildings; 
and one for every 150 sq ft in warehouses and garages. 

In all buildings over 10 ft in height, and in all mercantile buildings 
regardless of height, the required stairways must be completely enclosed 
by fireproof partitions, and at least one stairw^ay must continue to the 
roof. All open ornamcMital stairway can be used from the main entrance 
floor to the floor next above, provided it is not the only stairway. The 
live load usually specified for use in the design ot stairways is 100 psfof 
horizontal area. 

8.25. Construction Details. The usual practice is to construct the 
stairways after the main structural framework of the building has been 
completed, in which event rec(\sses should be left in the beams to support 
the stair slab, and dowels should be provided to furnish the necessary 
anchorage. Occasionally, however, the stairs are poured at the same 
time as the floors, in whicli event negative-moment reinforcement should 
be furnished over the supports of the stair slab, as in any continuous 
beam construction. The steps arc usually poured monolithically with 
the slab, but they may be molded after the main slab is in pla(*e. In the 
latter instance, provision must be made for securing the step to the slab. 
The nosing, w^here used, may be constructed by offsetting the upper por¬ 
tion of the vertical form of the step. Metal or slate treads embedded in 
the concrete are often used for a wearing surface. A complete design of 
a concrete stairw^ay, wdth details of construction, is given in Art. 8.58. 

DESIGN OF A BEAM-AND-GIRDER FLOOR 

8.26. Data and Specifications. In order to illustrate the application 
of the principles of reinforced concrete design to the design of a concrete 
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floor of the slab-beam-and-girder type, typical portions of the second 
floor of the building shown in Figs. 8.18 and 8.19 will be designed. The 
building will be designed to sustain a live load of 200 psf. The approxi¬ 
mate methods of frame analysis recommended by the ACT Code (see 
Art. 3.6) will be used. The outside faces of all the exterior columns will 
be kept in the same plane so that the pilasters will have smooth faces, 
and all the wall beams and girders will be pla(*ed flush with the outer 
faces of the pilasters so that the entire outer walls, except for the win¬ 
dows, will be in one plane. A 1-in. bonded wearing surface, which will 
add to the dead load but wnll not be considered as part of the ciTective 
depth, will be pla(*ed on the slab. The allowable unit stresses are to be 
as specified in the ACI Code for a 3000-psi concrete and intermediate- 
grade steel. 

For purposes of illustration, most of the computations for this design 
will be presented on computation sheets of the type that are typical in 
design office practice. 

8.27. Design of the Slabs. The computations for the design of the 
floor slabs *S1 and aS^ 2 are showui on Computation She(‘. 8.1. The clear 
spans were obtained from the assumptions that the #\tr‘rior l)asement 
columns will be 21 in. deep from the face of the basement wall and that 
the floor beams will be 8 in in width. In computing the n(‘gativc 
moments at the faces of supports, the average of the two adjacent clear 
spans was used. A negative-moment coefficient at the intc'rior face of 
the exterior support of J 24 was assumed in a(‘cordance with the discus¬ 
sion in Art. 3.6. Reinforcing steel is placed with centers 1 in from the 
top or bottom of the slab. 

From Diagram 2, Appendix D: 


SI: 

50 per cent positive-moment reinforcement re(iuire(l for 
0.23 X 7 ft - 12 X ’^8 in. = 1 ft-3 in 


from support; bent at 45°, reaching top at 1 ft-1 in. from support. 
Negative-moment reinforcement required at top 

0.09 X 7 ft + 432 in- = 1 ft-O in. 


from outer support. At continuous end, 50 per cent positive- 
moment reinforcement required for 1 ft-3 in. from support and 
50 per cent negative-moment reinforcement at 


S2: 


0.09 X 7 ft + 41^2 in. = 1 ft-0 in. 

50 per cent of positive-moment reinforcement required at 


0.25 X 6 ft-4 in. ~ in. = 1 ft-2>^ in. 
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Beom - and - Girder Floor 


Computation Sheet 1 


Design of floor slob 



Live load 

200.0 

lb / sq ft 

Deod load (ossume 4“ slob + T* finish) 

62.5 


'Total = 

262.5 

lb / sq ft 

Cleor spon for 5-1 = 7’-0" 1 

^ ^ ^ f Ave. cleor span = 6 - 8 

Cleor spon for 5-2= 6-4 J 




Af=+i^(262.5)(7.0)^(12) =11,000 in -lb 
At continuous end 

ir=-j^(262.5)(6 6rP(12)=-11.680 in -lb 
At wall end: 

<r=-^(262.5)(7.0)^(l2)=-6.400 in.-lb 
From Table 5 

if = 0.403,y = a866. A'=235 


^ = + ^(262.5)(6.33f(l2) = 7,900 in.-lb 
At first interior support: 

Ar=--jj(262.5)(6.67)*(l2) =-11,700 in.-lb 
At all other interior supports: 

/ir = - (262.5)(6.33)^(12) = -10,500 in.-lb 

Use 4” slob thickness throughout. 


Use a minimum d of 3" 

Slob thickness =4" os assumed 


= 0.21 sq in. 


At continuous end: 


: 0.12 sq in. 


20,OOoI(?^S66)(3) ' 


At wall end: 

. 6,400 

20,000 (0.866)(3) 

Outer 

support 

0.12 

#3 bent @12" *3 


M _ I, zfwyj nic» 

20,000(0.866)13) ‘ ^ 

At first interior support: 

0.22 sq in. 

At other interior supports: 
20 , 000 ( 0 . 866 ) 0 ) 


5-1 

First interior 

5-2 

center 

support 

center 

0.21 

0.22 

0.15 

^3 bent <§>12" 

♦3 str.@)2" 

^3 bent (® 6" 

*3 bent @12" 

*3 str.@12" 

4i = 0.22 

45=0.22 

45 = 0.22 


4^ =0.11 I 4i = 0.22 
Temperoture steel 
>^, = 0.002(12)(3) = 0.072 sq in. 


Other 

supports 

0.20 

^3 bent @ 6" 
4 , = 0.22 


Use ^3 ot18" 


CoMniTATioN Sheet 8.1 
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from support. 50 per cent of negative-moment reinforcement 
required at 

0.09 X 6 ft-4 in. + 4J^2 ~ 0 ft-llj”^ in. 

from support. Number 3 bars at bottom 12 in. center to center are 
carried into exterior support 6 in. and are continuous over other sup¬ 
ports. Alternate No. 3 bars 12 in. center to center are bent bars 
bent up 1 ft-2 in. from face of all supports. Bent-up bars must he 
extended into the adjacent span a length of 

0.21 X 7 ft + 412 in. = 1 ft-10 in. 

All details for the slab are shown in Fig. 8.18. 

8.28. Design of the Beams. The computations for the design of beams 
and B2 are shown on Computation Sheets 8 2 and 8.3. The c](»ar 
spans for the beams were obtained using the same assumptions innde in 
the design of the slab with the further assumption that the bi^ams wiW 
be framed into girders 12 in. in width. The beams framing into girders 
were designed, since these beams have clear spans slightly longer than 
those framing into columns; however, to simplify the oust ruction, all 
beams are of the same dimensions. In the Ix'ams no bars will be bent. 
Stirrups are provided to take the diagonal tension stresses. Although 
the ACI Code allows a unit shearing stress of 0.08/' for this type of rein¬ 
forcement, a depth selected on this basis would reijuire heavy horizontal 
reinforcement, and therefore the larger depth shown on Ckimputation 
Sheet 8.2 was selected. Two rows of n*inforceinent are used in most 
cases both at the top and bottom of the beam. The center of the row 
nearest the surface is placed 2^2 from the surfa(*e \vith the other row 
spaced 2 in. center to center vertically below or above the first row. 

From Diagram 2, Appendix 1): 

Bl: 

Negative-moment reinforcement at outer support required for 
0.09 X (22 ft-6 in.) -f 12 X 1 in. = 3 ft-1 in. from face of support. 
50 per cent of positive-moment reinforcement reejuired for 

0.23 X (22 ft-G in.) - \2 X U = ft-3 in. 

from face of outer support. Remaining two No. 7 bars carried 6 in. 
into support. At continuous support, two No. 7 bars of positive- 
moment reinforcement are cut off 4 ft-3 in. from face of support; 
50 per cent of negative moment reinforcement at continuous sup¬ 
port is cut off* at 0.11 X (22 ft-6 in.) + 12 X 1.128 in. = 3 ft-7 in. 
from face of support and remaining two No. 9 bars 

0.28 X (22 ft-6 in.) + 13.5 in. = 7 ft-5 in. 
from face of support. 
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Beam - and - G^der Floor 


Computation Sheet 2 


Design of Beoms: 

Uniform load per foot from floor = 
Dead load of stem (Assumed) - 

Clear span for = 22'-6" i 
Clear span for ^-2 = 22'-0" 


7(262.5) s 


1840 Ib/ft 
170 Ib/ft 
Total 2010 Ib/ft 


:lear span = 22' - 3" 


Center: 

^=+M4(3010)(225)^{12) = 874,000 in.-lb 
At continuous end: 

A7=-V,o(2010)(22.25)®(12) =1,194,000 in.-lb 
At wall end: 

A<=-W2010){22 5)‘'(12) = 510,000 in.-lb 

»;„,,= llM 2gip.5) . 26,000 lb 


- 26.000 .-c 

0.06(3,000)(’78) ' ■ 

Use y=8'y=2l" 

Assuming 2 rows of steel, wt. 
of stem =171 Ib/ft O.K. 


B-1 

Center: 

+’4(2010)(22)^(12) = 730,000 in.-lb 

At first Interior support 
A/=-'/i,(2010)122.25)^(12) =1,085,000 in.-lb 
At oil other interior supports: 
A/=-'/(,(2010)(22)^(12) = 1,061,000 in.-lb 

Knox= =22.100 lb 

Beam dimensions will be kept the some 
throughout. 


-2.30 sq in. 


Use 4-'^7 = 2.41 sq in. 

At continuous end: 

4/,=235(81(21)^= 829,000 In.-lb 
» 829.000 

‘^*r 20,000(0 866)(2l)-‘^''^“ 

Mi =1,194,000-829,000=365,000 in. - lb 
. 365.000 . „. 

^"2'20:5oO(21-3.5) ='-°^ 

3.32 sq in. 

Use 4-^9 = 4.00 sq in. 


2(20.0001(4.96) _ 
12.54 

I5,820psi 


15,820(21-3.5) 



^ _ 730,000 _. . 

20 , 000 ( 21 - 2 ) " 

Use 4 -^1 - 2.41 sq In. 

First interior support is the same as the 
continuous end of B-\. 

At other interior supports: 

/1/i = 829,000 in - lb 
2 28 sq in. 

/J/g =1,061,000 - 829,000=232,000 in.- lb 

A - 232.000 . 

20,000 (21 - 3.5) ■ ° "*• 

As - 2.94 sq in. 

Use 4-^8 = 3.14 sq in. 

// = 15,820 psi 

232,000 . 

15,820(21-3.5) "^•Q'^sqin. 

Supplied by 4-^7 carried throuah. 


Computation Shket 8.2 
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Beam-and • Girder Floor 


Computation Sheet 3 


Design of Beams * Cont: 

At woll end, ossuming t row of steel 

^ 510,000 . 

20,000(0.8661(22) 

Use 2-^8 = 1.57 sq in. 


22,600 lb 

|^ = (0 03)(3.000)(%)(8)(21) =13,200 lb 


22,600 lb 


Shear; 

At either end- 




Shear in B-Z is symmetricol 
obout the ^ 

22,100 . 

“■ 12.6(Vg)121) 


(0 221 ( 20 , 000 )(%)( 21 ) 


Placing the first stirrups 3' from the 
foces of the supports, the spocings 
ot each end will be: 

1@3",3@ 8", 3 @10” 


26,000 . 


._(0 22 )( 20 , 000 )(’’/ 8 )( 21 ) 
t2liOO 

Placing the first stirrup 2" from the 
face of the support, the spocings 
will be: 

1@ 2",4@ 6", 5@ 8".1@10” 


Computation Sheet 8.3 
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B2: 

50 per cent of positive-moment reinforcement required for 

0.25 X 22 ft - 12 X in. = 4 ft-7 in. 

from face of support. Negative-moment reinforcement at first inte¬ 
rior support same as 7?-l. At other, interior supports 50 per cent of 
negative-moment reinforcement may be cut off at 

0.10 X 22 ft + 12 X J^8 =" 3 ft-1 in. 

from face of support and remaining two No. 7 l)ars 

0.24 X 22 ft + 12 X 7in. = 6 ft-2 in. 

from face of support. 

8.29. Design of the Girders. A portion of the sample computations 
for the design of the girders is shown in (\)mputation Sheets 8.4 and 8.5. 
The clear spans here were obtained by making use of all previous assump¬ 
tions and further assuming that the exterior columns sup])orting the sec¬ 
ond floor have a depth of 14 in., measured from the face of the wall, and 
that the interior first-floor columns are 10 in. in diameter. The average 
clear span was used in computing moments caused by the uniformly dis¬ 
tributed load and tin* average distance betwecji beams and adjacent col¬ 
umns in (i\ for comput ing moments caused by concentrated loads. These 
assumptions are justifiabh* since they punluce moments slightly larger 
than those which actually exist in eithe r span. The inherently approxi¬ 
mate nature of calculations of this sort does not warrant closer refine¬ 
ment in computations. Keinforcing .steel will be placed with centers 
23^2 from the bottom of the girdeu*, since the girder steel will be at a 
different level from the beam steel. However, at the columns, the nega¬ 
tive reinforcing steel in the beams and in the girders cross; therefore 
girder steel will be placed with centers 3^ 2 from the top so that it will 
cross below the beam steel without interference. In all cases, parallel 
rows of bars will l)e placed 2 in. on centers vertically. The different 
positions of steel relative to the top and bottom of the girder account for 
the difference of effective depths used at the center and ends, since the 
maximum shear occairs at the faces of the columns and the reciuired 
depth is supplied at that point. Note that a slight excess of steel is 
used at the center of each girder to provide a sufficient number of bars to 
satisfy the reinforcement requirements at the supports. 

The points where the bars may be bent up, in pairs, are determined by 
assuming that the positive moment is zero at a distance of X l/S from 
the concentrated load to the center line of the support, measured toward 
the support, and that the moment diagram is a straight line between the 
maximum and zero values. The latter assumption is in error only 
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Beam - and - Girder Floor 


Computation Sheet 4 


Design of Girders 

Load from floor beams = 

Live load on girder = 

Dead load of floor finish on girder = 
Oeod load of girder (assumed) = 


44,200 lb 


200 Ib/ft 
13 
350 

Total = 563 Ib/ft 


Clear span of -1 = 20' - 2" ' 
Clear span of - 2 = 19* - 8 " • 
Simple span maximum moment 


of ( 9-1 = 20 '- 2 "i ^ ^ 

of - 2 = 19' - 8 " J ^ = 19-11 


^6-10" ^ 6-4". 1^6-4 ^, <^'•'*",1 Ve(563)(1992ftl2)= 335,000ia-lb 

m^mnnm +44.200(658)021= 3 , 49 opoo 
'L_o' O_:‘ »»S = 3.825.000m-tb 


2,185,000 in-lb 
At continuous end 

/l/ = -®/ioA<, = -3,060,000 
At wall end 

A/ = -®/i6^5 = '1,912,000 

[44.200 + 563(20 2)1 
•'mox - I ' 3 2 


57, 500 0 - 7/1 

(008)(3,000)(3'8) ° 

Use y=12in.</=23 in 

Assuming two rows of steel, wt of 
girder = 344 Ib/ft 
Center 

. 2,185 000 

20,000(24 2) 4 96 sqm 

Use 6-^9 = 6 00 sq m 


( 7-2 

Center 

A/ = +8/i6A/5 = 1,912.0Cv i-lb 
At ends 

A/=-®/ii^f= 2*780,000 in>lb 

= 44 . 200 + 563M67) 

Girder dimensions will be 
kept the some throughout 
Center 

1 912.000 ,,, . 

20.000(24 - 2 1 = ^ 

Use 6-^9 = 6 00 sq in 


Cross section of girder at supports, ossuming two rows of tension steel ond one fow of 
compression steel 



Computation Sheet 8.4 
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Beom - ond - Girder Floor 


Computotlon Sheets 


Design of Girders - Cont. 

At continuous end: 
il/i = 235(121(23)*=1,495.000 in.-lb 

. 1,495,000 . 

*•"20,000(0.666X23) " ® 

11/2=3,060,000-1,495000=1,565,000 in.-lb 

1,565,000 

... = 3.82 sq in. 

2 20,000(20.5) 

A,* 7.57 sq in. 

Use 8-^9 = 8.00 sq in. 

Bend up 4 from eoch beam 


At supports: 

A/i = 2,780,000 in.-lb 

^ 2,780,000_ . 

'^*° 20 , 000 ( 0 . 866 )( 22 ) ' 

Use steel some as G-\ 

Compression steel 

4/2=2,780,000-1,495,000=1,285,000 in - lb 
,, 1,285,000 , . 

''*=^:6oo(2o:5r=^"*^''’- 

furn-shed by 2-^9 from eoch span. 


‘28.4(%)(23) ^ ° 



^ 2(20.000)(6,78) 

**' ii72 

e 19,800 psi 


^ 19,800(20.5) 

= 3.85 sq in. 

2-^9 from each beam 
= 4.0 sq in. 


. _ 1,912,000 . 

^ *■ 20,000 ( 0 , 866 )( 22 ) " ^ ^ 

Bend up 4-^9 from center and 
odd 1“^9 


17.7 (7/e)(22) 


Compression steei required 1.03 sq in. 
furnished by 2-^9 carried into support. 


Computation Sheet 8.5 
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because of the uniformly distributed weight of the girder, and this is 
very small in comparison with the large concentrated loads. The first 
pair of bars may be bent up at a distance of 

HXHX {21 X 12)/3 = 18.7 in. 


to the left of the first concentrated load, or at point a in Fig. 8.17. The 
next pair may be bent at a distance 37.4 in. from the first load, or at 
point 6. 



Section /-/ Section Section J-J 

Fig. 8 17. Details of girder. 


A similar assumption for the negative-moment variation can be made; 
the point of zero negative moment being, therefore, % X //3 == 56 in. 
from the center line of the support. The overlapping of the positive- 
and negative-moment diagrams which results from these assumpt ions pro¬ 
vides for any variation in the moments that might result from unequal 
placing of the live load on adjoining spans. Assuming that the eight 
bars over the support are stressed equally, one pair may be bent down at 
a distance of 3^ X 56 = 14 in. from the support, or at point c in Fig. 
8.17, and another pair may be bent down at point d. Bend points are 
located to satisfy these requirements and to enable the inclined bars to 
take as much of the diagonal tension as possible. In spacing inclined 
bars or stirrups, attention must be paid to the ACI Code requirement 
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Fig 8 18 Fn^inoennK drawing of boam-and-girdor floor. 
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which states that in beams with a shearing stress in e.xcess of 0.06/J every 
45° line extending from the mid-depth of the beam to the longitudinal 
tension bars shall be crossed by at least two lines of web reinforcement. 
The maximum permissible stirrup spacing is therefore *^4 = 6 in. For 
inclined bars twice this spacing may be used. 



Section Ji-4 Portiol Cross Section 
Fk. 8 19 

The amount of external shear that can be resist( mI by the concrete is 
Vc = 90 X 12 X Js X 23 = 21,700 lb at the support and 

Vc = 90 X 12 X X 24 = 22,000 Jb 

away from the support. The shear diagram (Fig. 8.17) shows that web 
reinforcement is required only from the support to the first concentrated 
load. 

Stirrups are required between the support and the point where the 
outermost row of inclined bars pass the mid-depth of the beam. They 
are also required between the concentrated load and the point of bending 
of the innermost row of bars. With No. 3 U stirrups, the required spac¬ 
ing at the support is 
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8 


2 X 0.1104 X 20,000 X H X 23 
49,700 - 21,700 


3.18 in. 


Between the concentrated load and the innermost inclined bars 


2 X 0.1104 X 20,000 X % X 24 
(49,700 - 4.50 X 562.5) ~ 22,600 


3.78 in. 


A 3-in. spacing is used throughout both regions. It is advisable to use 
No. 3 U stirrups, spaced at about 18 in., over the remaining portions of 
the girder to assist in securing unity of action of the two parts of the 
T beam, as shown in Fig. 8.17. 

The bent bars are continued 60 in. beyond the center of the column; 
the straight bars should be continued for a distance beyond the support 
at least equal to 


X 1.128 = 18.5 in. 


4 X 300 


Complete engineering details for the portion of the building designed 
above are shown in Figs. 8.18 and 8.19. 


DESIGN OF A RIBBED FLOOR WITH STEEL-TILE FILLERS 

8.30. Dead Loads. The weight of a ribbed floor can be computed 
from the known concrete dimensions. The general form of the cross 
section of the steel tiles must be known, since the taper of the sides and 
the chamfering of the upper corners affect the volume of concrete in the 
ribs or joists. The cross section can be obtained from the manufac¬ 
turers^ catalogues. The average values in Table 8.2 (^an be used for 
joists (or ribs) 5 in. wide at the bottom and 25 in. on centers. These 
values assume that the steel cores will be removed. If permanent cores 
arc used, from 1 to 2 psf should be added. 

The values given in this table do not include the weight of an extra 
floor finish, or the weight of a plastered ceiling below the floor. The 
former can be computed from the specified thickness of finish or type of 
floor surface. In computing design loads, an allowance of 10 psf is usu¬ 
ally made for a plastered ceiling. An additional allowance of from 10 
to 20 psf is made for the weight of partitions, when these partitions are 
not definitely located on the architect's plans, or where there is a pos¬ 
sibility of future rearrangement of partitions. The latter condition is 
very likely to occur in buildings of the types to which ribbed-floor con¬ 
struction is adapted. When definitely located partitions are parallel 
with the joists, a thicker joist than the normal 5-in. joist is usually placed 
under these partitions, or, if the partition is located between two joists, 
both of these joists are made thicker than the xjthers and the slab thick¬ 
ness between them is also increased. The increased slab thickness is 
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TABLE 8.2. Weight of Concrete in Ribbed Floors with Steel-tile Fillers 


Depth of joist below 

Thickness of slab, 

Average weight of 

slab, in. 

in. 

floor, psf 

6 

2 

42 


2'^ 

48 

8 

2 

48 


2'i 

54 

10 

2 

55 


2'2 

01 

12 

2 

01 


2^2 

07 


3 

73 

14 

2 

on 


2«i 

75 


3 

81 


obtained by lusin^j; ahallower liles in the one row, or by lowering the tiles 
in that row. When definitely located partitions are piTpendicular to the 
joists, the partition weight is considered as a conci'iit rated load in design¬ 
ing the joists. Transverse bridging ribs 1 in. wide and th(' same depth 
as the joists are commonly used at the center of spans less than 24 ft and 
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Fig. 8.20. Details of ribbed floor with removable steel tiles. 


at the third points of longer spans to stiffen the joists and distribute con¬ 
centrated floor loads to adjacent joists. 

8.31. Data for Design. A typical interior panel of a hotel floor is to 
be built as a ribbed floor, using removable steel-tile cores. The joists 
are to be supported at the ends on concrete girders, as shown in Fig. 
8.20. The span of the girders is 23 ft-0 in., and the distance center to 
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center of girders is 18 ft-0 in. The live load is 50 psf, and allowances for 
dead loads other than the weight of the concrete are to be made as fol- 
ows: partitions, 10 psf; plastered ceiling, 10 psf; wood floor, with sleepers 
in cinder-concrete fill, 15 psf. A 2500-lb concrete is to be used in the 
floor, and intermediate-grade deformed bars, for which /, == 20,000 psi, 
are to be used for reinforcement. It is reejuired to design the panel. 

8.32. Design of Joists. Computation of Moments and Shears, The 
joists are designed as regular continuous T beams, with a flange width 
equal to the distance center to center of joists. In order to compute the 
weight of the flour, the depth of the joists below the slab and the thick¬ 
ness of the slab must be assumed. A combination of 8-in. joists and 2-in. 
slab will be tried. The weight of the concrete per sejuare foot of floor is 
48 lb, and the total load is 50 + 10 + 10 + 15 + 48 = 133 psf. With 
5-in. joists, spaced 25 in. on centers, each joist supports ^'}i 2 = 2.08 sq ft 
of floor per foot of joist, and the total load on each joist is 

133 X 2.08 = 277 lb per lin ft 

The panel is fully continuous, and the elTective span for moment is equal 
to the clear distance between the stems of the girders. If the width of 
the girder steins is assumed as 12 in., the joist span is 18 — ^ 2^2 = 17 ft. 
The maximum negative moment at the face of the support is 

M = X 277 X 172 X 12 = 87,330 iii.-lb 

and the maximum positive moment at the center of the span is 

^^7 = 1 16 X 277 X 172 X 12 = 00,040 in.-lb 

In computing the maximum shear in the joists, the effective span can 
b(* taken as the clear distance between the flanges of the girders which 
support th(* joists. If, as in Fig. 8.20, the girder-flange width is assumed 
as 18 in., the etfective span of the joists is 18 — 1^12 = lO-fi and the 
maximum shear is 

10 5 

V = 277 X -- = 2285 lb 

Design for Shear, It is rat her difficult to place stirrups in narrow joists, 
such as are used in this form of construction; hence the shearing unit 
stress should be kept below the maximum allowable value of 

0.03 X 2500 - 75 psi 

The eflective shearing width of a joist should l)e taken as the width at the 
bottom of the joist, neglecting the increased section due to side slope of 
the tiles This practice is reasonably conservative for continuous joists, 
since the critical shear stresses occur in the upper, or tension, part of the 
member. If necessary, tapered tiles can be used at the ends of each row 
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to increase the shearing area, or deeper tiles can be used to serve the same 
purpose. With 8-in. joists under a 2-iii. slab, the effective depth is 
10 — 1/^ = 8.87 in., which will allow for a minimum clear insulation under 
the bars of about ^4 in. 

If straight end tiles are used, the approximate maximum unit shearing 
stress is 


V = 


V 

h'jd 


2285 

5 X % X 8T87 


= 59 psi 


This is less than the allowable stress, and the joist size is satisfactory for 
shear resistance; therefore no taper is re(|uired. If the problem of decid¬ 
ing whether to use tapered end tiles or de{‘per tiles throughout arises, it 
should be remembered that the steel area required decreases with an 
increase in the depth of the joist, and both the cost of the steel and the 
cost of the concrete should be considered. The cost of the forms can be 
omitted in the comparison, because this (‘ost does not vary materially. 

Computation of Sted Area. Design at the support will be basi^d on the 
moment value of 87,330 in.-lb at the face of the girder stem, although the 
actual maximum compressive stress occurs at the edge of tlie girder 
flange, where the moment is about 7 per cent less. Ihe add(*d width of 
concrete on the compression face afforded by the girder flange will be 
neglected. 


K = 190 

Ml - 

M2 = 

A. = 
A[ = 


6 = 5 in. d = 8.87 in. d' = 1.12 in. 
Kbd^ = 190 X 5 X (8.87)- = 77,100 in -lb 
87,300 - 77,100 = 10,200 in.-lb 
phd = 0.0113 X 5 X 8.87 = 0.50 sq in, 

10,230 . 

20,000(8.87 - 1.12) 

0.50 + 0.07 = 0.57 s(i in. 

= 0.07 s(} in. 


The approximate required an^a of steel reinforccunent in each joist for 
positive moment is 


A. = 


M 

Lid - 1/20 


_60,010_ 

20,000(8.87 - ‘^ 2 ) 


= 0.38 s(i in. 


Arrangement of Reinforcement. As shown in Fig. 8.21, two No. 4 bars 
(A, = 0.39 sq in.) will be used for positive-moment reinforcement. 
Bending up one bar in each span and adding one No. 4 straight top bar 
will provide sufficient steel {A, = 0.58 sq in.) to meet the negative- 
moment requirements. Bent-up bars and top bars are extended to the 
point of inflection in each joist. This point may be taken at a distance 
from the edge of the stem of the girder equal to one-quarter of the clear 
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span of the joist. The remaining positive reinforcement is continued 
beyond the far face of the girder support a distance of 9 in. Ample com¬ 
pression reinforcement is thus provided at the support by this steel. 

Investigation of Maximum Stress in Concrete. It is necessary to review 
the joist at the center, in order to make sure that the compression stress 
in the concrete is less than the allowable value of 

0.45 X 25C0 = 1125 psi 

With n = \2y d = 8.87 in., ~ 0.30 s(\ in., h = 25 in., and < = 2 in., 
the beam is found to act as a rectangular beam, the values of k and^, as 



Section /-/ 



obtained from Table 0, AppcMidix J), being 0.105 and 0.938, respectively. 
The maximum compression stress in the concrete is 

^ __ 00,040 X 2 ^ . 

0.038 X" 0“.105 X 25 X (8.87;^ 

This stress is satisfactory. 

Investigation of Bond Resistance. The critical section for bond in the 
negative reinforcement is at the edge of the flange of the supporting 
girder. The unit bond stress at this section is 

= 4.7 xT-„x 8:87 = 

The allowable unit bond stress is 0.07 X 2500 = 175 psi. 

8.33. Design of Girder. Computation of Loads. The loads which are 
brought to the girder from the joists are theoretically concentrated at 
the points where the joists frame into the girder. They are spaced so 
closely, however, that they may be considered as uniformly distributed 
throughout the length of the girder, without affecting materially the maxi¬ 
mum moment in the girder. Each pair of adjoining joists, one on either 
side of the girder, transmits a load to the girder equal to twice the end 
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she&T of one joist, or 2 X 2285 = 4570 lb. Since the joists are 25 in., or 

2.08 ft, on centers, the uniform load per foot of girder is = 2200 lb. 

J.Uo 

To this must be added the weight of the girder and the floor and eeiling 
loads directly over and under the flange of the girder. With an assumed 
cross section as shown in Fig. 8.20, the weight of the flange is 

[(18 X 10)/144] X 150 = 188 lb per ft 

and the weight of the stem is 

[(12 X 1())/144] X 150 = 200 lb per ft 

The live load, the ceiling load, and the weight of the flooring and parti¬ 
tions on the 18-in. flange width are (50 -f 10 + 15 + 10)i^l2 = 128 lb 
per lin ft. The total load on the girder is, therefore, 

2200 + 188 + 200 + 128 = 2716 lb per ft 

Computation of Moment and Shiar. The girdc^r is continuous at both 
ends, so that with 18-in. columns, the effective span is 

23 - 18^2 = 21.5 ft 

The maximum negative moment at the face of the support is 
M = X 2716 X (21 5j^ X 12 = 1,370,000 in -lb 
and the maximum positive moment at the center of the span is 
M = 1 fe X 2716 X (21.5)2 X 12 - 042,000 in.-lb 
The maximum shear is 

21 5 

V = 2716 X = 20,300 lb 


Design at Center, The girder is a T-shaped beam, but, because of the 
comparatively thick flange, the neutral axis will probably be in the flange 
and the girder must be designed for moment as a rectangular beam with 
a width equal to the width of the flange. For shear, the effective width 
b' is the width of the stem, or 12 in. Web reinfor(‘ement w ill be provided 
as necessary. The design will be based on a maximum unit shearing 
stress of 0.06 X 2500 = 150 psi. The effective depth required for 
shear is 


V 29,300 

vjW ^ 150 X % X 12 


18.6 in., or 19 in. 


Allowing for two rows of bars, the over-all depth must be 19 -f* 3 = 22 in. 
and the depth below the flange is 22 — 10 = 12 in. The assumed depth 
of 16 in. will be maintained to reduce the amount of reinforcement 
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required. With an effeetive depth of 23 in., the flange width required 
for moment is 

Kd‘‘ 19G X (23)2 

The assumed width of 18 in. will he maii/tained to provide sufficient room 
for the steel-tile form supports. 

Assuming j the approximate required steel area is 


912,000 _ 

* J.jd 20,(K)0 X 0.875 X 23 

Six No. 6 bars with an area of 2.65 s(| in. will he used. 

Demjn at S74pp()rt. At the support, it will he necessary to provide 
compression reinforcement in the bottom of the beam. The resisting 
moment of the concrete sc'ction is 


A/, = 196 X 12 X (23)2 = 1/242,000 in.-lb 
The steel re(iuir(‘d to (l(‘\(‘l()p the strength of the concrete is, assuming 

j = u, 


d., 

.1,, - 


= 3.09 s(i in. 


1,212,000 
20,000 X ^8 X 23 
M 2 = 1,370,000 - 1,212,000 = 128,000 in.-lb 
128,000 


20,000(23 - 3) 


= 0 32 Ml in. 


From J0(|. (3.30), tin* ainouin of compre.ssion steel reciuired is 


a: = 


1 - 

2 ^ k - (f/' (/) 


0.32 1-0.103 

2 ^0.103-3^.3 


The total tension ste(*l recpiired is 


0.35 s(i in. 


.1. = 3.09 + 0.32 = 3.41 s(] in. 

Three bars will be bent up and continued across the support to the 
point of inflection in tin* adjoining girder, which will be assumed at the 
quarter point of the span of that girder. IVo additional straight No. 6 
bars w ill be ad(l(‘d at the top over the support, giving a total amount of 
steel (eight No. 6 bars. A, — 3.53 sq in.) sufficient to resist the tension 
caused by the negative moment. The top bars will also be extended to 
the infle(*tion point in each span. The other three bars in each span will 
be run straight through the support for a distance of 1 ft beyond the cen¬ 
ter of the column, w^hich wnll be enough to form a proper splice with the 
straight bars from the adjoining span. The effective compression rein¬ 
forcement (three No. 6 bars, A' = 1.32) is ample. 
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Investigation of Bond Resistance, The critical section for bond in the 
negative-moment steel is at the face of the column, where the shear is 
29,300 lb, and the sum of the perimeters of the bars is 

8 X 2.356 = 18.85 in. 


The unit bond stress is 


u = 


29,300 
18.85 X 


= 77 psi 


;8 X 23 

This is well below the allowable value of 0 07 X 2500 = 175 psi. 

Design of Web Reinforcement. Resistance to diagonal tension stresses 
will be provided by bending up the three bars and by placing vertical 
stirrups in the proper positions. 
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The computations are the same as 
for any uniformly loaded, continu¬ 
ous beam; a typical example 
given in Art. 8.28. 

8.34. Detail Drawings. Each 
floor plan must show the number of 
ribs, or joists, in each panel, the 
number of rows of tiles, and the ar¬ 
rangement of the joists All iden¬ 
tical joists are given tlie same mark, 
which consists of a numeral indi¬ 
cating the floor, the letter R or J 
indicating ribs or joists, and a fol¬ 
lowing numeral which is the mark 
of identity. Thus, \R22 would 
designate first-floor joist number 22. 

The outlines of the rows of tile are 
shown by dotted lines. Where 
there are several adjacent identical rows, forming identical joists, only 
the end rows and joists in the group are shown, and the numbers of rows 
and joists are placed on dimension lines wdth arrows pointing to the 
boundaries of the group. The depth of the stems of the joists and the 
thickness of the slab are also given on the floor plan. Temperature steel, 
usually about No. 2 bars at 10 in. on centers, is placed in the slab at right 
angles to the joists; this is detailed on the plan in the usual manner. Quite 
often welded wire mesh is used to reinforce the slab. 

A detail floor plan for the typical interior panel w^hich was designed in 
the preceding articles is shown in Fig 8.22. The girders are marked on 
the plan in the usual manner. At least one typical cross section through 
the joists and through the girders should be given on the drawing. The 
joists 17? 16 between the columns of Fig. 8.22 are 7 in. wide at the bottom 
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instead of 5 in., in order to fill up the panel. It is usually desirable to 
have a joist such as 17216 between the columns, in order to stiffen the 
columns in this direction. In tall structures subject to wind pressure, a 
deeper beam would be used in place of the joist 17216, in order to add to 
the rigidity of the entire structure. 

DESIGN OF A RIBBED FLOOR WITH CLAY-TILE FILLERS 

8.35. Dead Loads. The dead weight of the floor includes the weight 
of the concrete in the joists and in the slab, and the weight of the tiles. 
Table 8.3 gives average weights of clay-t ile-and-concrete floors in pounds 
per square foot, for 4-in. ribs spaced 16 in. on centers. 


TABLE 8.3. Weights of Clay-tlle-and-concrete Ribbed Floors 


Depth of joist l)(‘low 

Thickness of slab, 

Average weight of 

slab, in 

in. 

floor, psf 

1 

2 

49 


2-2 j 

1 55 

6 

2 

(>() 


2'2 

60 

8 

2 

i 


2*2 

71) 

10 

2 

82 


2'2 

88 



1)5 

12 

2 

92 

1 

2'2 

98 


3 

104 


The values given al)ove do not include the weight of an extra floor 
finish or plastered ceiling, Allowaiu'es for those items and for partitions 
should be made in computing design loads, as explained in Art. 8.30. 

8.36. Design of Joists. The general method of designing the joists is 
the same as that explained in Art. 8.32 for joists which are formed by the 
use of steel-tile cores. If the joists are 1 in. wdde and the tiles 12 in. 
wide, the distance center to center of joists is 16 in., and each joist sup¬ 
ports 1^12 = 1.33 sq ft of floor per linear foot of joist. Both dead and 
live loads must be included in the computations for moment and shear. 

Because of the comparatively great strength of the w’alls of structural- 
clay tiles and the thorough bonding to the concrete which is obtained 
by the projections on the tile blocks, part of the side walls can be assumed 
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as an effective part of the joists in resisting bending and shearing stresses. 
As a usual rule, the effective width of the joist is assumed as 1 in. or 
sometimes in. greater than the actual width of concrete between the 
surfaces of adjacent rows of tile. Thus, if 12-in. tile blocks are laid in 
rows which are 16 in. on centers, the normal width of the joist is 4 in., 
but the width that would be used in the design of the joist is 5 or 5} 2 in. 
The former value is preferred by conservative designers, but the latter 
has proved thoroughly safe.‘ 

If the maximum unit shearing stress in a joist of given dimensions is 
greater than that allowable for concrete without web reinforcement, this 
stress may be reduced by placing one or more pieces of tile 8 in. in width 
at each end of each row, thus increasing the width of the joists at the 
point of maximum shear by 4 in. This is somewhat analogous to the use 
of tapered steel tiles in ribbed floors with steel-tile fillers. 

8.37. Design of Girders. The method of designing the girders which 
support the joists is exactly the same as that used in the design of similar 
members in ribbed floors with steel-tile fill(‘rs (see Art. 8 33). The meth¬ 
ods of detailing the joists and girders are also the same in the two types 
of construction. 


FLAT-SLAB FLOORS 


8.38. Description of General Type. A flat-slab floor, as its name 
implies, is one consisting of a reinforced concrete floor slab built rnono- 
lithically wdth the columns and supported directly by the columns with¬ 
out the aid of beams and girders. The slal) may b(‘ of uniform thickness 
throughout the entire floor area, or a part of it, symmetrical about the 
column, may be made somewhat thicker than the rest of the slab, the 
thickened portion of th(* slab thus formed constituting what is known as 
a dropped panel, or drop (see Fig. 8.25). 

Dropp ed panels are umi to reduce the shearing stresses in the slab 
wdthin the area of the drop. The incr(*ase in the efTe(‘tive slab thickness 
which is provided by the drop also decreases the (‘ompression stresses in 
the concrete and reduces the amount of steel which is r(*quircd over the 
column heads. In general, the use of dropped panels is not economical 
for live loads less than 150 psf. Dropped panels are usually sfpiare, the 
width being approximately ecjual to one-third of the panel length. The 
American Concrete Institute Building C'ode n^cjuires that the thickness 
gff the drop panel below the slab shall not be more than one-fourth the 
distance from the edge of the column capital to the edge of the drop 
panel. This usually results in a drop panel with a thickness of one- 

»The ACI Code states that, if the fillers are so placed that the joints in alternate 
rows are staggered, the shells of the fillers in contact with the joists may be included 
in the calculations involving shear or negative bending moment, hfo other portions 
of the fillers may be included in the design calculations. 
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quarter to one-half the thickness of the slab outside the drop. When 
drops are used over interior columns, they are normally used over the 
wall columns also. Such drops should have a width parallel to the wall 
equal to the corresponding width of the interior-panel drops; at right 
angles to the wall they should project beyond the center of the column a 
distance equal to one-half of the corresponding total width of the interior 
drops. 

The columns in practically all cases flare out toward the top, forming 
a capital of a shape somewhat similar to an inverted truncated cone. 
This capital gives a wider support for the floor slab, which results in a 
decrease in thci bending moment which the slab is called upon to resist, 
and a decrease in the shearing stresses around the perimeter of the col¬ 
umn, and tends toward a more rigid structure. The effective diameter 
of the capital should be taken as the diameter of the circle at the point 
where a 45° line from the base of the capital intersects the bottom of the 
slab or dropped panel. The 45° line must fall within the concrete of the 
cap at all points. Some codes reejuire a minimum effective diameter c of 
the cap e(iual to 0.20/, where / is the average span of the panel. A value 
of c equal to 0.225/ is often used in practice. 

At the wall columns, a bracket is often used in place of a regular half¬ 
capital. The width of the bracket is eiiual to tin* width of the column 
parallel to the wall; the sloping side of th(‘ bra(*k(‘t forms an angle of 45° 
with the horizontal; the projection of the l)ra(‘ket beyond the face of the 
column is the same as, or somewhat less than, the projection of the inte¬ 
rior-column capital. 

8.39. Advantages of Flat-slab Floors. Structurally, a flat-slab floor 
has many advantage's over the ordinary l)eam-and-gird(*r floor. The 
most important of tlu'se may be enumerated as follows: 

1. For ordinary spans with heav^’^ loads, under average conditions, the 
flat-slab floor is more economical than the beam-and-girder floor. 

2. In a multistoried building, the same number of stories of a given 
clear height may be obtained wuth a smaller total building height, because 
of the smaller floor thickness. 

3. The slab formwork is much simplified. 

4. The flat-slab floor, owing to the lack of many sharp corners, is 
better able to resist continued exposure to fire than the beam-and-girder 
floor. It has bc'en found by actual experience that the worst damage 
caused to reinforced concrete by severe tires has occurred at places where 
there may be spalling, that is, at exposed edges and sharp corners. 

5. Automatic sprinkler protection may be made more complete under 
a flat-slab floor sinc'e the nozzles may be pla(*ed well up near the under 
side of the slab without obstruction to the path of the spray. 

6 . More light may he admitted into the building if desired, by placing 
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the wall beams above the floor level, and thus allowing the windows to 
be extended to the under side of the slab. The absence of deep beams 
and girders also removes the obstruction to the passage of light within 
the building. 

7. Owing to the large number of smaller bars extending in several 
directions over the entire area of the floor, the danger of sudden failure 
or collapse is less than in the beam-and-girder type of floor. The rela¬ 
tively large breadth of structure also makes the efTect of local variations 
in the concrete less than would be the case for narrow members like 


beams. 

8 . The opportunity for inspecting the position of the reinforcement is 
excellent, and the conditions attending deposition and pla(*ing of the 
concrete are favorable to securing uniformity and soundness in the 


concrete. 

8.40. Bending Moments in Flat-slab Floors. Figure 8 23 represents a 
portion of a flat-slab floor including 
four column supports, the load on 
the floor being uniformly distrib¬ 
uted. The full circles represent 
the column heads underneath the 
slab. It is evident that, consider¬ 
ing any radial line from the column 
center, the curvature of the slab 
along this line will be convex up¬ 
ward for a certain distance, then 
concave upward, then convex up¬ 
ward again. This impli(‘S that at 
some point along each radial line 
there is a point of inflection where 
the radial bending moment changes 
from positive to negative. The locus of all th(*s(* points may be repre¬ 
sented by the dotted approximate circles c(*nter(‘d about the column 
capitals. 

As the slab is loaded, deflection occurs. 3'he point N at the mid¬ 
point of the panel, being the farthest away from the support, will deflect 
more than a point M, P, Q, or R midway b(*lween any two adjacent col¬ 
umns. The points M, P, Q, R will therefore be higher than point N but 
lower than the supports. This results in a negative moment along the 
line MQ at ilf, and a positive moment at A. The condition is similar 
along line PR. 

The analysis of a flat-slab floor is a stati(*ally indeterminate problem 
and the elastic properties of the slab and the relative stiffness of its var¬ 
ious parts must be considered in determining accurately the moments 
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and shears in the slab. An arbitrary but satisfactory method of obtain¬ 
ing the theoretical bending moments is to divide each panel into rectangu¬ 
lar strips, a middle strip A (Fig. 8.24) with a width equal to li/2 and two 
ecjual column strips B which occupy the outer portions of the panel. 
Similar strips A' and S' are assumed at right angles to those shown in 
Fig. 8.24. A system of imaginary beanos is thus established and the load 
on the panel is transferred to the columns by these beams. 

Consider strip A and the two strips B to form one wide but shallow 
continuous beam, rigidly supported at the four corners by the columns, 
and partially supported between the columns along the lines AB and 
CD by the perpendicular strips B'. In the resulting beam, negative 
moments exist along the lines AB and (7/), and positive moments along 

the line EF. Strips B are obviously stiffer 
than strip A, and hence both the positive 
and negative moments in strips B (com¬ 
bined) will be greater than those in strip A . 

It is a well-known fact that, in any con¬ 
tinuous beam, the sum of the maximum 
positive moment in any span of the beam 
and the average of the negative moments 
at the adjacent supports are ecjual to the 
maximum moment in a corresponding sim¬ 
ply supported beam. In a paper entitled 
‘SStatieal Limitations upon the Steel Re¬ 
quirement in Reinforced-concrete Flat-slab 
Floors,” John R. Nichols^ recommends that, 
in flat-slab analysis, the span of the cor¬ 
responding simply supported beam be taken as / — ? 3 C, where I is the 
panel length center to center of columns and c is the diameter of the capi¬ 
tal. Thus, in Fig. 8.2-4. 

where w is the dead and live load on the slab, per unit of area, W is the 
total load on one panel, / is the distance center to center of columns 
parallel to the strips under consideration, li is the distance center to 
center of columns perpendi(*ular to the strips under consideration, and 
c is the diameter of the column capital. 

The distribution of this total moment to the positive- and negative- 
moment sections EF and AB, respectively, must be determined and then 
the total positive moment in the section EF and the negative moment in 
the section AB must be apportioned to the strips A and B. H. M, 
» Trans, ASCE, vol. 77. 
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Westergaard and W. A. Slater presented a solution of this problem of 
distribution in a paper entitled “Moments and Stresses in Slabs’" which 
was published in the Proceedings of the American Concrete Institute^ vol¬ 
ume 17. For a square interior panel with column capitals but without 
drop panels, they recommend the following average percentages of the 
total moment {Mab + for each of the various moment sections: 


Column strips, negative moment 
Column strips, positive moment 
Middle strip, negative moment 
Middle strip, positive moment 
Total 


48 jier cent 
21 per c(*nt 
17 per cent 
14 p<‘i (‘ent 
100 per cent 


The effect of a dropped panel is to stilTen the negative-moment portion 
of the column strip. This causes an increase in the negative moment in 
strip B and a corresponding decrease in the positive momentf at the mid¬ 
dle of the strip. 

The preceding equation can be applied to the determination of moments 
in square panels and in rectangular panels in which the longer side of the 
panel is not more than 1.33 times the shorter side. In rect angular panels, 
separate moments must obviously be computed for the various sections 
of the two rectangular directions, using for / the Jengih of the side of the 
panel in the direction parallel to the strip under consideration. 

8.41. Moments in Interior Panels. Any theoretical analysis, such as 
the one outlined above, gives only approximate results, l)ecaus(‘ of the 
many assumptions which are necessary. Tests of full-sized panels show 
that the actual stresses in the steel are less than would he obtained from 
the usual rectangular-beam equations with moments as indicated in Art. 
8.40. By comparing the stress< s determined by a sound theoretical anal¬ 
ysis with those obtained by actual tests, moment coeffnaents can be 
obtained which will give rational and safe results. This process has 
resulted in the development of flat-slab regulations which are a part of 
practically all municipal building codes and te(*hnicul society standards. 

In addition to specifying moment coefficients, these codes usually give 
minimum requirements for slab thickness, cap and drop dimensions, and 
column sizes. They specify the arrangement of the reinforcement, and 
outline the method of computing stresses due to shear and bending. The 
formulas and methods of one code may differ from those of another, but 
there is suflfirient similarity between them so that the designer who is 
familiar with the application of the provisions of one code has little diffi¬ 
culty in following those of any other code. 

The code which is to govern a particular design depends largely on the 
location of the proposed structure. Practically every city of any size 
has its own flat-slab regulations which form a part of the complete build¬ 
ing code. The provisions of these regulations must be adhered to (or 
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exceeded) if the design is to be approved by the building department. 
In the absence of a governing municipal code, any recognized code may 
be followed. 

The recommendations of the Ameri(‘an Concrete Institute are given in 
Appendix C. These recommendations provide for two methods of design 
of flat-slab structures. One method applies to flat-slab floors in which 
(a) there are three or more panel:; in each direction, (b) the successive 
span lengths differ by not more than 20 per cent of the shorter span, and 
(c) the ratio of length to width of panel does not exceed 1:33. These 

conditions are usually met in practice. 
When they do not obtain, the second 
method is used. This method consists 
of recommendations governing the 
analysis of the structure as a series of 
rigid frames in the two directions of rein¬ 
forcement. Only the former method 
will be considered in this chapter. 

In the ACI ('ode the total moment 
Mah + MEF (Fig. 8.24) is specified as 
somewhat less than the value given in 
tlu* e(|uati()n on page 290, and the dis¬ 
tribution varies slightly from the per¬ 
centages tabulat(Hl in Art. 8.40. For 
convenience in sp(»cifying moment coef¬ 
ficients and to simplify the subsequent 
detailing of the reinforcement, it is de¬ 
sirable' to consider two adjoining col¬ 
umn strips in adjacent panels as one 
band. This band is centered about the 
column line and has a width e(|ual to one-half of the panel width. In 
all the following discussions, any refen'iice to the ‘‘column strip” will 
imply the combined strips or band described above, as indicated in Fig. 
8.25. 

The moment distril)ution for interior panels, as given in the ACI Code, 
is as follows: 

Let Mo = Mab + Mef (Fig. 8.21), in ft-lb 

W — total load on the panel, including the weight of the drop, lb 
I = span of the strip under coi\sideration, center to center of col¬ 
umns, ft 

c = diameter of the column capital, ft 


£o/umn stripMddle str/p^^Cofumn sfnp^x 


f-—-—t 

I i 1*— 

1 L__J I 1 I-J j 

H-h—tF 

\ -i-i-!■ 

11 0 11 






Plon 


^Sfot> 


Drop'^ 
Capitah 
Column 
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Section C-C 
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Mo 
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Strip 

Moments in slabs 
without drops 

Moments in slabs 
\\ ith drops 


Nejrative 

Positive 

NeKative 

Positive 

Column strip . 

Middle strip. 

-0.46il/o 
-O.lb.l/o 1 

1 

+0 22A/„ 
+0 16,1/0 

-0 5()il/o 

1 

+0 20il/o 
+().15il/o 


8.42. Moments in Exterior Panels. In wall panels, the strips which 
arc perpendicular to the wall are analogous to the end spans of a beam 
which is continuous over a number of supports. In such a beam, it the 
spans are all ecjual, the load uniform, and if the ends of the beam rest 
freely on the end supports, the maximum positive moment in the end 
spans is greater than in the intermediate spans; the negative moment at 
the second support is greater than the negative momrmt at any other 
interior support; the moment at the first support is evpial to zero. If 
the ends of the beam are restrained instead of being fr(»ely supported, 
moments are induced at the end supports, and the maximum positive 
moments in the end spans as well as the negative mom(*nt at the s(*cond 
support are also affected. The latter two values will normally be greater 
than the corresponding moments in a typical interior span. 

In flat-slab construction, the restraint which is otTered at the end sup¬ 
ports may vary considerably. The wall panels may but seldom do 
rest freely on brick walls, they may be built monolithically with the wall 
columns and with marginal beams (wall beams) along th(‘ outer edge of 
the panels which are capable of resisting torsional stn\ss(\s, or they may 
be built monolithically with the columns but without the rigid marginal 
beams. Obviously, the moment coefficients for sections parallel to the 
wall (strips perpendicular to the w’all) wnuld differ materially for the^se 
various conditions. Many fiat-slab regulations do not take* the condi¬ 
tion of end restraint into consideTation, but spee*ify meue'ly the co(*ffici(iiits 
that shall be used for the moment sectiems in all exterior panels. The 
ACI Code provides separate moment coefficie*nts for different support 
conditions. 

The value of c which shall be used in computing Mo for the strips 
perpendicular to the w^all in exterior panels is defined in Appendix C. 
Since brackets are normally used at exterior columns, and since the slop¬ 
ing face of these brackets usually projects beyond the columns a sufficient 
amount to make the distance from the center of the column to the extrem¬ 
ity of the bracket equal to one-half of the diameter of the interior-col¬ 
umn capital, the values of c, and hence M o, for the exterior-panel strips 
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perpendicular to the wall are generally the same as for an interior panel. 
The momcntH at the various sections of these strips can therefore usu¬ 
ally be obtained by multiplying the moments at the corresponding sec¬ 
tions in the interior panel by the percentages given in the preceding 
paragraph. 

The moments to be used in the design of the middle strip parallel to 
the wall in an exterior panel are the same as for the corresponding sec¬ 
tions in an interior panel The moments to be used in the design of the 
half column strip adjacent and parallel to the wall depend upon the rela¬ 
tive size of the marginal or wall beam. If the depth of this beam is 
1times the thickness of the slab, or less, the moments in the half col¬ 
umn strip, l)oth positive and negative, are taken as one-half of the cor¬ 
responding mom(nits specified for a typical interior-panel column strip; 
but if the depth of the marginal beam is greater than 1)2 times the depth 
of the slab, the moments in fhe half (*olumn strip are one-quarter of the 
interior-panel moments. In the latter case the comparative stiffness of 
the marginal beam relieves the half column strip of some of its load and 
thus reduces the moments in this strip According to the ACI Code, the 
marginal beam must th(*n be designed to carry one-quarter of the total 
live load and dead load on the panel, in addition to the load directly 
superimposed on it. Where th(‘ depth of the marginal beam is 13^2 times 
the slab thickness, or less, the beam need be designed only for the super¬ 
imposes! load (?.c., the wall load). 

8.43. Thickness of Slab. In order to prevent undue deflection, certain 
limitations are placed on the minimum slab thickness that can be used in 
a given floor panel. Inasmuch as the actual deflection of a flat slab can¬ 
not be computed with any appreciable degn'c of accuracy, these limita¬ 
tions were developed from a study of the observed deflections in actual 
structur(\s. The ACI Code specifies that the slab thickness, exclusive of 
the drop, shall not be less than one-fortieth of the longer dimension for 
slabs with drops, and not less than one-thirty-sixth of the same dimension 
for slabs without drops. Of course the slab must also be thick enough 
so that allowable unit compressive and shear stresses w'ill not be exceeded. 

8.44. Methods of Reinforcing Fiat-slab Floors. There are, in the 
main, four different methods or systems of reitiMrcing the slab in this 
type of floor: (1) tw^o-way system, (2) four-way system, (3) three-way 
system, and (1) circumferential system. 

Virtually all flat-slab floors built in this country at the present time 
have a two-w^ay system of reinforcement. Originally all flat-slab sys¬ 
tems w^ere covered by patents. The basic patents have expired, and at 
present the twx)-way system is the one in general use. It has the advan¬ 
tage of being simple to design and construct and has proved thoroughly 
satisfactory. The other systems are chiefly of interest historically and 
to engineers working on renovations or additions to old buildings. 
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In the two-way system, bars are placed parallel to the lines of columns 
over the entire area of the floor at small intervals. The maximum allow¬ 
able spacing varies in the different codes and specifications. The ACI 
Code permits a maximum bar spacing of three times the slab thickness. 
Most other codes are considerably more conservative in this respect. 

The four-way system consists of two main bands of steel running 
parallel to the lines of columns, each band centered about the column 
lines, and two diagonal bands of sufficient width to fill up the floor area 
left uncovered by the direct bands. In some (*ases short bars are placed 
near the top of the slab at right angles to the direct bands over the mid¬ 
dle portion of the band to resist the negative moment over that portion; 
these latter bars constitute what are kiiown as the across-direct bands. 

The three-way system iiivolv(\s a special arrangement of columns, such 
that the lines connecting their center lines form a series of eijailateral 
triangles. The reinforcement then follows the sides of these triangles, 
each band being centered about one of the panel sides. 

In the circumferential system, radial st(H'l emanating from the column 
head and circumferential steel in the form of concentric rings symmetrical 
about the column head are used. Concern trie rings ar*' also placed about 
the mid-point of the slab, and about the mid-points of the four edges of 
each panel. 

The area of steel reciuired at each section is obtained from the eciuation 
M, = AJsjfi, where Ms is the moment specified for the particular section 
under consideration and d is the distan(‘(* from the compression facti to 
the center of the tension steel (effective d(‘pth) at the section. Part of 
the positive-moment reinforcement is usually bent up to furnish part or 
all of the negative-moment steel in accordance with the provisions of the 
governing code. The current ACI (Nnh* treats reinforcement arrange¬ 
ment in flat slabs (Art. 8, Appendix C of this book) in general terms 
only. More specific recommendations were contaim'd in the 1936 edi¬ 
tion of the ACd Code. Since the 193() provisions furnish sensible guides 
for the determination of reinforcement cutoff points, and since they are 
in general agreement with most current codes, they ar(‘ reproduced graph¬ 
ically in Fig. 8.26. These requirenu'uts are for interior panels of flat- 
slab floors which are regular in column arrangement and loading. Cood 
engineering judgment must be used in laying out reinforcement in the 
irregular panels which frequently occur in practice. The straight bot¬ 
tom bars shown in the figure usually comprise about one-third or more 
of the total steel needed for positive reinforcement at the center line of 
the panel. Some codes require that these bars be carried almost to the 
column line to provide resistance to injurious spalling of the concrete 
in case of fire. 

8.45. Factors to Be Considered in the Design of Flat-slab Buildings. 

Flat-slab floors are ordinarily designed to carry only a uniform load over 
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the entire surface, the assumption being that no breaks in the continuity 
occur. Where heavy concentrated loads are to be sustained in addition 
to the uniform load, beams should be introduced in such positions as will 
enable them to carry the weight of the concentrations. Where openings 
in the slab occur, they should be framed by beams which will have the 
effect of restoring continuity to the slab. These beams should be 
designed to carry a portion of the floor load in addition to any concen¬ 
trated loads that may rest upon them. 

The columns should be designed to provide for bending stresses such 
as might be caused by unecpially loaded panels. This is especially impor¬ 
tant in the exterior columns where both the dead and live loads cause 
continual bending, and w’here the direct loads are relatively small The 
interior roof columns are not likely to be subjected to such ecc(Mdric 
loading, and the ratio of the possible bending stress to the direct load 
stress decreases as the number of floors to be supported increases. Hence, 
bending in the interior columns is not so important as in the exterior col¬ 
umns. It should be investigated, how^ever, especially in the upper stomps. 
The amount of bending moment to be assumed is usually statcnl in the 
various regulations governijig flat-slab design. One method oi analysis 
is outlined in Art. 8.52 for interior columns and in Art. 8.53 lor exterior 
columns. The spacing of columns is governed by practically the same 
factors as in the case of the beam-and-girder ty])('. 

To provide proper drainage, a slight pitch may be given to the roof 
slab without any change in the theore^tical computations. Sudden 
changes in slope, or steps, on the other hand, recpiin* sp(‘cial attention. 

It should be remembered at all times that careful (compliance with the 
building code pertaining to the pla(‘e of construction is not only necessary 
to the acceptance of the de.sign, })ut is also condu(*ive to safety. As 
in all other types of construction, failures of flat-slab buildings have 
occurred. The causes of such failures may in most cases be traced to 
one or more of the following: 

1. Strong commer(‘ial competition leading to the t(uid(‘ncy to use thin¬ 
ner sections than good design dictates, espe(‘ially in the absence of good 
building codes. 

2. Faulty construction, such as poor mixing of concrete, inaccurate 
placing of the steel, too early removal of forms, or placing of concrete in 
freezing w^eather without adequate pn*cautioii. 

3. Overloading of the floors beyond the load allowed in the design. 

4. Faulty design, due to a lack of knowledge on the part of the designer. 

The first essential of a safe and economical design is the removal of all 

agencies, such as are stated above, that might lead to failure or, on the 
other hand, to needless waste. 
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DESIGN OF A FLAT-SUB BUILDING 

8.46. Data and Specifications. The method of design of flat-slab 
floors and other details involv(‘d in a reinforced concrete building are 
illustrated in the following articles which contain a complete design of a 
building 66 by 105 ft in plan, consisting of two upper stories and a base¬ 
ment. The height of the upper stories, floor to floor, is 12 ft-0 in. and 
that of the basement is 10 ft-0 in. The floor plan is shown in Fig. 8.38. 
The live load to be supported by the floors is 200 psf, and by the roof 
40 psf. An additional load of 40 psf is to be considered in the dead 
weight of the roof, to provide for a cinder concrete fill and for the roof 
covering. Adequate drainage will be provided by inclining the exterior 
slabs in the short direction of the building and by varying the thickness 
of the surfacing over the middle panel. A 3000-lb concrete will be used 
for all of the construction. The AC'I ('ode will be used in the design of 
the floor and roof slabs, beams, columns, and footings. Intermediate- 
grade steel will be used throughout. 

8.47. Design of Interior Floor Panel. Slab. Article 6(d), Appendix 
C, Two-way roinfor(‘(‘nu^nt with droppi‘d panel. Assume the thick¬ 
ness of the slab exclusive* of the drop panel to be 


h > 


‘^X 

40 


12 


6.0 in. 


Try a thickness tz of 8 in. 

Capital. Metal cap forms will b(* used, standard diamet(‘rs being mul¬ 
tiples of 6 in. A diameter c of cap of approximately 0.20 times the aver¬ 
age span of the panel will be used. 


0.20 X 21.5 X 12 = 51.0 in. 

Use 4 ft-6 in. 

Drop. The length of each side of the drop paiu*! will be made approxi¬ 
mately ecjual to 0.33 times the longer span. 


0.33 X 22 X 12 = 88 in. 

Use 7 ft-6 in. 

The thickness it of the drop panel is controlled by Art. 6(e), Appendix C. 

a ^ /7.50 — 4.50\ . 

(^2 — ta) ^ I— 2 - 1 X 12 = 4}'2 in. 

Try a thickness h of 12 in. 

Shearing Stresses. Article 6(6), Appendix C. The unit shearing stress 
{v = V/lbd) on a vertical section <2 — IH from the edge of the cap¬ 
ital, and concentric with it, shall not exceed 0.025/' = 75 psi when less 
than 25 per c^ent of the total negative reinforcen\ent in the column strip 
passes directly over the column capital. 
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ti — 114 = lOJ-^ in. 

4 ft -6 in. + 2 X 10* 2 in. = 6 ft-3 in. = 6.25 ft 

The total load on the panel = 300 X 21 X 22 + ^12 X. 150(7.50)* 

= 141.300 lb. 

At the section described above, 

V = 141,300 - 350 X ^ = 130,600 lb 

130,600 . 

^ H X (tr X 6.25 X l'2) X 16.5 ’* 

The unit shearing stres.s on a vertical section It — P 2 i>'- from the edge 
of the dropped panel, and parallel with it, shall not exceed 0.03/' = 90 psi. 

/.( - 1*2 = 6*2 in- 

7 ft -6 in. -|- 2 X 6 * 2 in. = 8 ft-7 in. = 8.,58 ft 

V = [(21 X 22) - (8..58)*] X 300 = 116,100 lb 

_116,4(M) _ . 

^8 X (4 X'8..58 X 12) X (15 ' 

The assumed dimensions of the capital and drop need no revision. 

Bending Moments. Table 4(a), Appendix C. Sinc(‘ the panel is nearly 
square, moments and steel areas will be computed for the long direction 
and the same steel will be placed in the short direction. W = 141,3(K) lb; 
I = 22.0 ft; c = 4.5 ft. 

ilfo = O.OOTFf^l - l^y = 0.09 X 141,.300 X 22.0 (l - 

= 209,000 fl-lb = 2,510,000 in.-lb 
Column strip, positive moment: M ~ -|-0.2() X 2,510,000 

- +502,000 in.-lb 

Column strip, negative moment: M — —0.50 X 2,510,000 

= - 1,250,000 in.-lb 

Middle strip, fiositive moment: M = +0.15 X 2,510,000 

=*= +370,000 in.-lb 

Middle strip, negative moment: M = —0.15 X 2,510,000 

= -370,000 in.-lb 

Steel Areas. In computing steel areas recpiired for those moment 
sections in which bars are placed in two directions (t.c., the positive- 
moment section of the middle strip and the negative-moment section of 
the column strip) the governing row will be assumed as that row farthest 
from the tension face of the slab. This removes all restrictions as to the 
order of placing the steel in the two directions. Values of j are obtained 
from Table 5, Appendix D. /, = 20,000; /« = 0.45 X 3000 = 1350 psi; 
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n = 10. Equation (3.5) is used to compute the steel areas required at 
each of the moment sections. Bars which are parallel to a section {i.e., 
perpendicular to the strip under consideration) obviously cannot be con¬ 
sidered effective* at that section. 

ConiTMN-KTKiP, Positive-moment SECTION. Assuming No. 5 bars and 
?: 4 -in. clear insulation, d = 8 — 13^6 — iir. 

. 502,000 _ . in . • 

26,0(j0'x 0.8G0 X 0.93 

F()iirt(*(*n No. 5 luirs furnish 4.30 sq in. 

CoLUMN-sT nil*, nk(;ative-moment SECTION. Assuming No. 5 bars and 
;* 4 -in. cl(*iir insulation, d = 12 — PHe = 10 >’i 6 hi. 

, 1,250.000 . 

■ 20,(KM> X 0.800 X 10.31 

Tw(*nty-three Ncj. 5 bars furnish 7.00 sq in. 

Nine bars, or slightly l(‘ss than two-thirds of the total reciuircHl for posi¬ 
tive mcunent, will be bc'iit up to provide resistance* to nc'gative moment. 



IIen(*e at each lU'gative-moment section a total of 18 bars is furnished 
from the two adjacent positive areas. Five straight bars in the top of 
the slab over the column head are sufficient to complete the steel area 
required at the* nc'gative moment section (see Fig. 8.27). 

Middle-stuip, positive-moment section. Assuming No. 4 bars and 
^^-in. c*l(*ar insulation, d =- 8 — P 2 = ff^2 

, _ 370,000 _ _ n o I • 

' ' 2(),00{) X (VSOO X O..') “‘'I 

Seventeen No. 1 bars furnish 3.33 sq in, 

Middle-stuip, NEC'. \ FIVE-MOMENT SECTION. Assuming No. 4 bars and 
•'^ 4 -in. clear insulation, d = 8 — 1 =7 in. 
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376,000 ^ . 

• 20,000 X 0.866 X 7 ^ 


According to Fig. 8.26 not less than five-tenths of the steel reejuired in 
the positive-moment section of the middle strip should be bent up at both 
ends so as to reinforce the two adjacent negative-moment sections. 
Bending 9 of the 17 bars reejuired in the positive-moment section pro¬ 
vides a total of 18 bars in each negative-moment section, which is more 
than ample in the present case. 

Fiber Stress in Concrete, The critical section is in the negative- 
moment portion of the column strip. According to Art. 3(r), Appendix 
C, the effective width of the column-head section, for compn\ssion, shall 
be taken as three-fourths of the width of the dropped paiu^l, (>7.5 in. 


7.06 

^ {)7.5X 10.31 


= 0.0102 


From Table 0, Appendix D, k = 0.3()0 and j =■ 0.880. 

2 X l,2r)(i,0(K) . 

0.300 X 0.880 X 07.5 x‘ (10.3lV 

The allowable stress = 0.45 X 3000 = 1350 psi. 

8.48. Design of Exterior Floor Panel. A comparison of Tables 4(a) 
and 4(5), Appendix C, shows that the column-strip negative moment at 
the wall is 90 per cent of that specified for the iiit^'rior pan(4; the column- 
strip positive moment in the exterior panel and the middle-strip positive 
moment in that panel are each 125 per cent of the corresponding interior- 
panel moments; the middle-strip negative momcuit at th(‘ wall is tH )?3 per 
cent of that specified for the interior panel; and both the column- and 
middle-strip negative moments at the first interior support are 110 p(‘r 
cent of the corresponding moments in interior panels. Ibuice, the st(H‘l 
areas required at the various sections in the exterior jianel (tor bands 
perpendicular to the wall) may be obtained by multiplying the corre¬ 
sponding interior-panel required areas by the above perceiitag(‘s, as 
follows: 

Middle-strip, Positive-moment Section: 

A, = 1.25 X 3.34 = 4.17 sq in. 

Twenty-two No. 4 bars furnish 1.32 sr] in. 

Middle-strip, Negative-moment Section at Wall: 

As = 0.667 X 3.10 = 2.07 sq in. 

Eleven No. 4 bars furnish 2.1() sq in. 

Middle-strip, Negative-moment Section at First int(Tior Support: 

As = 1.10 X 3.10 = 3.41 sq in. 

Eighteen No. 4 bars furnish 3.54 sq in. 
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Column-strip, Positive-moment Section: 

A, - 1.25 X 4.19 = 5.24 sq in. 

Seventeen No. 5 bars furnish 5.22 sq in. 

Column-strip, Negative-moment Section at Wall: 

A» = 0.9 X 7.02 = 6.32 sq in. 

Twenty-one No. 5 bars furnish 6.45 sq in. 

Column-strip, Negative-moment Se'^tion at First Interior Support: 

A. = 1.10 X 7.02 = 7.72 sq in. 

Twenty-five No. 5 bars furnish 7.67 sq in. 

8.49. Arrangement of Reinforcement. The proposed method of plac¬ 

ing and bending the steel so as to furnish the necessary areas at the 
various sections in both the interior and exterior panels is shown dia- 
grammatically in Fig. 8.27. The points at which the bars are bent are 
obtained from Fig. 8.26. The minimum spacing is governed by the 
necessity of allowing space for the concrete to be deposited conveniently 
and effectively. A minimum spacing of about 3 in. center to center of 
bars should be maintained if possible. Bars less than 3^2 diameter 

are difficult to handle because of their lack of stiffness, and bars greater 
than % in. in diameter cannot be bent in place. 

A complete engineering drawing for the floor slab is shown in Fig. 
8.38. This drawing follows the recommendations in the American Con¬ 
crete Institute of Standard Practice for Detailing Reinforced Concrete 
Structures (A(R 315-51). 

8.50. Design of Roof Slab. The design of the interior and exterior 
panels of the roof slab is carried out in a manner similar to that used in 
the design of the floor slab. The total load on the roof includes the live 
load (40 psf), the weight of the roofing material (40 psf), and the dead 
weight of the slab itself. The thickness of slab beyond the drop is 63^2 
and the total thickness through the dropped panel is 10 in. The diam¬ 
eter of the capital is 4 ft-6 in., and the drop is 7 ft-6 in. square in plan. 
The unit shearing stress on a vertical section at a distance t 2 — 13^2 
from the capital is 43 psi, and the corresponding stress at a distance 
^8 — 13^2 fTum the edge of the dropped panel is 36 psi. At the col¬ 
umn-head section the fiber stress in the concrete is 950 psi. 

The number of ^ round bars required in the various sections of the 
slab and the proposed method of placing and bending the bars so as to 
furnish the required steel areas at all sections arc shown diagrammati- 
cally in Fig. 8.28. It has been assumed, for simplicity, that the stairway 
and elevator shaft openings do not extend through the roof. 

8.51. Design of Interior Columns. The interior columns are to be 
made of 3000 lb concrete, with nunforcement of intermediate-grade steel. 
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They are to be round, with spirals, and designed in accordance with the 
ACI specifications. The fundamental principles involved in the design 
are explained in Art. 4.2. In flat-slab construction the columns are an 
important factor in adding to the rigidity of the slab, and many codes 
specify a minimum column size greater than the usual minimum for 
beam-and-girder floors. For columns supporting heavily loaded floors, 
a minimum over-all dimension of one-fifteenth of the average span of the 
panel is considered satisfactory. Roof columns may be somewhat lighter; 
one-eighteenth of the average span is specified by some codes as a mini¬ 
mum diameter. In the present case )i 5 X 21.5 X 12 = 17.2, or 18 in., 
will be taken as the minimum size for floor columns and 16 in. for col¬ 
umns supporting the roof. 



Fig. 8.28. Arrangement of rciiiforc(‘rnpril in roof slab. 


According to the ACI Code, values of py may vary from 0.01 to 0.08 
for columns with spirals, but values greater than 0.02 to 0.025 are nor¬ 
mally inadvisable because of the crowding of the steel which occurs just 
above the floor line where the bars are spliced by lapping. In general, 
greater over-all economy is obtained by the use of the smaller values of 
Pg, Steel ratios approaching the maximum may be necessary, however, 
in heavily loaded columns, in order to keep the size of the columns within 
reasonable limits. In some cases architectural limitations may require 
a smaller column with the resulting greater steel ratio. Metal column 
forms, which are generally used for round columns, are available in mul¬ 
tiples of 2 in., and column sizes should be selected accordingly. 

Table 8.4 gives a summary of the loads (to the nearest thousand 
pounds) which are carried in each tier of columns. The weights of the 
columns were taken from Table 9, Appendix D. The sizes of the columns 
and the reinforcement required to support these loads were obtained 
from Table 7,and spiral details from Table 10. The excess strength of 
the top column cannot be avoided, since the minimum size columns and 
the minimum percentage of reinforcement have been used. The excess 
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strength of the int(‘rmediate column is required to provide for bending 
stresses, as shown by the investigation in Art. 8.52. 

The bars in the basement and first-floor columns arc extended 1 ft-6 in. 
above the first- and second-floor levels, re.spectively, in order to lap with 
the bars in the columns next above. A lap of 20 diameters is required 
by the AC'I C'ode when /' is 30(X) psi. In order to prevent too sharp a bend 
in the bars at the top of any column in'getting them within the area of 
the column next above, wherever possible the diam(*ters of two succes¬ 
sive tiers of columns should not vary by more than about 0 in. The 
bend ih each bar is usually made in a luMght of about 18 in., and the 
maximum slope of the bend is Ukmi 3 in. in 18 in., which is the maximum 
permitted by the C/od(\ 


TABLE 8.4. Interior Columns, Design for Direct Load Only 


Column 

I.ritld 

friiiii 

1 

AtiiOUfit 

of 

loud, 

1 j 

Diamrfor 
j and at(>a 
of < olumii 

1 

1 Vi'rtual 
liars 

Spirals 
(Table 10) 

Load 
cai ried 
by con¬ 
crete, 

Load 

curried 

i>y 

bteel, 

Total 

loud, 

11. 




1 

1 

1 1 

1 ; 

i 

lb 

lb 



UcKjf 

7(i, 0(K) 

1 

' to ui 

1 

1 H, 

i 


1 


'Pop 

('ultiinn 

2 .000 

1 201 s<, in 

2 21 s(| in 

Nil. 3-1 in. 

130,000 

Sfi.OOO 

171,000 


('apitui 

2 000 


Pu 0 0110 






Total 

80,001) 


1 

1 

1 





FI<»or j 

Ui ,000 

20 in 


' 




IniiTinodittto 

C'oluiiin 

3,000 

31 1 s<| in 

3 08 si| in 

No 3-13i 111 . 

212,000 

o 

8 

276,000 


I C'apital 

‘2,000 


Pu 0 0127 






Total 

1 

220,000 

1 

[ 

1 1 
1 

1 





' Moor 

141,000 

21 in 1 

10-/^7 





auHoiiiont 

Column 

4 000 

l’»2 vii in 

1 6 01 in 

No. 3 2 in 

30.'i,000 

90,000 

401,000 


('apital 

2 000 


Po = 0 013 1 






Total 

373.000 


1 

1 





8.52. Investigation for Bending Stresses. Bending stresses due to 
lUUMjually load(‘d panels are not apt to alTe(*t the design of the inte¬ 
rior (‘oluinns, except possibly in the upper tiers. This is because the 
bending is usually caused by the live load only, and thus the maximum 
unit stress due to IxMiding is in most cases less than the allowable increase 
in fiber stress as compared with the stress permit!(»d when no bending is 
considered. 

The method of investigation for bending is explained in Sec. 5; the 
average stn\ss due to direct load .l<) is added to the extreme fiber 
stn'ss due to bending {Me/1) in order to obtain the maximum combined 
stress/,. The allowable unit combined stress as specified in the ACT 
Code for both spiral and tied columns is given in the equation 
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where/a = average permissible stress on an equivalent axially loaded 
plain concrete column (i.c., based on the area of the trans¬ 
formed section of the actual reinforced concrete column), or 

fa = :i — I for spiral columns and O.S of this value for tied 

1 + (n - l)pg 

columns 

e = eccentricity of the resultant load N on the column (c = M/N) 
D — t^/2R^ = a factor, usually varying from 3 to 9 
t = over-all depth of column section 
li = least radius of g 3 ^ration of the (‘olumn sc'elion 
C — ratio of fa to the permissible fiber stress for immilxTs in fl(‘xure 
(r; = /a/0.45/0 

Values of /<. may be taken directly from Diagrams 9 to 12, Aj)pendix 
I), for spiral columns and from Diagrams 13 and 14 for tied columns, 
these diagrams being based on the preceding etiuation. 

With unequally loaded panels, the amount of bending moment trans¬ 
ferred to the columns depends upon the relative stiffn(‘ss of tin* slab on 
both sides of the columns and of that of the columns th(‘mselves. It is 
recommended that a moment^ of ^ lob i/ ‘'^liall be divided bet\\('en the 
columns immediately above and below any floor, in direct proportion to 
their stiffness factors (values of l/h)^ where Wi — the total Iiv(‘ load on 
one panel, I = the average* span of the panel, / — the* moment of inertia 
of the column, and h = its unsupported height. 

In flat-slab construction, the unsui)port(*d h(*ight of a (*olumn is (‘qual 
to the distance from the floor to the bottom of the* capital. The moment 


* The recommended moment of ^ ha.sed on th(‘ following arnilysiH; Due to 

live load only, the negative moment in a column strip, for t\vo-\\ay slabs with drops 
and wdth c = 0.225/ (a repr(*s(‘ntati\'e value), is 0.152511’]/. This unbalanced moment 
(assuming live load to be plac(*d onl^^ on one side of the columns undcT consideration) 
is resisted by the slab on the unloa<led side* and the columns above and b(*low' the floor, 
more or less in direct proportion to the stiffness factors (///») of these members. 
Assuming that the stiffness factor of the slab is one-tl»ird of tin* sum of the stiffness 
factors of the two columns, the moment to be resisted by the two columns is 


% X 0.0325W'l/ = ().0244TV]/ 


or approximately 

In the investigation of the exterior columns (see Art. 8.53), since there is no slab 
beyond the wall the entire negative moment in the column strip at the wall is resisted 
by the two columns. For c = 0.225/ this moment is 0.029IF/, or approximately, 
J^sIF/. Here the full load (dead plus live) on the panel is used, because both the 
dead and live loads are unbalanced loads. The total moment of ]i^Wl is distributed 
to the columns in direct proportion to the stiffness factors. 



S04 MSNFOIICeO CONCMTE 0UILDINO5 [Art. eJ2 

of inertia of the column is equal to the sum of the moment of inertia of 
the over-all cross section of the column and (n — 1) times that of the 
longitudinal steel. The longitudinal steel is placed directly inside the 
spirals, making the diameter of the circle on which the steel is placed 
equal to the diameter out to out of spirals, less two diameters of spiral 
and one diameter of the longitudinal bars. With 13^2 insulation to 
the spirals, as required by the ACI Code, this steel-circle diameter will 
vary from 434 than the over-all diameter of the column. 

The moment of inertia of the steel may be taken from Table 12, which 
is based on a steel-circle diameter 5 in. less than the over-all column 
diameter. 

The maximum combined stress occurs only when the panels at the 
floor line under consideration are unequally loaded, with a full live load 
on alternate panels and no load on the remaining panels. A full live load 
is assumed on all floors above the one considered. In the investigation 
for the combined stress at the top of any column, the total direct load 
is equal to the load in the preceding table (the full load) minus the 
weight of the column and minus one-half of a live panel load. 


TABLE 8.5. Interior Columns. Computation of Moments of Inertia and 

Stiffness Factors 


Colunin 

1 

/. • 
(Tablt> 0), 
iii.‘ 

(n - 1)/. 
(Table 12), 
in.* I 

/ = /, 4 (a - 1)/., 
in.' 

A, 

in. 

^ / 
h 

Top 

S,217 

;U)2 ' 

3,510 

113 

31 1 

Iiiternirdiato 

1 7.S51 

050 

8,80t 

113 

77 9 

Ha8crn(‘nt 

l(i.28() 

1 1 

2,410 

18,720 

91 

200 0 


Tables 8.5 and 8.0 conlaiii a summary of computations whicli are neces¬ 
sary to determine the unit stresses due to bending and direct stress in the 
interior columns. Diagrams 15 to 17 would give essentially the same 
results. 

For the roof, 

M = '40 X 40 X 21 X 22 X 21.5 X 12 = 119,000 in.-lb 

For the oth^T floors, 

M = }40 X 200 X 21 X 22 X 21.5 X 12 = 596,000 in.-lb 

In the present case, the investigation for bending and direct stress 
shows that no revision of the original columns, as designed for direct load 
only, is necessary. It should be noted, however, that in the original selec- 
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tion, some excess strength was intentionally provided in the intermediate 
column. The amount there provided is shown to be more than is neces¬ 
sary for bending; but the minimum percentage of steel, approximately, 
has been used, and subsequent investigation indicated that an 18-in, col¬ 
umn (the next smaller standard size) would require more than 3 per cent 
of steel in order to keep the combined stress within the allowable limits. 
The design as shown in Tables 8.5 and 8.6 is therefore satisfactory. 


TABLE 8.6. Interior Columns. Computation of Stresses Due to Bending and 

Direct Load 


Column 

Point 

*b,j 

N 

(effec- 

tivo), 

(flllOCt), 

in.-lb 

/. 

(borul- 

niK), 

f. 

(total), 


c 

t 

1 fr 
(nllow- 
1 ftblc), 



111. 

lb 

psi 


pal 

pal 



pai 


To]) 


GO, ()()() 

512 

110,000 

27(' 

582 

0 

108 

900 

Top 


221 










Bottom 


80,000 

502 

170,000 

587 

740 

0 

155 

900 


Top 


177,000 

500 

120,000 

185 

001 

0 

120 

990 

Intormodiatc 


.^50 










Rot tom 

_ 

220,000 

010 

105,000 

187 

831 

0 

050 

850 


Top 


528,000 

010 

450,000 

270 

910 

0 

055 

010 

Basomont 


504 










Bottom 


575,000 

710 

0 

0 

710 


0 

770 


8.53. Design of Exterior Columns. The exterior columns are to be 
made of 3000-lb concrete, with longitudinal bars of interm(‘diate-grade 
steel. They are to be rectangular in section, and the longitudinal bars 
are to be tied together by means of ties spac(*d 12 in. on centers, the 
diameter of tie being in. for the upper two tiers and for th(‘ 

lower tier, in accordance with the rule suggested in Art. 4.3. 

In addition to the load from the floors, the exterior columns must sup¬ 
port the weight of the walls enclosing the story next above. In estimat¬ 
ing the weight of the enclosure walls, tin* wall beams and brick spandrels 
underneath the windows are assumed 12 in. thick, the spandrel 2 ft-O in. 
deep, and the wall beam 2 ft-0 in. deep. The brick parapet wall at the 
roof is assumed 12 in. thick and 3 ft-6 in. deep. The weight of windows, 
including sash, is taken as 8 psf. The weight of the brick masonry is 
assumed as 120 pcf. The general arrangement of a typical wall panel is 
shown in Fig. 8.29. 

Bending stresses should always be considered in the design of the 
exterior columns, especially in the upper tiers. The direct loads on these 
columns are comparatively small and the bending moments due to unsym- 
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metrical loading are large since both live load and dead load act together 
in causing these moments. According to footnote 1, page 305, the wall 
columns in flat-slab construction shall be designed to resist a bending 
moment from the slab of where is the total load (dead and live) 

on one panel and I is the average span of the panel. In the present 
design, at the first- and second-floor levels, W — 141,300 lb, Z = 21.5 ft, 
and 

M = ? 35 ( 1 41,300 X 21.5 X 12) = 1,042,000 in.-lb 
At the roof level, \V — 70,3(K) Ih, and 

M = *35(70,300 X 21.5 X 12) = 505,000 in.-lb 

Countermoments due to tli<* weight of the structure that projects 
l>eyond the column center lines and countermoments due to the eccen¬ 
tricity of one column with respect to 
the column beneath may be deducted 
from th(' value of *.35H7, and the 
resulting reduced moment is then di¬ 
vided between the two columns im¬ 
mediately above and below" a given 
floor line in j)roportion to the stiffness 
factors (////) of these columns. 

Inasmuch as bending stresses con¬ 
stitute a larg(‘ proportion of the total 
stresses in exterior columns, particu¬ 
larly in the upper tiers, it is of no 
use to design the columns first for 
direct load only. The general proce¬ 
dure is to assume column sizes and 
nMnforc(*ment, compute the combined 
extreme fiber stressevs, including bending, and then revise the assumed 
sizes if necessary. Where the concrete is to be left exposed on the 
exterior face, tln^ <iimension along that face should be the same for 
all tiers of columns and of sufficient amount to give a satisfactory archi¬ 
tectural appearance to the face. If this dimension is too small, the build¬ 
ing will appt'ar to be unstable or insecure. If it is too large, the building 
will appear squatty and the design will be needlessly uneconomical. An 
elevation drawn to scale, as in Fig. 8.35, will show’ whether or not an 
assumed face dimension is satisfactory. Better architectural appear¬ 
ance is obtained by allowing the columns to project 2 in. or more beyond 
the face of the w’all. In the present case, a column width of 22 in. is 
selected. The minimum recpiired dimension of 18 in. for floor columns 
and 16 in. for roof (‘olumns (see Art. 8.51) will be maintained in the direc¬ 
tion perpendicular to the wall. For axially loaded tied columns, steel 
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ratios may vary from 0.01 to 0.04. For tied eolumns designed to with¬ 
stand combined bending and axial stress, the steel ratio may vary from 
^0.01 to 0.08, provided that the amount of steel spliced by lapping shall 
not exceed a steel ratio of 0.04 in any 3 ft. length of coliimii. As stated 
before, the smaller ratios of reinforcement usually result in more eco¬ 
nomical designs. Where it is desirable to keep the column sizes small, 
larger percentages may be desirable. The column dimensions and steel 
areas ultimately selected for trial are shown in Table 8.7. 


TABLE 8.7. Exterior Columns. Computation of Loads 


f\dumn 

Load 

from 

Amount 
of load, 
lb 

Size* ()1 
column, in 

1-j 

\ eitieal 
ste(‘l 

1 

•b, 

«<! 

m 

Q 

Top 

Hoof 
Parapet * 
Column t 
Total 

38.000 

14,000 

0,000 

58,000 

22 X 10 
d„ = 352 s(i in 

t»-^7 

1, =3 s(j in 

p, = 0 01025 

385 

0 088 

liitoniK'diato 

Floor 

W all 
( \)lumn 

Total 

71,000 
12,000 
5,000 

1 

22 y 18 
\^, = 300 sq in 

r,-*8 

1 . = 4 71 sq in 
p,; - 0 0110 

•i:{8 

0 72! 

Basement 

Floor 

Wall 

Column 

Tot al 

71,000 
12,000 
1,000 i 

233,000 

22 > 20 

1 ~ 110 sq in. 

1 

An — 0 28 .s(| in 
p, = 0 0113 

l!»7 

1 

0 750 

* This \ alue 

includes tl 

!»e 

ol the stem of tin 

' \\;dl beam 




t This value includes the wc'ight of the coluirin al)o\e the loof 8.21)). The 

weight of the hracket in each tier has lircn lu'glectcd, since* it vari(*s only from about 
300 lb for the basimient column to 500 Ib for the top column. 


The countermoment at the top of the inUTmediate column is equal to 
the product of the wall load and the distance from the ceiitf^r of the wall 
beam to the center of the column plus the moment due to column ec(*en- 
tricity, which is equal to the load on the top column multiplied by the 
distance between column centers. In the design under consideration, 
the wall beams are set back 2 in. from the facets of the columns, as shown 
in Fig. 8.30. At the top of the basement columns the countermoment 
due to column eccentricity is equal to the load on the intermediate col¬ 
umn multiplied by the distance between the column centers, which is 
3-^(20 — 18) = 1 in. In this design the countermoment at the second- 
floor level is 70,000 in.-lb and that at the first-floor level is 170,000 in.-lb. 

Tables 8.7, 8.8, and 8.9 contain a summary of the design. For all 
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Fig 8.30 


TABLE 8.8. Exterior Columns. Computation of Moment of Inertia and Stiffness 

Factors 


Column 

/ ='"^ 

' 12 

in.^ 

(n -1)7.== 

111.“ 

7 = 7, -h (n - 1)7,, 
in.“ 

h, 

in. 


Top 

7,500 

980 

8,480 

113 

75 1 

IntermoOiate 

10,700 

l,7i»0 

12,-l!l() 

112 

110 3 

Bas(*m('nt 

14,070 

2,:i90* 

17,000 

91 

187 5 


* lltTo /I, is th(‘ Hr(‘a of six bars, since the / of the other two bais is zero. 


TABLE 8.9. Exterior Columns. Computation of Stresses Due to Bending and 

Direct Load 


Column 

Point 

S(] 

in 

A’, lb 

(direct), 
psi 

column, 

in.-lb 

(bend- 

inR), 

psi 

J r 

(total), 

psi 

e 

t 

(allow¬ 

able), 

! psi 

Top 

Top 

Bottom 

3S5 

51,000 

58,000 

140 

151 

565,000 

394,000* 

533 

372 

673 

523 

0 655 

0 424 

1,090 

1,010 


Top 


141 ,(KM) 

322 

578.000 

416 

738 

0 228 

900 

Intermediate 


438 

1 








Bottom 


14r),0(M) 

1 

331 

323, (KK) 

233 

567 

0 123 

810 


Top 


1 

229,000! 

460 

549,000 

822 

782 

0 120* 

810 

Basement 


497 









Bottom 


233, tXH) 

469 

0 

0 

469 

0 

650 


• Moment from slab — oountermoment = 1,042,000 ~ 70,000 =* 972,000 in.-lb. 


394,000 


_ 7^1 _ 

75.1 4- 110.3 


X 972,000 
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critical sections, the ratio v/t is less than 1. Therefore, according to the 
ACI Code, the section may be considered uncracked (see Art. 5.3) and 
the stresses computed in the same manner as those in the interior columns. 

The allowable stress, where bending is included, is computed from the 
same formula as for the interior columns (Art. 8.52), except that the 
value of/o is 0.8 of the value used for the interior columns, in accordance 
with the specifications of the ACI Code as explained in Art. 4.3. Actu¬ 
ally, the allowable stresses were taken from Diagram 13. The apparent 
excess strength of the top and interm(‘diatc columns cannot be avoided, 


Tbp 


Intermediate 


dosemenr 



16'‘overall 
5-^6 
^3 sp @ 


20"overall 

9-^6 

^3sp^ 1^4 

[0) INTERIOR COLUMNS 


24'*overall 
10-^7 
^3 sp 2“ 


flVideor to ties 


I 

SP 


I II 1 

I II I 


- 22 —- 
Ties: ^3 @12*' 


r 


$0 

! I! ! 

!_ 

u_y._J 


<- 22 - - 


r 




L 

L 


^- 22" -^ 


6-^8 

Ties: ^3 @12" 


8-^6 

Ties: *4@ 12" 


it) EXTERIOR COLUMNS 
S.Jtl. Details of eolinnns. 


inasmuch as the minimum column siz(% and practi(*ally the minimum 
steel ratio, have been used. 

The complete column details are .shown in Fig. 8.31. 

8.54. Design of Interior-column Footings. The interior-column foot¬ 
ings are to be square, and reiiiforc'ed in two din*ctions. Th(‘y will be 
made of 3000-lb concrete, with intermediate-grade steel. The allowable 
soil pressure is 2 tons per sq ft. 

The interior basement column is a 24-in. round column, with a total 
load of 373,000 lb. According to Art. 7.10, in the design of the footing 
the round column must be replaced with a square column of the same 
area. The equivalent square has a side dimen.sion e(|ual to 


= 21.3 in. = 1.78 ft 
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The footing design from this point on is similar to the one in Art. 7.13. 
Only the essential computations are shown here. 

The bearing area required is 


373,000 + 28,000 
4000 


100.2 sq ft 


A base 10 ft-0 in. square is selected. The net upward pressure is 


373,000 

100 


= 3730 psf 


M = 3730 X 10.00 X 49.3/12 X 24.0 = 3,780,000 in.-lb 

^ 7^),000 11 r • 

f 10.00 X 12'X 235 


V, 


Assume that, for shear, an effective depth of 18 in. will be adequate. 
The width of the critical section for shear is then 


and 


21.3 + 2 X 18 = 57.3 in. 

V = X 2.01 X 3730 = 71,900 lb 


The allowable unit shear is 75 psi; hence, 


Therefore, 


75 


71,900 

57.3 X 0.9 X d 


d = 18.0 in. 


The assumed value of 18 in. may be con.sidered satisfactory, in view of 
the many assumptions that are involved in tlu' computations. The total 
thickness of the footing is then 11 in., and the weight 27,500 lb, which 
agrees wdth the assumed weight 


A. 


0.85 X 3,780,000 
20,000 X 0.9 X 18 


The allowable unit bond stress is 0.08 X 3000 = 240 psi, and the maxi¬ 
mum shear to be used in the equation for unit bond stress is 

0.85 X 3730 X 10.00 X 4.11 = 130,000 lb 

So (rc(,u.red) = ^ — ^ = 33.5 in. 

Thirteen No. 8 bars are selected; .4, = 10.21 sq in., and So == 40.9 in. 
The spacing of the bars is about 9^4 in., which is satisfactory. 

Ten No. 7 dowels will be placed in the footing. The dowels should 
extend into the columns 20 bar diameters or, for No. 7 bars, approxi- 
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mately 18 in. The embedment in the footing should be sufficient to 
develop the full working value of the dowel at the allowable stress in 
bond. Therefore 


I (required) X^rX^X 300 = ?x(^) X 16,000 


8 — 4 V8, 

I (re(iuired) = 11.7 in. 


This length can be accommodated within the footing; therefore no ped¬ 
estal is required. A total length of 30 in. will he used. The bearing 



Fig. 8.1^2. Details of interior-ooluinn footing. 


stress 373,000/452 = 825 psi is less than the allowable value of 1125 psi. 
The complete details of the footing are shown in Fig. 8.32. 

8.55. Design of Exterior-column Footings. iCach exterior-column 
footing Avill consist of a solid block, rectangular in plan and reinforced in 
two directions. A 3000-lb concrete will he used, with intermediate-grade 
reinforcing steel. The basement column is 22 by 20 in., and the total 
load on this column is 233,000 lb. 

The bearing area rec|uired is 


233,000 + 15,000 
4000 


62 sq ft 


A base 7 ft-6 in. by 8 ft-6 in. (area = 63.8 sq ft) is selected. The net 
upward pressure is 233,000/63.8 = 3650 psf. 
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V-d33U0'^ 
«- e-6"^J02- -* 

(^) Critical Sections for Moment 


-22’h2xl5^52- 


12 - 7.67'^92'' - A. 

- a-6'=/02" - 

Of) Criticol Sections for Shear 


P'kj. 


In the short diroction (see Fig. 8.33j, 

Mol =■ 3050 X 8.5 X ^^^2 X 17.5 = 1,590,000 in.-lb 
In the long direction, 

Med - 3050 X 7.5 X ^^^12 X 20 = 1,830,000 in.-lb 


, _ [1,830,000 _ . ^ . 

yj !)() X 2H.') 


Assume that, for shear, an elTective depth of 15 in. will be adequate. 
The width of the critical section ah (Fig. 8.33) is then 

20 4- 2 X 15 - 50 in. - 4.17 ft 
and ac is 22 + 2 X 15 — 52 in. == 4.33 ft. 


- X 7.5 + X - 17,:; 

= :«m() X ih 


300 lb 


The depth ro(|uired for shear will therefore obviously be governed by 
the critical section ah; hence, since the allowable unit shear is 75 psi, 


Therefore', 


17,300 

50 X 0.9 X (/ 
= 14.1 in. 


Th(' assumed etTective depth of 15 in. is satisfactory. The total thick¬ 
ness ot the footing is then 19 in., and the w'eight 15,100 lb, as assumed. 
In the long direction, 

. 0.85 X1,830,000 

20,000 X 0.9 X 15 “ 
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In the short direction, 


^.8^X 1,590^) 
20Jm X 0.9 ^ 15 


4.99 sq in. 


Subsequent investiftations for bond stro.ssos (see Art. 7.10) show that 
thirteen No. 6 bars arc reciuired in eacdi direction, furnishing an area of 
5.74 sq in. and a total perimeter of 30.0 in. Since the two sides of the 
footing are so nearly eciual, the bars in each band can be spaced uni¬ 
formly over tlie entire A\idtli of the footing, v ith about 3 in. insulation 




at tlie side's of the })and. The reciuireinc'iits for placing the short bars, 
as given in Art. 7.9, would not materially alter this arrangement. 

Eight No. 8 dowels 3 ft-O in. long are reciuirc'd in each footing. They 
will project into the footing 15 in., which is sufficient to develop the full 
working value of each bar. The unit bearing stress at the liasc of the 
column is 233,000/22 X 20 = 530 psi, which is much less than the allow¬ 
able of 1125 psi. Complete details of the foc^ting are shown in Fig. 8.34. 

8.56. Design of Wall Beams. With the proposed framing as shown in 
Figs. 8.35 and 8.38, the unsupported spans of the end wall beams are 
18 ft-9 in. and 17 ft-9 in., while those of the intermc'diate wall beams are 
20 ft-2 in. and 19 ft-2 in. for the short and long sides of the building, 
respectively. Since it is desirable to keep the depth of the wall beams 
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constant throughout the building on account of architectural appear¬ 
ance, it is first necessary to determine the cross section required for the 
maximum moment and shear. The width of the beams is taken as 12 in. 
in all cases. As stated in Art. 8.4G, = 3000 psi, and /« = 20,000 psi. 

The maximum shear occurs in the first- and second-floor intermediate 
beams along the short side of the budding. According to Table 4(c), 
Appendix C, a marginal beam which has a depth greater than times 
the minimum slab thickness shah be designed to carry, in addition to 
the load superimposed directly upon it, a uniformly distributed load 
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equal to at least one-(|iiarter of the total live and d(*a(l load for which the 
adjacent panel is designed. The total load on the wall beam per linear 
foot is therefore 

Brick sill: 2.5 X 1 X 120 - 300 lb 

Windows: 7.5 X 8 = 00 lb 

Stem of beam, assumed = 105 lb 

Floor load: X 300 X 21 = [575 lb 

2 T 00 lb 

The maximum shear occurs at the int(Tior supports of the end spans 
on the short side of the building (see also Art. 3.0): 

r = 1.15 X -iKK) X = 22,700 lb 

Assuming that web reinforcement will be used, 
d (for .hoar) - ^ 

The maximum moment occurs in the end spans on the short side of the 
building. These beams are continuous over one support only and are 
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designed for a negative moment of where V is the average of the 

two clear spans adjacent to the interior support (see Art. 3.6). 

M = Ho X 2100 X (19.46)2 X 12 = 965,000 in.-lb 

Since the beams are, in effect, T beams with the tee on one side only, the 
effective width of flange, according to the ACl Code (see Art. 3.39), is 

6 = H 2 X 18.75 X 12 + 12 = 30.75 in. 

On account of the relatively thick flange it is apparent that the neu¬ 
tral axis will und()ubt(‘dly be in the flange. With this assumption, the 
beam must be designed as a rectangular beam 30.75 in. wide, and the 
required depth is obtained from E(i. (3.6), Art. 3.4. 


A / 9'>5;00(V 

d (for moment) = ^ ^- = 11.5 ni. 

In order to give the d(\sired archit(*ctural appc'arance, a total height of 
21 in. is adopted for all the wall l)eams. Tlu' effe( tive dej)th at the cen¬ 
ter of the beam, allowing for one row of steel with 2H hi. insulation, is 
18H in., and with the projiosiul arrangement of the st(‘el (Fig. 8.38) the 
effective depth at the sup])ort is 19 in. The weight of the stem per foot 
is then 165 lb, as assumed. 

8.57. Design of LA and L2. Since it has beim determined above that 
a cross section of 12 liy 21 in. is satisfactory for all \Nall Ix^ams, it is now 
mc'rely* necessary to determine the area of st(‘el nxjuin'd for each beam 
and to provide for shearing stn's.ses. 

The design jiositive moment in tin* end beam LA is (see Art. 3.6): 


M = 'j 4 X 2100 X (18.75)“ X 12 - (>.31,0(K) in.-lb 


and the positive moment in 1h(‘ interior b(‘am J/2 is 

M = ij^. X 2100 X (20.17)2 X 12 - 610,(KK) in.-lb 

Assuming j = 0.9, the required steel areas an* as follows: 
Beam LI, positive-moment section: 

. 634,000 

2()‘(K)0 X 0.9 X 18.5 

Beam LI, interior support; 


A. 


955,000 

20,000 X 0.9 X 19 


2.79 sq in. 
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Beam L2, positive-moment section: 

r 

040,000 

“ 20,0(K) X 0.9 X 18.5 


1.92 sq in. 


[Art. 8^ 


Two No. 0 and two No. 8 bars (A^ = 2.45 sq in.) will be placed in the 
bottom of beam lA ; two No. 0 and two*No. 7 {As = 2.08 sq in.) in the 
bottom of beam Ij2. By bending un the No. 7 and No. 8 bars and carry¬ 
ing them over the interior supports a sufficient amount of steel can be 
prov^ided there (As = 2.77). The corner columns are relatively stiff. 
Therefore the No. 8 bars in beam LI will be bent up and an additional 
No. 7 top bar added at the exterior end to provide for a negative moment 
of also Art. 3 6). 

The maximum unit bond stress is 


22,700 

(5.5 + 6.3)’X h X 19 


= 116 psi 


The ])f)ints at which the tw^o No. 8 bars in LI may be bent up are 
obtaiiK'd from Diagram 2. The bars may be bent 0.20 X 18.75 = 3.75 ft 
from th(* (*dge of the column. In L2, the two No. 7 bars may be bent 
0.23 X 20.17 = 4.()1 ft from the edge of the column. 

In beam LI at the intcTior support the bent bars may be bent down 
0.13 X 18.75 = 2.41 ft from the edge of the column. At the e.xterior 
support, assuming a design inomcMit of ir/'Vl2, the bent-up bars should 
reach the top not closer than 0.14 X 18.75 = 2.62 ft from the edge of 
the column. The arrangement shown in Fig. 8.38 satisfies these condi¬ 
tions. The bent bars are continued along the toj) into the adjacent span 
to th(' approximate location of the point of inflection. The straight bars 
are carried 6 in. into the columns. 

Sinc(' only tw o bars are bent up in each ])eam, and these at one place, 
their strength is disn‘gard(‘d in providing for diagonal tension; stirrups 
are placed at suitable intervals to furnish all of the wxb strength neces¬ 
sary. In L2y the distance from the edge of the column is 


.Ti 


20.17 90 X 12 X ^8 X 18.5 

2 ~ 2100 


== 1.8 ft 


At the support, 


V' = r - Vc = 21,200 - 90 X 12 X X 19 = 3200 lb 
With ?8-in. round V stirrups, and/, = 20,000 psi. 


2 X 0.1101 X 20,000 X X 19 
3200 


22.8 in. 


The maximum permissible spacing is ^2 X 19 = in. The first stir- 
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rup will be plaeed 2 in. from the edge of the eoluiun; the remainder 
spaced at 9 in. 

Ill beam LI zero shear will occur 22,700/2100 = 10.8 ft from the edge 
of the interior column. Therefore 


j, - 10.8 


90 X 12 X X 18.5 


= 2.5 ft 


At the .suijport V' = 22,700 — 90 X 12 X X 19 = 1700 lb and 

2 X 0.1101 X 20.000 X ' ,v X 19 ,. . 

® =--- -- = I.>b-n. 

This is a^ain larger thaii the maxiiniim allowable^ spacing. 1 lu‘ first stir¬ 
rup ^\ill he placed 2 in. from the edge of the column and llu* remainder 
spa(*ed at 9 in. 

The areas of steel recpiired in the other wall heam'^*, floor, and roof and 
the arrangement of the w^'h rc'inforcemenl are d(‘termin('d in a manner 
similar to the pro(‘edure outlined in th(' above paragraphs. The roof 
wall beams are made tlu' same depth as those at the second-floor 
for archit(*ctural nxisons. In inv(‘stigating the bcxims on the long side 
of the building it sliould be borne in mind that the tirst interior supj)ort.s 
of the* liiK' are d(‘sigiH‘(l foi* a moment of ‘ jow/'-, whil(‘ at tin* othen* inte¬ 
rior supports a * 11 c()(‘ffici(Mit is us(‘d. The end supports at the (‘orners 
of the building ar(‘ arbitrarily r<‘infor(*(‘d for n(‘gativ(‘ momcaits of ‘ 

The necessary st(*(‘l details ar(‘ shown in Fig. S.38. 

8.58. Design of Stairway Slab. The stairway, which extends from 
the basement to the second-floor level, is locatcal as shown in Fig. 8.38. 
^rhe opening made by tlu' stair wc^ll and th(‘ future* eh*valor shaft is 
framed by a seri(‘s of beams as shown. Jn order to ke(*j) the thickness 
of the stair slab down to a nnsonalilc* minimum, beam 7^9 is plac(*d at 
the edge of the floor-lev(*l landing slab. The* stair slab is designed as a 
simple slab with a span ecpial to the horizontal distance* from the middle 
of b(*am B\) to the middle of the* wall support of the* inte‘rmc*diatc landing 
slal). As in Art. 8. Hi, a 3000-11) e*e)ncre*te is use*d and /« = 20,000 psi. 

The de*ad load on the stair slal> is made up of the* we*ight of the inter- 
me‘diate landing slab, the w’e*ight of the inclined slal), and the weight of 
the treads. For purpejscis of computation it is sufficiently accurate to 
assume that this total dead load is unife>rmly distribut(*d over the hori¬ 
zontal span. The live load is assumed as 100 psf of horizontal surface 
(see Art. 8.24). 

The widths of the stair slabs and landing slab.^ as shown in Fig. 8.40 
will prove satisfactory in the ordinary building of this size. The width 
of each tread, exclusive of the nosing, is made 10^4 in. and the rise about 
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7%6 ill* These values satisfy the rules for convenient climbing (Art. 
8.24) and also give a uniform rise of all treads between landing slabs. 
Allowing 6-in. bearing on the brick exterior wall, the horizontal span 
th e stair slab i s 12 ft-1 in. The total length of slab between supports 
is \/6^ + (7.66)^ + 3.83 = 13.5 ft. Assuming the weight of the slab as 
69 psf, the total load on a 1-ft strip of slab is 


Treads: 9 X X 1^0 = 350 lb 


Slab: 13.5 X 09 
Live load: 12 X 100 
Total 


= 940 
= 1200 
= 2490 lb 


M = 2490 X 12.1 X 


d = 




45,300 
235 X 12 


4.0 in. 


12 = 45,300 in.-lb 


An effective depth of 43^ in. is selected; with 1-in. insulation the total 
slab thickness is 5}^2 ^i^* the weight is 69 psf, as assumed. 

45 300 

= ^pOoVcK^Ci-X 4.50 = ^ P"'’ 

This area is furnished by No. 5 bars. (> in. center to center. One No. 5 
bar, 3 ft-8 in. long, is placed under each tread at right angles to the main 
reinforcement, as shown in Fig. 8.40.^ 

The floor-level lauding slab is made 8 in. thick, and every other bar of 
the stair-slab reinforcement is continued across this slab. Twx) No. 5 
bars are placed in the intermediate landing slab, at right angles to the 
main reinforcement, in order to assist in distributing the load on that 
slab and to provide for t(‘mperature stresses. Negative-moment stresses 
in the stair slabs across beams Bd are provided for by means of short 
bent bars placed in th(» top of the slabs at these points as shown in 
Fig. 8.40. 

8.59. Design of Beams Framing Stair Well. Beam i^9. See Fig. 
8.36. This beam supports a uniform load along its entire length, con¬ 
sisting of one-half of the stairw^ay-slab load and one-half of the floor- 
level landing-slab load in addition to its owm \veight. The span of the 
beam is 9 ft-5 in., the distance center to center of beams B6 and B7. 
The beam is designed as a T beam with the tee on one side only; this is 

* The detailing shown in Fig. 8.40 assumes that the stairway slab will be poured 
with the structural frame. A more w'idely used method of construction places the 
stair slab after the main structure has been completed. In such cases, recesses must 
be left in the beams 2^-9 and in the brick w all in order to furnish support for the future 
stair slabs, and dowels must be placed in the beams /?9-so as to project into the stair 
slabs when they are poured. 
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necessary because of the break between the up and down stair slabs at 
the landing. 

Beam B6. This beam is a simply supported rectangular beam, the 
load on which consists of the weight of a 4-in. hollow tile partition and 
the concentrated load from B9 in addition to its own weight. 

Beam B8. This beam carries the concentrated load from beam B6, 
one-half of the load from the landing slab, and the weight of a 4-in. hol¬ 
low tile partition in addition to its own weight. Beam B8 has been 
placed at the edg(‘ of the c(4iimn strip. This fact, together with the 
improhaoility of having the full live load on the portion of the floor near 
B8, justifies the assumption that no floor load is supported by B8.^ 
Because of the optMi shaft on one side of the beam at the j)()int of maxi¬ 
mum moment, it must he designed us a T In^am with the tee on one side 
only. In order to illustrate the method of design where such irregular 
loads are involved, the d(‘sign i)f B8 is included l)elow. 

The loads on the h(\am (see Figs. 8.30 and 8.38) are as follows: 
Uniform load over entire length of beam: 

Partition: 20 X 11.5 = 230 lb per lin ft 
Weight ot beam = 180 lb piT lin ft 

Total =110 lb per lin ft 

Additional uniform load from stairway landing slab 
1 2 X 3.5 X 2(K) = 350 lb per lin ft 

Concentrated load from is 8570 lb: 

(Ck 49V 91 2 

8570 X 9.12 4 350 X 4- 410 X 

Rl = - —- - = 8900 lb 

Rp, = 11,580 1b 

The point of zero shear, w^hich locates the point of maximum moment, 
occurs under the conc(*ntrated load. The maximum moment is 

M = ^SJKK) X 11.5 - 410 X X 12 = 900,000 in.-lb 

According to the ACT Code, the efTective width of flange is equal to 
10 4" 3 12 X 21 X 12 = 31 in. Because of the relatively large thick¬ 
ness of the flange it is reasonable to assume that the neutral axis is in the 
flange, in which case the eejuations for rectangular beams apply: 

^ Since beam B8 and the slab adjacent to it are poured at the same time, they can¬ 
not act independently of each other. A more conservative design would assume that 
a part of the adjacent slab load is supported by B8. 
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d = 


V: 


900,000 
31 X 235 


11.1 in. 


An eflFertive depth of 14 in. will be used, in order to avoid interference 
with the bars in BG: 


b' = 


11,580 


360 X X 14 


= 2.7 in. 


A width of stem of 10 in. will ho used, in order to give a reasonable amount 
of resistance to torsional stresses. With 3 in. of insulation, to provide 
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Landing Slab 350 
Stem of Beam 30 
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B7 
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Fi(}. 8.30. Loadinj? diagrams for beams framing stair well. 

for two rows of l)ars, the total height of the beam is 17 in. and the weight 
per fool is 180 lb, as assumed. 


’ ~ 2(V(KW >0)'875 X 11 ^ 

Six No. 7 bars are selected (3.G1 sq in.). With 

np = 10 X 3.61/(31 X 14) = 0.085 
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and ^ ^ ~ ^ Diagram 3, Appendix D, shows that the neutral axis 

IS in the flange, so that, from Table fi with p = 3.01/(31 X 14) - 0.0085, 
j = 0.887, and the revised steel area reciuired is 3.02 s(i in. The six No. 7 
bans are satisfactory. 

Sin(‘e this beam is poured monolithically with the beams supporting 
it, there will exist some m^gative moment at the supports. 1410 amount 
of this bending moment is dependent upon too many factors to permit 
of an accurate determination. In order to provide for the stresses of 
negativt* moment, one-half of th(‘ sti^el is bent up and hooked over the 
support. Adequate Ixind n\sistanc(‘ is furnislual by tin* three deformed 
oars remaining. Tlu' points at whi(*h this stial may be bent up ma}^ best 
be found by determining the jioints \\l)(‘re the liending momc'iit is one- 
half of the maximum, by means of an (‘(piation involving th(‘ distances 
.r from the supports to these* points. For the h'ft end of the beam, as 
shown in Fig. 8.3(1, this (‘(juation is as follows: 


SOOOj- - 410^^ = 37,500 
a* - 4.7 ft 

The three bars on this side may be bent up 1 ft-h in. from the center of 
BTy. A similar eejuation for the right end of the* Ixaim locates the point 
where the* bending monn'iit is 37,500 ft-lb, at a distance of 3.7 ft from 
the center of B1. The thr(*e bars may be lient up 3 ft-O in. from that 
point. 

Since only three bars arc bent up, and since th(*se are bent at a single 
point, they will not be (lej)en(J(*(i upoji for diagonal tension r(*si.stanc(*, 
and vertical stirrups will be us(*d wherever wt'b r(*inforc(‘ment is r(*(iuin‘d. 
In computing the spacing of stirrups, it is as.sumcul that tin* concn*te can 
take can* of tin* shear up to a unit vuhu* of 00 jisi. Tin* total sh(*ar that 
the concrete can resist is, therefore, 

Vr = 90 X 10 X "^8 X 11 = 11,000 lb 

The stirrups will be designc'd to resist all the shear in (*xc(*ss of this 
amount. 

With • 4 -in. round V stirrups, the maximum spacing which can be used 
at the right support (see Fig. 8.30) is obtaiiual from hkp (3.15), Art. 3.33. 


2 X 0.0491 X 20,(XK) X X 14 
11,580 - 11,000 


41.4 in. 


In this case the maximum allowable spacing of 0.5 X 14 = 7 in. gov¬ 
erns. The distance from the right support where the unit shear is 
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90 psi is 

11,580 ~ 11,000 _ 

350 + 410 

At the left end no stirrups are required since Rl is less than Ve- 

Beam B5, In addition to supporting the concentration from beam BS 
and its own weight, beam BTy must he designed to support the partition 
as shown and the required proportion of the floor load. The beam is a 
T beam, with the tee on one side only. 



FOUNDATION PLAN 
Fig. 8.37 


Beam B7. This beam supports loads as stated for beam /J5, and, in 
addition, the concentrated load from beam B9, It is a T beam, with the 
tee on one side only. The complete framing details of the stairway 
beams are shown in Fig, 8.38. 

8.60. Engineering Drawings. Figure 8.38 is an engineering drawing 
of the second floor, giving the necessary steel information on the concrete 
and steel for the si ib and beams at that floor. This is the type of 
drawing which would be prepared in the design office. The reinforcing- 
bar fabricator would use this drawing as a basis for preparing a complete 
detail drawing showing bar lengths and bends and placing instructions. 
The Manual of Standard Practice for Detailing Reinforced Concrete 
Structures (ACI 318 51) of the American Concrete Institute is usually 
followed in the preparation of both engineering drawings and fabricator's 
detail drawings. 
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PARTIAL CROSS SECTION 
SECTION X-X 
Showing Column Steol 

Fig. 8.39 























^ Interior columns 
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SECTION 9 


RETAINING WALLS 


9.1. Function and Types of Retaining Walls. Retaining walls are 
used to hold hack masses of earth or other loose material wh(‘re condi¬ 
tions make it impossible to let those masses assume their natural slopes. 
Such conditions occur when the width of an excavation, cut, or embank¬ 
ment is restric‘ted by conditions of ownership, use of the structure, or 
economy. Thus, in railway or highway construction the width of the 
right of way is fixed and the cut or embankment must be contained within 
that width. Similarly, the basement walls of buildings must be located 
within the property and must retain the soil surrounding the l)asement. 

Free-standing retaining walls, as distinct from those which form part 
of structures like basement walls, are of various types, the most common 
of which are sho^vn in Fig. 9.1. The gravity wall (Fig. 9.1a), retains the 
(‘arth entirely t)y its own weight. The reinforced (‘oncrete cantilever wall 
(Fig. 9.1/)) consists of the vertical arm Avliich retains the earth and is held 
in position by the footing or base slab. In this case the weight of the 
fill on top of the heel, in addition to the weight of the wall, contributes to 
the stability of the struclure. Since the arm represents a vertical canti¬ 
lever, its required thickness increavses rapidly with increasing height. To 
reduce the bending moments in vertical walls of great height, counter¬ 
forts are used spaced at distances from each other ecpial to or slightly 
larger than one-third of the height (Fig. 9.1rj. Property rights or other 
restrictions sometimes make it necessary to place the wall at the forward 
edge of the base slab, f.c., to omit the toe. Wherever it is possible, toe 
extensions of one-third to one-fourth of the width of the base provide a 
more economical solution. 

Which of the three types of walls is appropriate in a given case depends 
on a variety of conditions, such as local availability and price of construc¬ 
tion materials, property rights, and the like. In general, gravity walls 
are economical only for relatively low walls, possibly up to about 15 ft. 
Cantilever w alls arc economical for heights from 10 to 20 ft, while counter¬ 
forts are indicated for greater heights. 
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9.2. Earth Pressure. In their physical behavior soils and other granu¬ 
lar masses occupy a position intermediate between liquids and solids. If 
sand is poured from a dump truck, it flows but, unlike a frictionless 
liquid, it will not assume a horizontal surface. It maintains itself in a 
stable heap with sides subtending with the horizontal an angle of repose 
whose tangent is roughly equal to the coefficient of intergranular friction. 
If a pit is dug in clay soil, its sides can usually be made vertical over con¬ 
siderable depths without support; that is, the clay will behave like a 



(c) 

Fi«. 9.1. Types of retaining walls and backdrains: («) gravity wall; (6) cantilever wall; 
(c) counterfort wall. 

solid and will retain the shape it is given. If, however, the pit is flooded, 
the sides will give way and, in many cases, the saturated clay will be 
converted nearly into a true liquid. The clay was capable of maintain¬ 
ing its shape by means of its internal cohesion, but flooding reduced that 
cohesion greatly, often to zero. 

If a wall is built in contact with a solid, such as a rock face, no pressure 
is exerted on it. If, on the other hand, a wall retains a liquid, as in a 
reservoir, it is subject at any level to the hydrostatic pressure where 
Wv, is the unit weight of water and h the distance from the surface. If a 
vertical wall retains soil, the earth pressure similarly increases propor¬ 
tional to the depth but its magnitude is 

p = Cwh 


(9.1) 
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m 


where w is the unit weight of the soil and C a constant which depends on 
the physical characteristics of the soil. 

The pressure which soil exerts on an immovable wall, known as the 
rest pressure, has not been investigated thoroughly. The few measure¬ 
ments that have been made seem to indicate that in this ease C = 0.4 to 
0.5 for uncompacted, noncohesive soils, such as sands and gravels, while 
it may be as high as 0.8 for the same soils in a highly compacted state. 
For cohesive clay soils, C appears to be of the order of 0.7 to 1.0. 

Usually, however, walls move slightly under the action of the earth 
pressure. Since walls are constructed of elastic material, they deflect 
under the action of the pressure, and since they generally rest on com¬ 
pressible soils, they tilt and shift away from the fill. For this reason, 
often the wall is constructed with a slight hatter toward the fill on the 
exposed face, so that, if and when such tilting takes place, it does not 



appear evident to the observer. Even if this movement at the top of 
the wall is only of the order of a fraction of a per cent of the wall height 
(3^2 to per cent according to tests by C, Terzaghi), the rest pressure 
is materially decreased by it. The magnitude of this pressure against 
slightly yielding walls is much better explored and known than the rest 
pressure. 

If the wall moves away from the fill, a sliding plane ah (Fig. 9.2) forms 
in the soil mass, and the wedge abc, sliding along that plane, exerts pres¬ 
sure against the wall. Here the angle <l> is known as angle of internal 
friction, i.e,, its tangent is equal to the coefficient of intergranular fric¬ 
tion which can be determined by appropriate laboratory tests. The cor¬ 
responding pressure is known as the active earth pressure. If, on the other 
hand, the wall is pushed against the fill, a sliding plane ad is formed and 
the wedge acd is pushed upward by the wall along that plane. The pres¬ 
sure which this larger wedge exerts against the wall is known as the pas¬ 
sive earth pressure, (This latter case will occur, for example, at the left 
face of the gravity wall of Fig. 9.1 when this wall yields slightly to the 
left under the pressure of the fill.) 

The magnitude of these pressures has been analyzed by Rankine, 
Coulomb, and others. If the soil surface subtends an angle 6 with the 
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horizontal (Fig. 9.1a), then, according to Rankine, the coefficient for 
active earth pressure is 


Ca 


cos B 


cos 


cos 


5 — \/cos^ B — cos^ 0 
5 + \/cos^ 5 — cos^ 0 


(9.2) 


and that for passive pressure 


„ , cos B 1“ COH^ B — cos- (f) 

Cp = cos B -—- _=rr=r rr 

COS 6 — v cos‘ 5 -* cos^ <l> 


(9.3) 


For the freciuent case of horizontal surface, that is, 6 = 0 (Fig. 9.2), for 
active pressure, 


_ 1 0 
L ah — ; • 7 

1 + sill (j> 


(9.4) 


and for passive pressure. 


_ 1 + sin <f> 
I — sin (t> 


(9.5) 


Rankiiie’s theory is valid only for noncohesivc soils like sand and gravel 
but, with corresponding adjustments, can be used su(*cessfully also for 
cohesive clay soils. 

From F(is. (9.1) to (9.5) it is seen that the earth pressure at a given 
depth h depends on the inclination of Ihe surface 5, the unit weight m;, 
and the angle of friction </>. The first two of thes(^ are easily determined, 
while little agreemeuit has yet b(»en reached as to the proper values of 0. 
For the ideal case of a dry, noncohesivc fill, 0 could be determined by 
laboratory test and then used in the formulas. This is impossible for 
clays only part of whose n^sistance is furnished by intergranular friction 
while the rest is due to internal cohesion. For this Reason their actual 
0 values are often increased by an arbitrary amount to account implicitly 
for the added cohesion. However, this is often unsafe since, as was shown 
on the example of the flooded pit, cohesion may vanish almost completely 
due to saturation and inundation. 

In addition, fills behind retaining walls are rarely uniform and, what 
is more important, they an* rarely dry. Proper drainage of the fill is 
vitally important to reduce pressures (see Art. 9.5), but even in a well- 
drained fill the pressure will temporarily increase during heavy storms or 
sudden thaws. This is due to the fact that even though the drainage 
may successfully remove the water as fast as it appears, its movement 
through the fill toward the drains causes additional pressure (see page 
pressure). In addition, frost action and other influences may tempo¬ 
rarily increase its value over that of the theoreti(*al, active pressure. 
Many walls which were designed without regard to these factors have 
failed, been displaced, or cracked. 
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It i« good practice, therefore, to select conservative values for 0, con¬ 
siderably smaller than the actual test values, in all cases except where 
extraordinary and usually expensive precautions are taken to keep the 
fill dry under all conditions. An example of recommended earth-pres¬ 
sure values, which are quite conservative, though based on extensive 
research and practical experience, can be found in ''Soil Mechanics in 
Engineering Practice.^*^ Less conservalivt^ values are often used in prac¬ 
tical designs, but these should be employed with caution in view of the 
fact that occasional trouble has been encountered with w’alls so designed. 

Table 9.1 gives average values for xv and two columns of values for 4>, 
The first of these has been adapted by the authors from the information 
by Terzaghi and Peck, the second represents magnitudes which are fre¬ 
quently used in engineering practice and, at least for noiicohesive soils, 
are closer to the actual laboratory test values. In contrast to the first, 
how’ever, these take no account of probable additional pressures due to 
porewater, seepage, frost, etc. The table also contains values for the 
coefficient of friction / between concrete and various soils. 


TABLE 9.1. Unit Weights, Effective Angles of Internal Friction 0, and Coefficients 
of Friction with Concrete, / 


Soil* 

Unit weight, 

<t>* 

0t 

/ 


pcf 




1. Sand or gra\el without fiiu' paitich's, 





highly permeable 

110 120 

35" 

33 40 

0 5-00 

2. Sand or gra\cl with .silt mixture, low 





permoabilit N 

120 KiO 

32" 

25-35'^ 

0 4-0 5 

3. Silty sand, sand and gravel w.th higli 





clay content 

' IK) 120 


o 

o 

0 3-04 

4, .Medium or stiff cla> 

1 l(K) 120 

ot 

25 35" 

0 25 -0 4 

3 Soft cla^ , silt 1 

00-1 10 

0^ 

20 -25" 

0 2-03 


* Adapted from Terzaglii aii<l Peck, 
t Values often used. 

t For this case the distance {h — A ft) .should he used instead of h in Eq. (9.1). 


It is seen that the values 0 according to Terzaghi and Peck, particu¬ 
larly for soils 4 and 5, are corisiderablj^ more conservative than the values 
of 0 often used in engineering practice, and reflect the fact that clays and 
silts, under suitable conditions of saturation, may become entirely liquid 
(that is, <^ = 0). 

The low values of 0 for soils 3 to 5 and the resulting high soil pressures 
indicate that soils of types 1 or 2 should be used for backfills of retaining 
walls, wherever possible. 

^ Terzaghi and Peck, “Soil Mechanics in Engineering Practice,pp. 315-318, John 
Wiley & Sons, Inc., New York, 1948. 
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9.3. Earth Pressure for Common Conditions of Loading. In comput¬ 
ing earth pressures on walls, four common conditions of loading are most 
often met: (1) horizontal surface of fill at top of wall; (2) inclined sur¬ 
face of fill sloping up and back from the top of wall; (3) horizontal sur¬ 
face of fill, carrying a uniformly distributed additional load (surcharge) 
such as from goods in a storage yard, traffic on a road, etc.; (4) horizontal 
surface of fill carrying a surcharge distributed over a strip of limited 
width, parallel to the wall, such as the width of a railroad track running 
along the wall. 



io) id) ic) 

Fig. 9.3. Earth pressures for (a) horizontal surface, (h) sloping surface; (r) horizontal 
surface with surcharge «. 


The increase in pressure caused by uniform surcharge .s (Case 3) is 
computed by converting its load into an ocjuivalent, imaginary height of 
earth h' above the top of the wall such that 



(9.6) 


and measuring the depth to a given point on the wall from this imaginary 
surface. This amounts to replacing h by (h -}- h') in Eq. (9.1). 

The distributions of pressure for Cases 1 to 3 are shown in Fig. 9.3. 
The total earth thrust P per linear foot of wall is evidently ecjual to the 
area under the pressure distribution figure, and its line of action passes 
through the centroid of the pressure. Figure 9 3 gives information com¬ 
puted in this manner, on magnitude, point of action, and direction of P 
for these three cases. 

Various methods are in use to a(*count for the excess pressure caused 
by partial surcharge (Case 4). Figure 9.4, as an example, gives the 
recommendations of the American Railway Engineering Association 
(Manual, 1946, pp. 8“ 86) for computing the equivalent height h' from 
tracks running parallel to the wall, or from buildings founded in the back¬ 
fill. The following rules apply: (a) In calculating the surcharge from a 
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track, the weight T of track and train, per foot, shall be distributed over 
a width of 14 ft, and the corresponding fictitious height h' computed as 
indicated in Fig. 9.4. (6) The full effect of the surcharge shall be con¬ 

sidered (that is, h' - T/wb) where the front edge of the distributed load 
or structure is located anywhere between the face of the wall and a point 
vertically above the back edge of the footing. The effect of the sur¬ 
charge may be neglected if its front edge is located beyond a line drawn 



T = Superimposed load per foot of wall (a) 

b = Width of distribution of T, ft , , t 

w = Weight of backfill per cu ft IT 

(d) h'x=b'pt 

Fia. 9.4. Earth pressures for horizontal surfaee loaded by a strip surcharge (u, L, and c) 
or by a wall footing (c/). {Accoiding to AJiEA Manual.) 

under 45° from the back corner of the wall. Where the edge of the dis¬ 
tributed load is located from the back edge of the footing at a horizontal 
distance h — x {or h" — x in Fig. 9.4d), the fictitious height of surcharge 
is A' = h' {x/h), or *= /i' (x//i"), respectively. 

Occasionally retaining walls must be built for conditions where the 
ground-water level is above the base of the wall, either permanently or 
seasonally. In that case the pressure of the soil above ground water is 
determined as usual. The part of the wall below ground water is sub¬ 
ject to the sum of the water pressure and the earth pressure. The 
former is equal to the full hydrostatic pressure pv, = w,phu,j where Wu, and 
hw are, respectively, the unit weight of water and the distance from 
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ground-water level to the point on the wall, llie additional pressure of 
the soil below ground-water level is computed from E(i. (9.1), where, 
however, for the portion of the soil below water, w is replaced hy w ^ Wy,j 
while A, as usual, is measured from the soil surface. That is, for sub¬ 
merged soil, buoyancy reduces the e[Te(*tive weight in the indicated man¬ 
ner. Pressures of this magnitude, which are considerably larger than 
those of drained soil, will also occur temporarily after heavy rainstorms 
or thaws in walls without provision for drainage, or if drains have become 
clogged. 

The seeming simplicity of the determination of earth pressure as here 
indicated should not lull the designer into a false sense of security and 
certainty. No theory is more accurate than the assumptions on which 
it is based. It has repeatedly been emphasized that actual soil pres¬ 
sures are affected by irregularities of soil properties, porewater, and 
drainage conditions and by climatic and other factors which cannot be 
expressed in formulas. This situation, on the one hand, indicates that 
involved refinements of theoretical earth-pressure determinations, as 
sometimes attempted, are of little practical value. On the other hand, 
the design of a retaining wall is seldom a routine proc(‘dure since the 
local conditions that affect pressures and safety vary from one locality 
to the other. The advice in the (juoted Manual of the \merican Rail¬ 
road Engineering Association should be headed: “A careful study should 
be made of the conditions of design of each wall and it should be remem¬ 
bered that no theoretical formula can be more than an aid to the judg¬ 
ment of the experienced designer,'^ 

9.4. External Stability. A wall may fail in two different ways: (1) 
its individual parts may not be strong enough to resist the acting forces, 
such as when the vertical cantilever wall is cracked by the earth pressure 
acting on it, and (2) the wall as a whole may be bodily displaced by the 
earth pressure, without breaking up internally. To design against the 
first possibility requires the determination of the necessary dinuMisions, 
thicknesses, reinforcements, et(‘., to resist the moments and shears; this 
procedure, then, is in no way diffennit from that of determining recjuired 
dimensions and reinforcements of other types of concrete structures. To 
safeguard the wall against bodily dispku-ements on the other hand, z.e., 
to ensure its external stability, re<iuires special consideration. 

A wall, such as that of Fig. 9.5, together with the soil mass tjkl which 
rests on the base slab, may be bodily displaced by the earth thrust P 
W’hich acts on plane ah by sliding along the plane ab. Such sliding is 
resisted by the friction between soil and footing along the same plane. 
To forestall motion, the force's that re.sist sliding must ex(‘eed those that 
tend to produce sliding: a factor of safety of 1.5 is generally assumed 
satisfactory in this connection. 
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Referring to Fig. 9.5, the force that tends to produce sliding is the hori¬ 
zontal component Pk of the total earth thrust P. The resisting friction 
force is fRv, where / is the coefficient of friction beiween concrete and 
soil (see Table 9.1) and P, is the vertical component of the total result¬ 
ant P, that is, Pp = TT + P„ (TF = weight of w’all + soil resting of fool¬ 
ing, Pv = vertical component of P). Hence, to provide sufficient safety, 

+ p.) ^ 1.5P, (9.7) 

Actually, for the wall to slide to the left, it nu;st push with it the earth 



nmh, which gives rise to the passiA(' earth pressure indicated by the tri¬ 
angle rmb. This passive pressure represents a furthcT resisting force 
which could be added to the left side of l^](i (9 7) This should 1)0 done 
only, however, if the proper functioning of this added resistance is 
ensured. For that purpose the fill ghrnv must be placed before the back¬ 
fill ijkl is put in place, and must be secure against later removal by scour 
or other means throughout the lifetime of the wall. If these conditions 
are not met, it is better not to count on the additional resistance of the 
passive pressure. 

If the reejuired sliding resistance cannot be developed by these means, 
a key wall edef can be used to increase horizontal resistance. In this case 
sliding, if it occurs, takes place along the planes ad and tj. While, along 
ad and ej the friction coefficient / applies, sliding along te occurs within 
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the soil mass. The coefficient of friction that applies in this portion is 
consequently tan where the value of <t> may be taken from the next to 
the last column in Table 9.1. In this situation sliding of the front soil 
occurs upward along /n' so that, if the front fill is secure, the corresponding 
resistance from passive soil pressure is represented by the pressure tri¬ 
angle stm. If doubt exists as to the reliability of the fill above the toe, 
the free surface should more conservatively be assumed at the top level of 
the footing, in which case the passive pressure is represented by the tri¬ 
angle s'tg. 

Next, it is necessary to ensure that the pressure under the footing does 
not exceed the permissible bearing pressure for the particular soil. Let 
a (Fig. 9.5) be the distance from the front edge h to the intersection of 
the resultant with the base plane, and let be the vertical component 
of R. (This intersection need not be located beneath the vertical arm, 
as shown, even though an economical wall generally results if it is so 
located.) Then the base plane a6, 1 ft wide longitudinally, is subject to 
a normal force Rv and to a moment about the centroid {1/2 — a)i?v. If 
these values arc substituted in the usual formula for bending plus axial 
force 


N , Me 

Pi,. = 7 ± -y- 


(9.8) 


it will be found that if the resultant is located within the middle third 
(a > //3), compression will act throughout th(‘ section and the maximum 
and minimum pressures (‘an he computcnl from the ecjuations in Fig. 
9.Ga. If the resultant is located just at the edge of the middle third 
(a == //3), the pressure distribution is as shown in Fig. 9.05, and Eq. (9.8) 
results in the formula there given. 

If the resultant \Nere located outside the middle third (a < //3), Eq. 
(9.8) would indicate tension at and near point a. Obviously, tension 
cannot be developed between soil and a concrete footing which merely 
rests on it. Hence, in this case the pressure distribution of Fig. 9.6c 
will develop, which implies a slight lifting off the soil of the rear part of 
the footing. Ecjuilibrium requires that R^ pass through the centroid 
of the pressure-distribution triangle, from which the formula for p for 
this case can easily be derived. 

It is good practice, in general, to have the resultant located within the 
middle third. This will not only reduce the magnitude of the maximum 
bearing pressure but will also prevent too large a nonuniformity of pres¬ 
sure. If the wall is founded on highly compressible soil such as certain 
clays, a pressure distribution as in Fig. 9.66 would result in a much larger 
settlement of the toe than of the heel, with a corresponding tilting of the 
wall. In case of foundations on such soils the resultant, therefore, should 
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strike at or very near the center of the footing. If the foundation is on 
very incompressible soil, such as well-compacted gravel or rock, the 
resultant can be allowed to fall outside the middle third (Fig. 9 6c). 

A third mode of failure is the possibility of the wall ovcrtuTtiinQ bodily 
around the front edge b. For this to occur, the overturning moment 
yPh about point b would have to be larger tlian the restoring moment 
(IFfif + PJ), Fig. 9 5, which is the same as saying that the resultant 
would have to strike outside the edge b. If, as is mostly the case, the 



Fig. 9.C. Beaiing pressures foi 


Resultant m middle third 
~€a) 

Pe=(6a-2l)^ 
when o=j-,p,-p^=^ 

Resultant at edge of middle third 



P2=0 


Resultant outside middle third 



dilTeieni locations of lesultant. 


resultant strikes within the middle third, adecjuate safety against over¬ 
turning exists and no special check need he made 11 the resultant is 
located outside the middle third, a factor of safety of at least 1.5 should 
he maintained against overturning, i < , the r(‘storing moment should be 
at least 1 5 times the overturning moment 
9.5. Drainage and Other Details. Such failures or damage to retain¬ 
ing walls as have occasionally occurred were due, in most cases, to one of 
tw^o causes: overstressing of the soil under the wall with consequent for¬ 
ward tipping or insufficient drainage of the backfill. In the latter case 
hydrostatic pressure from porewater accumulated during or after rain¬ 
storms increases greatly the thrust on the wall; in addition, in subfreez¬ 
ing wmather ice pressure of considerable magnitude can develop in such 
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poorly drained soils. The two causes are often interconnected, since 
large thrusts correspondingly increase the bearing pressure under the 
footing. 

Allowahlr hearing pressures should he selected with great care. It is 
necessary, for this purpose, to investigate not only the type of soil imme¬ 
diately underlying the footing hut also the deeper layers. Unless reli¬ 
able information is available at the site, subsurface borings should be 
made to a depth at least ecjual to the height of the wall. The foundation 
must be laid below frost depth, which amounts to 4 to 5 ft and more in 
the northern.states, in order to ensure against heaving by the freezing of 
soils containing moisture. 

Drainage can be provided in various ways. Weep holes consisting of 
4-in. pip(‘ (milx'dded in the wall, as shown in Fig. 9.1c, are usually spaced 
horizontally at 5 to 10 ft. In addition to the bottom row, additional 
rows should be provided in walls of substantial height. To facilitate 
drainage and prcwent clogging, 1 cu ft or more of crushed stone is placed 
at the rear end of each w(‘ep(‘r. Care must be taken that the outflow 
from the weep holes is carried off saf(‘ly so as not to seep into and soften 
the soil underneath the w^all. To prevent this, instead of weepers, longi¬ 
tudinal drains embedded in crushed stone or gravel can be provided along 
the rear lace of the w’all (Fig. 9 \h) at one or more levels; the drains dis¬ 
charge* at the ends of the w^all or at a few intermediate points, d'he most 
efficient drainage is provided by a eontinuous baek drain consisting of a 
lay(*r of gravel or crushed stone covering the entire rear face of the wall 
(Fig. 9.1a) w’ith discharge at the ends. Such drainage is expeihsive, how'- 
ever, unl(*ss appropriate material is ch(*aply available at the site. Wh(*r- 
ever possible the surface of th(* fill should be covered w'ith a layer of low' 
permeability and, in case of a horizontal surface, should be laid wdth a 
slight slope aw^ay from the wall toward a gutter or oth(‘r drainage. 

In long w'alls provision must be made against damage caused by expan¬ 
sion or contraction from temperature changes and shrinkage. The Ameri¬ 
can Association of State Highway Officials recommends in its Specifica¬ 
tions that for gravity as w'cll as reinforced concrete walls expansion joints 
be made at intervals of 90 ft or less, and contraction joints at not more 
than 30 ft. The same siiecifications provide that in reinforced concrete 
walls horizontal temperature reinforcement of not less than sq in. per 
foot of depth be provided adjacent to the exposed surface. 

9.6. Design of a Gravity Retaining Wall. A gravity wall is to retain 
a bank 11 ft-6 in, high whose horizontal surface is subject to a live-load 
surcharge of 400 psf. The soil is a sand and gravel mixture with a 
rather moderate amount of fine, silty particles. It can, therefore, be 
classified as (iass 2 of Table 9.1, with the following characteristics: unit 
W'eight w» = 120 pcf; = 30° (with adeipiate drainage to be provided); 
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base friction coefficient/ = 0.5. With sin 30° = 0.5, from Eqs. (9.4) and 
^9.5), the soil-pressure coefficients are Cah = 0.333 and C^k = 3.0. Tho 
allowable bearing pressure (see Table 7.1) is assumed to be 4 tons per 
sq ft. This coarse-grained soil has little compressibility so that the 
resultant can be allowed to strike near the outer-third point (se(‘ Art. 
9.4). The weight of the concrete is Wc = 150 ])cf. 

The optimum design of any retaining wall is a matter of successive 
approximation. Reasonable dimensions are assumed by experience and 
the various conditions of stability are checked for these dimensions, 
Tsually it is found that the assumed dimensions either provide excessive 
safety, i.e.j the design is uneconomical, oi that the re(iuired dimensions 



were underestimated so that tne wall is unsafe. On the basis of this first 
trial, dimensions are readjusted corr(*spondingly, and one or two addi¬ 
tional trials usually result in a favorable design. In the following, only 
the final design is analyzed in detail. Pr(*liminary trials have been omit¬ 
ted since the computations reejuired for tlnnn are of the same nature as 
those for the final design. These final dimensions arc* shown in Fig. 9.7. 

The ecjuivalent height of surcharge = 3.33 ft. From 

Fig. 9.3c the total earth thrust 

= 1 / X 0.333 X 120 X 15 X 21.07 = 0500 lb 

and its distance from the base y = (225 + 150)/(3 X 21,07) = 5.77 ft. 
Hence, the overturning moment Mo — 0500 X 5.77 = 37,500 ft-lb. To 
compute the weight W and its restoring moment Mr about the edge of 
the toe, individual weights are taken, as shown in Fig. 9.7. With x 
representing the distance of the line of action of each subweight from the 
front edge, the following computation obtains: 
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W, lb 

X, ft 

Mr - XW, 
ft-lb 

Wi: 10 X 2 X 150 

3000 

5 0 

15,000 

Wt: 1.5 X 13 X 150 

29:30 

1 5 

4,400 

ly.: X 13 X 150 

6830 

4 58 

31,300 

W,: ^ X 13 X 120 

5460 

6 82 

37,200 

0.75 X 13 X 120 

1170 

9 62 i 

11,250 

Total 

~ 19^390“ 


99,150 


The distance of the resultant from the front edge 


a = (99,150 - 37,500) ^19,390 = 3.18 ft 

which is just outside the middle third. The safety factor against over¬ 
turning, 99,150/37,500 2.01, is ample. From Fig. 9.Or the maximum 

soil pressure p = (2 X 19,390; (3 X 3.18) = 1070 psf 

The above computatiorjs were made for the (*as(‘ that the surcharge 
extends only to the rear edge of the wall, point a of Fig. 9.7. If the sur¬ 
charge extends forward to point />, the following modifi(‘ation obtains: 


W =. 19,390 + -400 X 7.75 = 22,490 lb 
Mr = 99,150 + 400 X 7.75 X 0.13 = 118,150 ft-lb 
118,150 - 37,500 
22,190 


a = 


■= 3.58 ft 


which is inside the middle third, and, from Fig. 9.0a, the maximum bear¬ 
ing pressure 

22 4110 

pi = (40.0 — 21,5) ’ -Y" =4170 lb per sq ft 


The situation most conducive to sliding obtains when the surcharge 
extends only to point a, since additional surcharge beUveen a and b would 
increase the total w(4ght and the corresponding resisting friction. The 
friction force F ~ 0.5 X 19,390 = 9090 lb. Additionally, sliding is 
resisted by the passive earth i)ressure on the front of the w^all. Although 
the base plane is 3,5 ft below' grade, the top layer of soil cannot be relied 
upon to furnish passive pressure since it is freciuently loosened by roots 
and the like or could be scoured out by cloudbursts. For this reason the 
top 1.5 ft will be discounted in computing the passive pressure, which 
then becomes Pp — = *2 X 120 X 4 X 3.0 = 720 lb. The. 

safety factor against sliding, (9690 + 720) 6500 = 1.6, is but slightly 
larger than the re(]uired value 1.5, indicating a favorable design. 

9.7. Design of a Cantilever Retaining Wall. A cantilever wall is to 
be designed for the same situation as the gravity wall in Art. 9.6. A 
concrete with /' = 3000 psi and intermediate-grade steel will be used. 
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To facilitate computation of weights for checking the stability of the 
wall, it is advantageous first to ascertain the thickness of the arm and 
the footing. For this purpose the thickness of the footing is roughly 
estimated and then the required thickness of the arm is determined at its 
bottom section. With the bottom of the footing at 3.5 ft below grade 




and an estimated footing thickii(»ss of 1.5 ft, the free h(M'ghl of the arm is 
13.5 ft. Hence, \Nith respect to the bottom of the arm (see Fig. 9.3), 

P = ^2 X 120 X 13.5 X 20.1(1 X 0.333 = 5110 lb 
13.5'^ + 3 X 13.5 X 3.33 


y 


3(13.5 + (i.OGj 


- 5.25 ft 


M = 5440 X 5.25 X 12 = 313,000 in.-lb 


For the given grades of concrete and stec'l, K = 235, and hence the 
required thickness for bending is d = \/3-13,000/(12 X 235) — 11.1 in., 
and for shear d = 5440/(12 X 0.875 X 90) == 5.2 in. A protective cov¬ 
ering of 3 in. is required for reinforcement in concrete deposited against 
ground. Hence, the minimum recpiired thickness of the arm at its base 
is 14 in. This will be increased to 18 in., since the co.st of the excess con¬ 
crete in such structures is usually more than balanced by the simultaneous 
saving in steel. The thickness of the base is usually the same or slightly 
larger than that at the bottom of the arm. Hence, the estimated 1.5 ft 
need not be revised. 
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Since the moment in the arm decreases with increasing distance from 
the base and is zero at the top, the arm thickness at the top will be made 
8 in. It is now necessary to assume lengths of heel and toe slabs and to 
check the stability for these assumed dimensions. Intermediate trials 
are omitted here and the final dimensions are shown in Fig. 9.8a. Trial 
computations have shown that safety against sliding can be achieved only 
by an excessively long heel or by a key. The latter, requiring the smaller 
concrete volume, has been adopted. 

Weights and moments about the front edge obtain as follows: 



W, lb 

j, ft 

Mr, 

ft-ll) 

Wr. in 5 X 0.(17 X 150 .... 

1,1^55 

4 09 

5,550 

W,: in.5/2 X O.Sn X 150 

810 

4 70 

3,950 

W,: ‘>.75 X 1 5 X 150 

2,195 

1 87 

10,700 

W,. (1.25 (- ().(.7)/2 X 1.5 X 150. 

2U) 

4 50 

970 

M ,: :{75 X 2 X 120 

900 

1 87 

1,680 

H’o- i:4.5/2 X 0.83 X 120 

072 

4 98 

[ 3,350 

U',: 13 5 X 1.5 X 120 

7,280 

7 50 

54,550 

Total 

15,458 


"~79,750~~ 


The total soil pr(\sMire on plane ac is the sam(^ as for the gravity wall 
of Art. 9.(i, that is, P ~ (ioOO lb, and the overturning moment 

Mo = 37,000 ft-lb 

The distanc<* of tlu‘ resultant to the front edge is 

a ^ (70,7o0 - 37,000) l3,lo8 = 3.14 ft 

which lo(*at('s the r(‘siiltant ban4y outside the middle^ third. The cor¬ 
responding maximum soil pressure at the toe, from Fig. 9.0, is 

p - 2 X 13.458 3 X 3.14 = 28()0 psf 

The factor of safety against o\erturning, 79,750 37,500 == 2.12, is ample. 

To cluM’k the safety against sliding, it will ht* remem])ered (Art. 9.4) 
that if sliding oc(*urs it proceeds betw(*en concrete and soil along the heel 
and key (f.c., length a — c in Fig. 9.5) but takes place within the soil in 
front of the key (/.c., along / — ( in Fig. 9.5). Consequently, the coeffi¬ 
cient of friction that applies for the former length is/ = 0.5, while for the 
latter it is ecpial to the internal soil friction, /.c., tan 30° = 0.577. 

The bearing-pressure distribution is shown in Fig. 9.8^. Actually, 
since *^110 resultant is at a distance a = 3.14 ft from the front, f.c., out¬ 
side the middle third, formal computation w'ould indicate that the last 
4 in. of the heel have zero pressure (see Fig. 9.6). This length is so small 
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that only a negligible error will be made if, for simplification, it is assumed 
that the bearing pressure becomes zero exactly at the edge of the heel, as 
shown in Fig. 9.86. 

The resisting force is then computed as the sum of the friction for(*es 
of the rear and front portion, plus the passive soil pressure in front of 
the wall. For the latter, as in Art. 9.6, the top 1.5 ft layer of soil will be 
discounted as unreliable. Hence 


Friction, toe: (2860 + 1760) 2 X 3.75 X 0.577 = 4930 lb 

Friction, heel and key: 1760/2 X 6.0 X 0.5 = 2610 lb 

Passive earth pressure: 3.25^2 X 120 X 3.0 = 1900 lb 

Total resistance to sliding = !U70 lb 

The factor of safety against sliding, 9170 6500 = 1.16, is less than 
3 per cent below the recommended value of 1 5 and can be regarded as 
ade(|uate. 

These computations hold for the case that the stinhargc^ extends from 
the right to point a above the edge of the heel. Th(‘ other case of load 
distribution, when the surcharge is {)Ia(*ed over the entire surface of the 
fill up to point 6, evidently does not change the earth pressure' on the 
})lane ac. It does, however, add to the sum of the' vei t ical forces and will 
conseciueiitly incr<‘ase both the restoring moment 5/, and th(‘ friction 
along the base. Conseeiuently, the danger of sliding or overturning is 
gn'ater wIk'ii the surcharge extends only to u, for whi(*li situation these 
tw'o cases have been check(‘d and found adecjuale. In \iew of the added 
vertical load, however, the bearing pressure is larg(‘st wlnm tin* surface 
is loaded to 6. For this case, 


\V = + 100 X 5 33 - 15,590 11) 

Mr = 7t),750 + 100 X 5.33 X 7 Ot) - ft-lb 

94,850 - 37,500 

which places the resultant inside the middle third. Ibnice, from Fig. 9.6, 
Pi = (1 X 9.75 - (•) X 3 98) X = 2780 psf 

P 2 = (6 X 3.(i8 - 2 X 9.75) X - 127 psf 


w'hich is far below" the allow^able pressure of 1 tons per s(i ft. The cor¬ 
responding bearing-pressure distribution is shown in Fig. 9.8r. 

The external stability of the wall has lunv been as(*ertained, and it 
remains to determine the required reinforcement and to check internal 
stresses. 

Arm and Key. The moment at the bottom section of the arm has 
previously been determined as M = 343,000 in.-lb and a thickness of 
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18 in. at the bottom and 8 in. at the top has been selected. With con¬ 
crete covering of 3 in. clear, d = 18 — 3.5 = 14.5 in. The required steel 
area at the bottom is 


343,000 

' 14.5 X 20,000 


1.35 sq in. per ft 


The required area is provided by No. 8 bars at 7 in. center to center. In 
order to facilitate construction, the footing is poured first and a construc¬ 
tion joint provided at the base of the arm, as shown in Fig. 9.8d. The 
main bars of the arm, therefore, end at the top of the base slab, and dow¬ 
els are placed in the latter to be spliced with them. With u = 300 psi, 
the required length of the dowels above the top of (he slab is 


20,000 X 0.785 
‘3.14 X 300 


10.7 in. 


Since the entire strength of the wall depends on the strength of this splice, 
its length will be made 21 in. 

I'he bending moment in the arm decreases rapidly with increasing dis¬ 
tance from the bottom. For this reason only part of the main reinforce¬ 
ment is needed at higher elevations, and alternate bars will be discon¬ 
tinued where no longer needed. To determine the cutoff point, the 
moment diagram for the arm has been drawn by computing bending 
moments at two intermediate levels, 10 ft and 5 ft from the top. These 
two moments, determined in the same manner as that at the base of the 
arm, were found to be 100,000 and 30,000 in.-lb, respectively. The 
resisting mom(*nt provided by alternate bars, /.c., by No. 8 at 14 in. center 
to center, at the bottom of th(‘ arm is 

71/ = X 14.5 X 0.()75 X 20,000 = 171,000 in.-lb 

At the top d = 8.0 — 3.5 = 45 in., and the re.sisting moment of the 
same bars is only 4/ = 171,000(1.5 11.5) = 53,000 in.-lb. Hence, the 
straight line drawn in Fig. 9.8c indicates the resisting moment provided 
at any elevation by half the number of main bars. The intersection of 
this line with the moment diagram at a distance of 4 ft-2 in. from the 
bottom represents the point above which alternate bars can be discon¬ 
tinued. The ACI Code provides that bars shall be continued 12 diam¬ 
eters beyond the theoretical cutoff. Hence, alternate bars will be stopped 
at a distance of 5 ft-2 in. above the top of the base. 

(More steel could have been saved by discontinuing, at a higher eleva¬ 
tion, one-half of the remaining bars. However, this would have made 
the spacing of bars at the top equal to 28 in., which is too large. For 
such an arrangement it would have been necessary to provide, at the base, 
No. 6 bars at 4 in. center to center for main reinforcement which, with 
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cutoffs at two elevations, would have resulted in a spacing of 16 in. in the 
top portion. However, the labor cost of placing almost twice as many 
bars, including the bending of the correspondingly^ larger number of 
dowels, most likely would have outweighed the saving in steel.) 

Since the dowels had to be extended at least partly into the key to 
produce the necessary length of embedment, they were bent as showm to 
provide reinforcement for the key. The exact force which the key has 
to resist is difficult to determine since probably the major part of the 
force acting on the portion of the soil in front of the key is transmitted 
to it through friction along the base of the footing. The relatively strong 
reinforcement of the key by means of the extended dowels is considered 
sufficient to prevent separation from the footing. 

The sloping sides of the key were provided in order to facilitate (*\(‘ava- 
tion without loosening the adja(*eut soil. This is necessary in order to 
ensure proper functioning of the key. 

Base Slab. Toe and heel are designed for moments and shears caused 
by the bearing pressure, acting upw^ard. and countera(‘ted by the super¬ 
imposed weight of till and suicliarge, including the weight of the footing 
proper. Sin(*e both the bearing pressure and the superimposed w’eights 
are different for the two cases of surcharge extending to ('ither a or 
both these conditions must be (diecked. This has been done and, for this 
particular wall, it w^as found that moments and shears were not much 
different for the two cases but that slightly larger values obtained with 
surcharge extending to b. 

On the heel, the combined weights, including surcharge, arc 

13.5 X 120 + 1.5 X 150 + 400 = 2215 lb per ft 

The moment and shear produced by this load arc counteracted by those 
from the bearing pressure (Fig. 9.8r). Hence, 

Mi = 2245 X 4.5^ - 427 X 4.5- - (1512 - 427) X -g' 

= 14,750 ft-lb = 177,000 in -\h 
Va = 2215 X 4.5 - ^ X 4.5 = 5730 lb 


The 18-in. thickness is ample for concrete bending and shear stresses, as 
can be seen without computation by comparison wdth the eorresoonding 
values at the base of the arm whose thickness, at that point, is equal to 
that of the footing. The required steel area 


177,000 

14.5 X >8 X 20,000 


= 0.70 s(i in. per ft 


is provided by No. 8 bars at 12 in. center to center = 0.78 sq in. per ft. 
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For the toe, the fill above it will be neglected as being subject to pos¬ 
sible erosion. Hence,, with only the weight of the footing 

1.5 X 150 = 225 lb per ft 

acting downward, 

= 1875 X —2 + (2780 - 1875) X - 225 X ^ 

= 15,8(K)ft-lb = 189,500 in.-lb 
V, = 2780 + 1875 ^ ^ ^ ^ 

* 4 ^ 


Comparison with the moment in the arm, 3 13,000 in.-lb, again shows the 
thickness to be ample for bending. Tlie shear stress 


V 


_ 7890_ 

X 11.5 X 12 


= 52 psi 


is smaller than the allowable value ?v = 90 psi. The steel area 


A. = 


_ 189,500_ 

14.5 X X 20,000 


= 0.75 s(i in. per ft 


will again be provided4)y No. 8 bars at 12 in. center to center = 0.78 sq in. 
per ft. The r(‘(|uired h'ligth of embedment beyond points e and d, the 
same as for the No. 8 dowels, is provided as shown. The No. 4 bars 
indi(‘ated in yig. 9.8d furnish the shrinkage reinforcement and also serve 
to space the main n'inforcement. Drainage is to be secured by one of 
the methods shown in Fig. 9.1, depending on local conditions. 

9.8. Design of Counterfort Retaining Walls. The external slahilitij of 
a counterfort retaining wall is determined in the same manner as in the 
examples of Arts. t).(» and 9.7. The toe s/ah represents a cantilever built 
in along the frotit face of the wall, loaded upward by the bearing pressure, 
exactly as in the cantilever wall of Art. 9.7. Reinforcement is provided 
by bars a, Fig. 9.9. 

A panel of the vertical xcall between tw^o counterforts is a slab acted 
upon by the horizontal earth pres.sure and supported along three sides, 
f.c., at the tw’o counterforts and the base slab, while the fourth side, the 
top edge, is not support(»d. The earth pressure, of course, increases lin¬ 
early with distance from the free surface. The exact determination of 
moments and shears in such a slab supported on three sides and non- 
uniformly loaded is rather involved.* It is customary in the design of 
such walls to disregard the support of the vertical wall by the base slab 


* For design data on such slabs, which also occur in tanks and bins, see, “Rec¬ 
tangular Concrete Tanks,” Concrete Informahon STG3, I’ortland Cement Association, 
1943. 
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and to design it as if it were a continuous slab spanning horizontally 
between counterforts. This procedure is conservative, because the 
moments obtained by this approximation are larger than those corre¬ 
sponding to the actual conditions of support, particularly in the lower 
part of the Avail. Hence, for very large installations, significant savings 
may be achieved by a more accurate analysis. 

Slab moments are determined for strips 1 ft wide vertically, usually for 
the strip at the bottom of the Avail and for three or four e(iually spaced 



Section B-B 


R ♦t A 



Section A-A 

Fi(i. 9.0. Details of counterfort retaining wall. 


additional strips at higher elevations. The earth pressure on the differ¬ 
ent strips decreases Avith increasing elevation and is determincid from 
Efp (9.1). Moments and shears cannot be determined from the recom¬ 
mendations of the ACI Code (see Art. 3.6), since the entire horizontal 
load, f.e., the earth pressure, must be regarded as live load. On the other 
hand, an exact analysis by moment distribution or some other method, is 
not warranted in view of (a) the approximate assumptions of the design 
as just discussed and (6) the uncertain magnitude of the earth pressure, 
Avhich depends, among other influences, on moisture content and may 
vary from one panel to the next. The authors consider it adequate to 
assume the positive moments midw^ay between and the negative moments 
at the counterforts to be equal and to use for these moments 



94$ 


RETAINING WALLS 


[Art. 9.8 



for the two lowermost strips and 



for the strips at higher elevations. The smaller moment value for the 
bottom strips accounts for the fact that the additional support provided 
by the base slab decreases the moments in the bottom portions of the 
slab as compared with those which would obtain if this support were 
absent. The shear force at each support of a strip is simply computed 
from V = pi/2. Horizontal bars h (Fig. 9.9) are provided as required 
by these moments, with increased spacing or decreased diameter at higher 
elevations, corresponding to the smaller moments. Alternate bars are 
bent up to provide for the negative moments at the counterforts, or 
additional straight bars are placed for them. 

The h(rl slab is supported in a manner similar to that of the wall slab. 
i.e.f by the counterforts and at the wall. It is loaded downward by the 
weight of the fill resting on it, its own w'eight, and such surcharge as 
there may be. This load is counteracted by the bearing pnvssure. As in 
the vertical wall, a simplified analysis consists of neglecting the influence 
of the support along the third side and of d(‘t(‘rmining moments and 
shears for strips parallel to the wall, each strip representing a contin¬ 
uous beam supported at tin* counterforts. The same formulas for 
moments and shears can be used that were given for the wall slab. With 
horizontal soil surface, the downward load is (‘onstant for the entire heel, 
whereas the upward load from the bearing pressure is usually smallest at 
the rear edge and increases frontward. For t his reason the span moments 
arc positive (coinjiression on top) and the support moments negative in 
the rear portion of the hc'cl. Near the wall the bearing pressure often 
exceeds the vertical weights, resulting in a net upward load. The signs 
of the moments are corr(‘spondingly inverted and steel must be placed 
accordingly, ?.c,, near the top face in the span and near the bottom face 
at the supports. Bars c are provided for these moments. 

The counterforts are wedge-shaped cantilevers built in at the bottom in 
the base slab. They support the wall slab and, therefore, are loaded by 
the total soil pressure over a length ecpial to the distance center to center 
between counterforts. They act as a T beam of which the wall slab is 
the flange and the counterfort the stem. For this reason concrete stresses 
are always low and need not be checked. The maximum bending 
moment is that of the total earth pressure, taken about the bottom of 
the wall slab. This moment is held in equilibrium by the force in the 
bars dj and hence the lever arm of internal forces jd is the perpendicular 
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distance pq, from the center of bars d to the center of the bottom section 
of the wall slab. Since the moment decreases rapidly in the upper parts 
of the counterfort, part of bars d can he discontinued. To find the cut^ 
off points, it is simplest to use the same graphical method which was 
employed for the arm of the cantilever wall (Fig. 9.8c). 

Shear stresses are checked in the base section so thatjrf is here repre¬ 
sented by the horizontal distance op from the center of bars d to the 
center of the wall slab. However, some modification of the customary 
shear stress computation is required for wedge-shaped members In gen¬ 
eral, such stresses, on a section parallel to the external load such as op, 
are determined by the usual formula Vc = Fi where 

Fi = 7 ± ^ (tan B + tan <f>) (9.9) 

V and M are the shear and moment at the section, and B and are the 
angles which the longitudinal edges subtend with a line perpendicular to 
the section.^ The minus sign is to be used when the depth iiuTeases with 
increasing bending moment, as is the case in counterforts For the 
example of Fig. 9.9, one of the two angles, say ’s zero lor the front 
edge, while <t> is the angle between the vertical and the rear edge. Usu¬ 
ally concrete alone is sufficient to carry this shear, although bars c act as 
stirrups and can be used for resi.sting excess shear. 

The main purpose of bars e is to counteract the pull of the wall slab, 
and they are thus designed for the full reaction of this slab. 

The remaining bars of Fig. 9.9 serve as shrinkage reinforcemcnit, except 
that bars / have an important additional function. It will be recalled 
that the wall and heel slabs are support(*d on three sides. Ev(mi though 
they were designed as if supported only by the counterforts, they develop 
moments where they join. The resulting tension in and n(*ar the reen¬ 
trant corner is conducive to cracking, which is counteract(‘d by bars/. 

^ See “Recommended Practice and Standard Specifications for Concrete and Rein¬ 
forced Concrete,” Report of the Joint (ornmittee on Standard Specifications for Con¬ 
crete and Reinforced Concrete, Proc. ASPK^ part 2, j)]). 55, 5(i, June, 1940. 
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10.1. General. The use of arohos is tho oldest structural method for 
bridging spans too large for straight beams. Arches were introduced by 
the Romans for their bridges, a(|ueducts, and large public buildings more 

than 2000 years ago. In the form of 
masonry, concrete, steel, and timber 
arches, they have been in wide use 
ever since. At the present time rein¬ 
forced concrete arches find their ap¬ 
plication not only in bridge building 
but increasingly in long-span, fireproof 
roofs, such as in hangars, auditoriums, 
sports arenas, warehouses, industrial 
plants, and tht' like. 

\I()d(‘rn arches are of three types, 
the fixed arch, vhich is rigidly con¬ 
nected to the abutments, the two- 
hinged arch, which is supported at 
each end by a hinge resting on the 
abutment; and the three-hinged arch, 
which has an additional hinge at the 
croNMi. Reinforced concrete arches 
are mostly of the first two types, 
though three-hinged arches have been 
built very successfully, particularly 
the daring concrete bridges designed 
by Maillart in Switzerland. 

The structural action and advan¬ 
tage of arches are easily recognized by 
Figure 10. In shows a uniformly loaded 
8, Vmeix = 2, and axial force = 0. 

is the same as before. The 
= (wL/2) cos 6 and, 



w, lb per ft 



considering a two-hinged arch, 
simple beam, with = wL“ 

If this beam is curved, as in Fig. 10.16, Jl/n 
shear at the support, however, is decreased to 
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in addition, an axial force is now present in the member which, at the sup¬ 
ports, equals N = {wL/2) sin 6, This curved beam tends to straighten 
under load since, owing to bending, the bottom fibers are stretched, the 
top fibers compressed. This action tends to increase the span, as shown 
in Fig. To maintain the original span, as in the two-hinged arch 

\\ith immovable supports (Fig. 10.1c), a horizontal reaction H must be 
applied. In this two-hinged arch obviously 

Hh ^ cos 6 — li sin $ 

^ wn 6 -r H cos B 

It is seen that, in comparison with the simple beam, the bending moment 
and the shear force in the arch are greatly decreased. On th(» other hand, 
an axial compression force N, not present in the beam, is acting in the 
arch. It is exactly this state of alTairo which is dc'sirable iii reinforced 
concrete, since concrete is relatively weak in tension and shear but strong 
in compression. In carrying the normal tension caused by moments and 
the diagonal tension caused by shear, the concrete^ in a section is largely 
ineffective, while it could be fully utilized in resisting axial (‘ompKvssion. 
This is exactly what is achieved in arch action, since moments and shears 
are greatly decreased and loads are carried primarily by axial com¬ 
pression. The aim of arch design, therefore, is to eliminate momemts 
and shears as completely as possible, which can be achieved by judicious 
selection of the shape of the arch. 

The designations of the various parts of an arch are given in Fig 10.2o 
which shows an open-spandrel fixed arch bridge. The space between the 
back of the arch (the curve of the extrados) and the roadway is known as 
the spandrel. The roadw^ay can be carried by a beam-and-girder floor 
system resting on columns which, in turn, are support(*d on individual 
arch ribs, as shown in Fig. 10.2a. Alternatively, bridge roadways are 
frequently supported on barrel arches whose width is ecpial to that of the 
entire bridge, as shown in Fig. I0.2b. The roadway in this type is sup¬ 
ported on earth fill which is confined laterally by spandrel walls. Struc¬ 
tures of this type are known as spandrel-filled arches. 

The choice of two-hinged or fixed arches depends on the particular 
conditions of design. Fixed arches require immovable abutments which 
prevent not only vertical and horizontal motion but also rotation of the 
springing line. If rock foundations are available, this is not difficult to 
achieve, and in this case the fixed arch is the simplest and most econom¬ 
ical solution. In compressible soils nonyielding abutments are difficult 
to obtain and must often be supported on elaborate pile foundations, 
including batter piles. For roof arches resting on columns or walls, it 
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ie obviously impossible to fix the springings against rotation, since the 
rigidity of the supporting structures is not sufficient for this purpose. 
Two-hinged arches, on the other hand, are insensitive to rotations and to 
moderate differential settlements of the abutments which, for this reason, 
can often be made less substantial than for fixed arches. Tie rods are 


Rood deck- 


'Spandrel column 



built both with fixed arches and with tied two-hinged arches; in the lat¬ 
ter case tie rods were located below" the floor. In contrast to the arch 
ribs ol the previous examples, barrel-arch roofs of the type shown in 
Fig. 10.5 can be used for moderate spans of fireproof w^arehouses, garages, 
and the like. A strip of unit width can be designed as a two-hinged arch. 
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Horizontal beams are provided at the edges and transfer the horizontal 
thrust to tie rods spaced at reasonable inter\'als. The use of tie rods is 
often impossible, as in most bridges, or architecturally objectionable, as 
in monumental halls, or may be ruled out by vertical clearance require¬ 
ments, as in some industrial and warehouse structures. Additional ver¬ 
tical clearance can be gained hj' the use of cambered tie rods, shown in 

If 



Fi«. 10.1. Hangar at Chicago Municipal Airport. Fixed arches Hpa((‘d at 28 ft- 
clear .span 257 ft, height at c(*nter 60 ft, tliiekness oi eonereto shell between 
arches vanes from 3^2 to 6 in, (Courtesy of Ammann ami Whitney,) 


Fig. 10.3. Effective hinges can be constructed at reasonable cost, pro¬ 
vided that the reactions are not excessively large. They may be archi¬ 
tecturally undesirable, however, and represent a maintenance problem in 
some cases. A well-considered decision on the type of arch to be used in 
a given design depends, therefore, on a balanced evaluation of factors 
such as those just enumerated. 



As was noted in the general discus.sion of arch action (Fig. 10.1), arch 
libs or barrels are subject to compression, bending, and, usually small, 
shear. They are, therefore, designed and analyzed in the same manner 
as eccentrically compressed columns, with one layer of steel being located 
near the extrados and another near the intrados. It is economical to 
keep steel percentages small, on the order of 1 to 2 per cent. Lateral 
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ties for the reinforcement are used in arch ribs as in columns. In barrel 
arches, transverse reinforcement normal to the main steel is placed near 
both surfaces and is tied to the main longitudinal steel. This distrib¬ 
utes localized loads and acts as temperature and shrinkage reinforcement. 

10.2. Theory of Symmetrica^ Two-hinged Arches. The two-hinged 
arch (Fig. 10.1c) differs from a curved simple beam (Fig. 10.1?)) in that 
horizontally immovable hinges or tie rods prevent the spread of supports. 
The forces in such an arch can be analyzed by introducing a fictitious 



ie) id) 

Fig. 10.6 


roller support at one of the hinges which converts the arch into a simple 
beam. The horizontal displacement ?/ can then be determined. To con¬ 
vert this fictitious beam into the actual arch, a horizontal force H must 
be introduced of sufficient magnitude to produce a displacement equal 
and opposite to u. In other words, this force brings the fictitious roller 
support back to its original position as it actually is in the arch. 

To determine the horizontal displacement take a small element ds 
(Fig. 10.6a) of the arch, and consider the effect of the deformation of this 
one element on the deformation of the arch as a whole. Thus all parts 
of the arch with the exception of this one element are considered as rigid. 
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The contribution of the deformation of the element ds to the total dis¬ 
placement can be determined as follows. A bending moment My con¬ 
sidered as constant over the small length ds, will cp\ise the left cross sec¬ 
tion to rotate with respect to the right one by an amount d4> which can 
be determined by the moment-area principle, z‘.c., from the fact that the 
rotation of one section with respect to another is ec^ual to the area of the 
moment curve between them divided by EL Hence * 

d, . ^ 00 1 ) 

The entire left portion of the arch, rigidly attached as it is to the cross 
section, will likewise rotate through an angle d(t>, as repres(Mited by the 
dotted position of the axis in Fig. 10.6/>. (\)iise(]iiently, tin* left end of 
the arch describes an arc rd</). It will be noted that triangle ABC is 
similar to triangle CDE. Hence, from simple proportions, di^> r d<l> «= y V 
and the horizontal displacement 

du=yd<i, = ‘^~ (10.1a) 

This is the contribution made to the total displacement u by the angular 
deformation due to bending of the single element ds. To obtain n itself, 
it is only necessary to sum up these contributions for all elements ds 
along the arch, or 

„ 0 . 2 , 

Let Mq represent the bending moment due to any external arch loads 
caused in the fictitious simple curved beam, such as Fig. \0.\h. These 
moments, of course, are the same as those in the straight beam, Fig. 
lO.lfl. Then the outward displacement due to these “simple beam 
moments^^ is 

Wm, = / -LW” (10.2a) 

The sign convention is the same as in beam analysis; z.e., moments are 
considered positive if they produce tension in the bottom fiber. In 
addition to Mo the horizontal reaction II causes a moment at section x 
which is equal to 

Mh - -Hy 


and the inward displacement caused by these moments is 
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Since, actually, no displacement occurs at the immovable hinge, 


from which one obtains the magnitude of the horizontal reaction 


H = 


f’M^ 

7 : 


yds 

ds 

~ET 


(10.3) 


If displacements u were caused exclusively by bending, Eq. (10.3) 
would furnish all the information necessary for analyzing a two-hinged 
arch. Since such an arch, as is seen from Fig. 10.1, has only one statically 
indeterminate reaction, //, it is now possible to find moments, shears, and 
axial forces at any point in the arch from equilibrium conditions only, 
since the previously unknown force H is given by Eq. (10.3). However, 
other factors in addition to bending moments may contribute significantly 
to the magnitude of u and must therefore be (‘onsidered in determining II. 

In addition to l)ending moments, shear forces and axial thrusts act on 
element ds. Deformations due to shear in arches are even smaller, rela¬ 
tively, than in beams and can therefore be neglected. Those caused by 
axial compression forces A7, on the other hand, may affect the magnitude 
of II significantly and must therefore be considered. 

Consider an element ds with a concentric force N on both faces, as 
shown in Fig. 10,6c. The axial shortening Ads caused by the normal 
force No is Nods/EA. No is the component parallel to the arch axis at 
that point of all external forces and reactions on the fictitious curved 
beam to the right or left of the element ds. TIk^ component of A ds in 
the direction of u is 

du = Ads cos B (10.4) 

Hence 

, No cos B ds 

(ins. = , 


and the total displacement due to .Vo is 




r* .Vo cos B ds 
0 EA 


(10.5) 


The minus sign indicates that this displacement is inward, in contrast to 
the outward displacement Um^ fhe other hand, the horizontal reac¬ 
tion II results in an axial compression at any point of the arch of magni¬ 
tude H cos B] thus the inward displa(‘ement caused by this action is 
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The temperature changes which are inevitable in outdoor arches such 
as bridges, and which also o«*cur in roof arches, produce a further 
deformation of the arch. A uniform temperature increase of causes 
the arch element ds to increase in length by the amount 

ds = <j}t^ ds 


where w is the temperature coefficient of expansion. Substitution of this 
expression in Kq. (10.1) and integration over the entire arch gives the 
total support displacement due to a uniform temperature increase, 

u, = 0 i(° j’ cos 9 ds = (10.7) 


Another factor which results in inward displacement ?/ is th^' inevitable 
shrinkage of concrete. It has been shown, however, that thc‘ anfavorable 
effect of shrinkage is greatly decreased by the long-time plastic flow of 
concrete, which allows the structure' to adapt itself to those stresses which 
are caused by change of shape, such as shrinkage, rather than by external 
loads. * 

It is proposed in this report that the limited effe *t of shrinkage can be 
accounted for by an ecpiivalent drop in temperature of Ifi^F which is to 
be added to the actual, seasonal temperature drop for which the arch is 
designed. The same report suggests that temperature changes for arch 
bridges be taken as a rise and fall e(|ual to 30 per (‘ent (a total range of 
GO per cent) of the difference between maximum and minimum recorded 
temperature at the locality. Th<' temperature coefficient may be taken 
as w = 0.0000055 per degree Fahrenheit. This temperature range is 
applicable to outdoor arches, such as bridges. For roof arches, the tem¬ 
perature regime of the proj(*cted building must be considered. 

In addition to the uniform temperature change just considered, a tem¬ 
perature differential may exist betwc'cn the extrados and the intrados in 
roof arches, particularly if, as in the hangar of Fig. 10.4, the roof slab or 
shell is placed at mid-depth of the arch ribs. The total temperature 
changes and corresponding deformations may then be represented as in 
Fig. lO.Gd. The amount by which the bottom fiber ds expands more than 
the top fiber is w ds. It is seen that this results in 


, ds 

i4.-- 


( 10 . 8 ) 


If this value is substituted in the left equality of Eq. (10.1a) and inte¬ 
grated over the arch, the total displacement caused by the temperature 
gradient becomes 

^ See Plain and Reinforced Concrete Arches,” Report of Committee 312, C. S. 
Whitney, chairman, J. ACI^ vol. 12, no. 1 (Pror. ACI, vol. 37) September, 1940. 
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= (Ji At° 



(10.9) 


These are all the types of displacements that occur in an arch with 
immovable hinges. In arches with tie rods, however, hinges are not 
immovable since the force JI in the tie rqd causes it to stretch. For a tie 
rod of area Atr and modulus Etry this stretch amounts to 


Vtr 


H 



( 10 . 10 ) 


For a tied arch, the sum of all other displacements must be equal to 
the stretch of the tie, ?.c., 


Wa/o + Um„ + + Wr + = Wtr 

If the proper values arc substituted in this etjuation, the unknown hori¬ 
zontal force II may be found: 


r - f’ + E. [ n+Af r 1 

J{ ^ _ d_L _ Jo 1 J[ 

jo I ^ Jo A ^ EtrAtr 


( 10 . 11 ) 


This lengthy expression can usually be simplified by omitting terms 
which are either zero or negligibly small, depending on the particular 
condition. Thus, for an arch without tie rod the last term in the denom¬ 
inator drops out since Utr = 0. If no temperature gradient can occur 
between extrados and intrados, such as in bridge arches or in roof arches 
located Ix'low a well-insulated roof surface, the term containing At° is 
zero. Furthermore, in many cases the displacements and caused 
by axial compression are very small as compared to those caused by bend¬ 
ing moments (?/vfo and Um„), For a parabolic arch, S. Timoshenko' has 
computed the amount of error obtained by neglecting the influence of 
axial compression in determining H, His results are given in the table 
below 


hll 

■li 


H 



tr 7 

‘ l 0 ' ^2 0 

Ho 1 

' 10 

'20 

'30 

'lO 

'^0 Ho 

lOrror, % j 

1 17.1 5.1 

2.4 

1 

84 

22 

1 0 ’ 

1 1 8 

0 4 0.2 


where = thickness at crown. Considering that the usual accuracy of 
engineering designs is hardly greater than 5 per cent on account of uncer- 

' S. Timoshenko, “Strength of Materials,” part II, p. 96, D. Van Nostrand Com¬ 
pany, Inc., New York, 1941. 
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tainties of loading, materials properties, and various other factors, it is 
seen that the influence of axial compression can be neglected in all but 
very flat and/or unusually thick arches. Normally then, the second 
term in both the numerator and denominator can be dropped as being 
negligibly small. Hence, for an arch of usual dimensions without tie 
rod and without temperature gradient, H can be determined with suffi¬ 
cient accuracy from 



Moil 

”7 " 


+ 



(lO.llo) 


Naturally the terms for temperature gradient and tie rod must be 
included if such are present in the structure. 

The determination of the integrals in the e(]uation for II is possible, 
provided that M .Vo, /, A, h, and ?/ can be expressed as functions of ,s 
and that these functions cari be integrated. Ordinarily this is possible 
for only a few very simple cas(‘s with the arch axis as lither a parabola or 
a circular arc. In most other cases it becomes nec( ssary to approximate 
th(\se integrals by a finite sum of numerical terms. The details of this 
procc'durc will be given after the theory of fixed arch(\s is developed. 
Once II has been found, the problem is reduced to a statically determi¬ 
nate one and M, N, and V at any se(*tion of the arch can be found from 
the conditions of eciuilibrium. 

10.3. Theory of Symmetrical Fixed Arches. The fixed arch shown in 
Fig. 10.7f/ has a total ot six reactions, or., a \(‘rtical and a horizontal reac¬ 
tion and a moment at each springing. Tluan* arc*, then, thr(*e ivdundant 
reac’tions to be d(‘t(*rmincHl. If no horizontal loads are pivscmt, the con¬ 
dition that the sum of horizontal forces be z(‘ro results in /// = Hr. 

For purposes of analysis the arch is cut through the crown and each 
half arch is regarded as a statically determinate cantilever fixed at its 
springing. In the plane of sejiaration, in general, a horizontal and a 
vertical force He and Vc and a bending moment Me v\ill act from one half 
onto the other. These thr(*e (|uantities are taken as the redundants. 
They are shown, in Fig. 10.7f;, acting in the direction and sense which 
will be assumed as positive in the following derivations. In any other 
cross section of the structure, M, N, and V will be assumed positive, as 
showm in Fig. 10.76. If IIc, and Vc are known, M, N, and V at any 
point can be determined from statics. 

The crown sections of the separate halves, through the action of loads, 
temperature, and other influences, will be displaced from their original 
positions. In general, there will be a horizontal displacement a ver¬ 
tical displacement e, and a rotation of the normal to the crown sec- 
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tion 0. The directions of these displacements which are assumed posi¬ 
tive are shown in Fig. 10.7a. If the structure actually consisted of two 
independent cantilevers, u, v, and <l> would, in general, be different for 
the two halves. Since, actually, the arch is one continuous struc¬ 
ture, in reality these displacements must be equal in magnitude and sign. 
Consequently, 


Vl = Ur 

Vi = Vr ( 10 . 12 ) 

<t>l = 4>r 


where the subscripts / and r refer to the left and right half arch, respec¬ 
tively. These three eciuations permit the determination of the redun- 
dants //c, Vc, and Me- In other words, in the arch these three quantities 





must be of such magnitude as to join the left and the right cantilevers 
into one continuous structure. 

Isolating an element ds of the arch, Fig. 10.7r, one can determine the 
contributions du, rfr, d<t> made to the total displacements <t> by the 
deformations of this single element. The bending moment M causes a 
rotation d<l> which is determined by Eq. (10.1) of Art. 10.2. The part of 
the arch between the section and the crown, considered rigid and repre¬ 
sented by its axis in Fig. 10.7e, rotates through the same angle which, 
consequently, also represents the rotation of the crown section caused by 
the deformation of the element ds. Furthermore, since the triangles 
ABC and CDE are similar, it is seen that 
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from which 


dn ^ y 
r dtt> r 


and 


dv _ X 
r dit> r 


du = y d4> dv = x d<t> 
Substituting dd> from Eq. (10.1), one obtain? 


, My ds 

du=± 


j _ Mx ds , 

^ -^~Er 


M (h 
* KI 


3S1 


(10.13) 

(10.13a) 


In these and the following expressions, if two signs are shown, the upper 
refers to the left and the lower to the right lialf arch. 

In addition to the angular rotation d<t>, the ('lenients ds will also be uni¬ 
formly compressed or stretched by normal forces temperature varia¬ 
tions, and shrinkage. If Ads is the change of ds due to aiiv of tlu'se 
actions, it is seen, from Fig. 10.7(/, that 


du = Ads cos 6 dv -= Ads sin (10.14j 

An axial force N results in Ads ~ N ds AM, and he»>('c in horizontal and 
vertical displacements 


dv = 


N ds cos 9 
EA 


dv = 


N ds sin 6 
EA 


(10.14o) 


At any point of the arch, y, the moment , and the axial force N 
are the resultant effects of the thn'e crown (|uantiti(‘s 71/,, and Vc 
and of the external loads acting on the half-arch cantilever in which the 
particular section is located. They can be cahnilated by statics (seeUg. 
10.7/>) and are tabulated below 


Force and Moment at Section x, y 


Du(^ to 


//. 

\ 

ExtcTiuil IoikIk 

M 

\ 

Mr ' 

//,?/ 

1 

— 1 V X 

A/(, 

N 

0 

Hr <*OS 0 

Vr Slli 0 

Af. 


The signs in this table are valid for both halvc's of the arch. In this con¬ 
nection it is important to note that for the right half arch x and 6 are 
negative, whereas y is positive by the sign convention given in Fig. 10.7a. 
It should also be noted that external gravity loads result in negative 
A/o (see Fig. 10.76). Nq at any section is the component in the direction 
of the tangent to the arch axis of all the external loads located V)etween 
that section and the crown; gravity loads therefore result in positive No, 
By substituting the values M and N from the table into Eqs. (10.13a) 
and (10.14a) and integrating for the left half from 0 to +s/2, and for the 
right half from 0 to ~s/2, one obtains separately the crown displace- 
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ment u and v for either half. If these are substituted in Eqs. (10.12), 
they result in three simultaneous equations for Ha and Vc. If any 
particular action, such as, for example, that of 11^ results in equal dis¬ 
placements of both halves, these can obviously be omitted from Eqs. 

(10.12) , since equal terms on both sides of an equation cancel. For 
example. He results in eciual vertical displacements vi and Vr, as is seen 
directly from Fig. 10.7c, considering that the corresponding behavior of 
the right half is obtained by mirroring the entire figure about the ver¬ 
tical axis through the crown. Hence, the contribution of He to the ver¬ 
tical displacements can be omitted in the second of Eqs. (10.12). On 
the other hand, the horizontal crown displacements caused by He arc 
ecjual in magnitude but opposite in sign, sin(*e the crown section of the 
left cantilever is displaced to the left (see Fig. 10.7^>) and that of the right 
one to the right. Hence, these displacements must be entered in the 
first of Eqs. (10.12). 

In Table 10.1 are given the crown displacements caused by the various 
actions, separately for both halves. They must be substituted in Eqs. 

(10.12) to determine tin* thre(‘ redundants. In this table the notation 
‘^cancels^^ designates displacements e(iual in sign and magnitude for both 
halves and which, conseciucntly, cancel if substituted in Eqs. (10.12). 
For simplicity, all values in the table are multiplied by E. 

TABLE 10.1. Crown Displacements of Half Arch of Fig. 10.7 

/'-|-«/2 r-s/2 1 

All Integrals / for left; / for right half; multiply by 
yo Jo xi 

ttusod by brmliiiK 



+ M. 

+ lie 



u 

--/"r 


(’anc els 

f j y 

V 

C’aru els 

('am els 


f M ox da 

*y y 
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*»•/'/ 


(’an( els 

^ j 


CttiHfd by ai<h «hort<*nmK and temperature 




4-Vc 

4* Vo 

1 


u 


Cancels 

iAT.y ' 

+ urE Jeos 6 da 

Cancels 

V 

Cancels 

1 „ f 8in* 0 da 

J ~ A 

('ancels j 

(’‘ancela 

1 

+ f ^ 


0 

0 

0 

0 

+ A/® J j 


Expreawtona mdioated by aBterisk are lero when x and y are measured from the elastic center. 
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In addition to the displacements caused by the (Town forces and the 
external loads (which include the weight of the arch), those resulting 
from temperature changes and shrinkage must be considered just as in 
the case of the two-hinged ar(»h. In fact, these influences are of more 
conse(iueiice for the fixed than for the two-hingc'd ar(*h, since the latter, 
being fr(‘e to rotate at the supports, is bettei able to accommodate itself 
to change's in shape without exci'ssive stress. 

A uniform temperature increase of amount i"" causes an elongation 
Ads = wt° ds which, if substituted in Kc|s. (10.14) and integrated over 
the respective half arches, gives the corresponding crown displacements. 
Tiikewise, a temperature diffc'n'iitial Ixdwt't'ii top and bottom fiber (Fig. 
lO.fid and c) results in a rotation (/<#>, given by Kep (10.8). This must be 
substituted in E(ps. (10.13) and similarly integrated to result in the C(;r- 
responding crown displacements. 

The corresponding value's are iik('- 
wise shown in Table 10.1. The 
general information given in the 
article on tA\o-hingf'd arch(\s as to 
range of temperature and m('thod 
of acc(mnting for shrinkag(‘is valid 
also for the fixed arch. 

If the displacemi'nts of the table 
are substituted in Eeps. (10.12), it is 
seen that the second eeiualion ('on- 
tains only Vr as an unknown and 
hence can be solv('d for this (pian- 
tity. dlie first and third, however, 
contain both Hr and Mr, resulting in two sirnultaiu'ous ecpiations which 
are awkward to solve and, wheii solvc'd, k'ad to rather lengthy exprc's- 
sions for these two (luantities. This complication can be overcome bya 
suitable transformation of coordinat('s. 

Considering the first term of the first row and the second term of the 
third row of the displacement table, it is seem that if jyds/I could be 
made zero, the first of E(]s. (10.12) wemid contain only IK as an unknown, 
and the third only Mr. Obviously, for the location of the (coordinate 
axes, as shown in Fig. 10.7(7, this ijitegral is not zero, since y is positive 
throughout. It is possible, however, to shift th(' origin to a position 
which will make this integral vanish. To visualize the meaning of this 
shift, assume the arch axis to be loaded by fictitious loads equal to 1// at 
every point as shown in Fig. 10.8a. Then, since yi is the lever arm of 
any of these forces about the origin, /yi ds/1 = 0 shows that the sum of 
the moments of all these f(jrc('s about the x axis is to he zero; i.e., the axis 
is to pass through the center of the.se forc'cs, or is to be coincident with 
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their resultant. The coordinate origin determined in this manner is 
known as the elastic center of the arch. From the general formula for 
finding the location of the resultant of parallel forces, the distance of 
the elastic center from the center of the crown is then found from 


Ve = 



(10.15) 


By symmetry these integrals need he extended only over the half arch. 

Let y\ designate the ordinate of any point on the arch axis measured 
from this new origin, as shown in Fig. 10.8a. Now, assume that the 
elastic center is joined to the crown section by a rigid, fictitious lever, as 
shown separately for both halves in Fig. 10.86. Instead of introducing 
the three unknown cfuantities 7lf<., 7/^, and Vc at the crown, introduce 
three similar cjuantities il/,, and V, at the ends of these fictitious 
levers, positive as shown. Then the previously tabulated expressions 
for w, V, and <t> refer now to the new origin (end of levers) if, in them, y is 
replaced by //i and 71/r, //r, and Vc by Me, He, and F*.. Ecpiations (10.12) 
are now valid for the ends of these levers. Since the levers are regarded 
as rigidly connected to their resp(*(*tivc crown sections and the two halves 
are fitted together to form the complete arch, the ends of the two levers 
cannot separate, no matter how the arch deforms. Thus the displace¬ 
ments V, and </> must be the same for the ends of both levers. 

Since the origin is now chos ui su(‘h that J//i ds/1 = 0, the first term of 
the first row’ and the second term of the third row in Table 10.1 vanish. 
(These terms arc indicated by an asterisk in the table.) Hence, if the 
remaining terms of the first, second, and third row' of the table arc sub¬ 
stituted, respectively, in the first, second, and third of E(ps. (10.12), they 
each result in one ecjuation with one unknown. He, Ve, and Me in that 
order. Since in each individual expression the respective integral for 
the left half arch is added to that for the right half, integration can be 
extended directly from —s/2 to 4-5/2, rather than writing two integrals 
for each terra. The three redundant quantities, referred to the elastic 
center, then become: 


7~g/2 7 _ J-8/2 ^ __ J-8/2 t 

4- cos^ d ds 

i -./2 I J-,/2 - 4 . 

(10.16) 



Art. 10.3] 


FIXED ARCHES 


3 S 5 


V. = 


M, = 


Max ds 

r El 

sin d 

ds 

J -f^/2 

I J 

r ~*/2 

A 


r9/2 

ds , 


^■eds 


J -s/2 

/ +. 

1 -a/2 

A 


rs/2 

Mads 

E A(^ 03 

f>/2 

ds 

“ / 

r 



J -8/2 

l 


J ->/2 

( 


J ~./2 I 


(10.17) 


(10.18) 


where all integrals extend over the entire areh, as indicated. 

Once these quantities are determined, it is more convenient to work 
with crown moments and forces (Fig. 10.76) rather than with those 
referred to the elastic center (Fig. 10.86). As is seen directly fjom this 
figure, 

Hr = He Ve =7. M, - Me - HeVe (10.19) 


Equations (10.16) to (10.18) account for all influeiueh that act on sym¬ 
metrical fixed arches. In any particular design it will often be found 
that certain of these influences are small as compared w^ith others and 
can therefore be negle(*ted. The analogous situation for the two-hinged 
arch was discussed in Art. 10.2. As in that case, the influence of rib 
shortening caused by axial forces N is small except for unusually flat and 
thick arches. Except for such cases, therefore, the second term in both 
numerator and denominator of Erjs. (10.16) and (10.17) can bo omitted. 
The last term in the numerator of E(p (10.16) will often be found to be 
small in comparison with other terms also. Indeed, for an arch with 
constant cross section this term vanishes. It does so because the elastic 
center was chosen such that J 7/1 ds/I = 0 which, for constant /, is the 
same as J 2/1 ds = 0. This makes Jz/i ds/t == 0 if ^ is constant. It is 
seen, therefore, that the magnitude of that term in h]c|. (10.16) depends 
essentially on the ratio of the depths at springing and crown and will 
usually be negligible. Finally, the term containing Af® in Eq. (10.18) 
must be included only in the rather rare case of a roof arch not insulated 
at the top. 

Hence, the following simplified expressions are usually accurate enough 
for purposes of design: 


He 


M^yi ds 
- 8/2 f 


+ Efoyl 



y\ ds 
' / 


(10.16a) 
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(10.17a) 


(10.18a) 


A word of warning should be said in connection with these simplified 
equations. Although under the specific conditions which were enumer¬ 
ated, the omitted terms are usually” negligibly small, there is no way 
of definitely ascertaining this fact except by computing these terms. It 
is therefore suggested, particularly for closely designed arches of signifi¬ 
cant spans, that the simplified eciuations be used for preliminary design 
but that in computing final stresses the influence of the omitted terms 
be at least estimated numerically and included in the final expressions if 
found significant. 

10.4. Evaluation of Integrals. The integrals which occur in the 
expressions for the redundants of both the two-hinged arch [Eqs. (10.11) 
and (lO.lla)l and the fixed arch [Eqs. (10.16) to (10.18) and (10.16a) to 
(10.18a)] can be evaluated by direct integration only in a few simple 
cases. For this reason it is necessaiy, in general, to approximate the 
integrals by sums of a finite number of terms. 

For this purpose the arch axis (not the span) is generally divided into 
a number of eciual intervals A.s*. A maximum of 10 intervals for the half 
arch is generally sufficient; 6 to 8 intervals may often be used for small, 
secondary structures. The pertinent (piantities entering a particular 
integral, such as Mo, and I for Jil/o//i , are then computed for the 

mid-point of each individual interval As. Then 

j Mpi/i (is ^ ^ Mo„yin 


where the subscript n refers to the values Mo, y\, and I at the mid-point 
of the rith interval. The other integrals in Eqs. (10.11) and (10.16) to 
(10.18) are computed in similar manner by summation. Attention must 
be paid to the signs of the various quantities. Thus, y\ is negative if 
measured upward from the elastic center of the fixed arch (see Fig. 10.8a); 
X is negative if measured to the right of the crown of the fixed arch, but 
is positive throughout for the two-hinged arch, as is evident from Figs. 
10.8a and 10.6a, respectively. The importance of this is evident, for 
instance, in connection with Eq. (10.17). If an arch is symmetrically 
loaded, Mo and No are equal at corresponding points of the two half 
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arches. On the other hand, for the left half arch, x and sin 6 are posi¬ 
tive, whereas for the right half they are negative. Each contribution to 
the sums for both numerator integrals made by an element on the left 
half is, therefore, canceled by the equal and opposite contribution made 
by the corresponding element on the right. Consequently, F, (and 
thereby Vc) is zero for symmetrical loads, in analogy with a simple beam 
which has zero shear at mid-span, if symmetrically loaded. 

For fixed arches, the location of the elastic center, I^]q. (10.15), is like¬ 
wise calculated by replacing the integrals by corresponding sums. The 
computation of these sums is best arranged in tabular form, as demon¬ 
strated in the design example of Art. 10.7. 

Moments of inertia can be computed for the entire concrete section, 
including the tension jxn'tion, without regard to reinforcement. The 
previously mentioned report of ACT C'ommittee 312 suggests that 
E = 4,000,000 psi be used for calculating the redundants for all com¬ 
monly used grades of concrete. 

10.5. Preliminary Arch Design. The analysis discussed in the pre¬ 
ceding articles can be carried out only if loads as veil as all dimensions 
of the arch are detinitedy known. Hefore such an analysis can be made, 
it is therefore necessary to determine the shape and weight of the arch 
by a preliminary design. In general, only the span, the rise, and the 
loads superimposed on the arch are known. (In (‘ases where the designer 
is free to select the rise it is important to consider that the horizontal 
thrust decreases as the ratio rise^sI)an incr(‘ases, with a consc'cpient saving 
in cost of abutments.) It is then recpiired to determine the shape of the 
arch axis and the dimensions of the cross sections at various points and, 
from these, to find the weight of the arch proper. Once these (|uantities 
are preliminarily det('rmined, an exact stress analysis (‘an be made. 
Should this analysis indicate the nec(\ssity for a considerable change of 
the assumed dimensic^ns, a sc'cond, final analysis must be made, based on 
the corrected dinnuisions. Since such computations are very time-con¬ 
suming, it is desirable to determine the shape of the arch by preliminary 
design as accurately as possible so that subseciuent corrections are held 
to a minimum. 

The axis of the arch is generally made to coincide with the equilibrium 
or string polygon for dead load. If this is done, bending moments arc 
caused by live load only. This polygon can be drawn only after the 
weight of the arch is determined. For roof arches, where dead loads are 
mostly uniform along the axis, the parabola is a close approximation to 
the dead-load polygon and, with the designations of Fig. 10.9, the equa¬ 
tions of the axis and the slope are 

y — Arlc^ 
tan 6 = 8rc 


(lO.lOd) 

(10.195) 
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For spandrel arch bridges, according to V. A. Cochrane^ for open-span¬ 
drel arches, 


y = 

tan B = 

and for filled-spandrel arches 

y = 

tan B = 


Sr/ 

6 + 5r(^’ + ‘<^> 

(10.20O) 

^«'^(6c + 40c'r) 

(10.206) 

4r/ 

j^^(c^ + 24c‘r) 

(10.21a) 

(2c + 120cV) 

(10.216) 


Next it is necessary to obtain an estimate of the maximum moments, 
thrusts, and shears for the purpose of determining the re(juired cross sec¬ 
tion. To this end superimposed loads are determined, and a rough esti¬ 
mate is made of the weight of 
the arch proper. If temperature 
stresses need consideration, the 
limiting temperatures are also de¬ 
termined. With these data it is 
possible to determine ilf, F, and H 
from Tables 10.2, 10.3, and 10,4. 
Tables 10.2 and 10.3 are set up for 
parabolic arches [Eqs. (10.19) 
mostly for roof structures]; and Table 10.4, for arches according to Eqs. 
(10.20) and (10.21), mostly for bridges. 

For roof arch(\s, the dead load is generally approximately uniformly 
distributed along the arch axis. The load per horizontal foot of span is 
therefore distributed as shown in Fig. 10.10. In order to use Tables 10.2 
and 10.3, this load can be divided 
into a uniform load g and a vari¬ 
able load of maximum intensity g' 
at the springing. The tables then 
allow one to compute separately 
the influences of each of these two 
loads which must be added to result 
in the final it/, T^, and II. Live load must be so placed as to give maxi¬ 
mum moments or forces, which will generally require partial loading of 
the span. The necessary formulas for partial loading are included in the 
tables, where the load positions, determined by a = o//, are as shown on 
the sketches. Positions of loads and values for a which result with good 

***Design of Symmetrical Hingeless Concrete Arches,” Proc. EngrsJ* Soc. West, 
Penn., vol. 32, p. 647, 1916. 



g -loadper foot of axis 

g/cos 9 ~ corresponding bad per foot 
of span 

Fig. 10.10 











TABLE 10.3. Moments and Reactions of Fixed Parabolic Arches 



♦ According to Eqs (10 19). 
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accuracy in maximum moments at the crown, cjuarter point, or springing, 
respectively, are given for both types of arches in Fig. 10.11. 

In order to obtain simple expressions for Tables 10.2 and 10.3, 


was assumed. Even considerable deviation from this relationship has 
relatively little influence and loads to satisfactory accuracy. 

For bridge arches, A. Cochrane has developed a s(^ries of approxi¬ 
mate ecpiatioiis for determining stresses in an arch ring, which give values 
very close to those obtain(‘d by the exact method. Whih' the authors’ 
experience with tht‘se eejuations seems to indicate that the results obtained 



Fig. 10.11. Live-load positions for maximum moment. (Cominitod for j)aral)olie 
arches, but satisfactorily accurate for most arches of common sluipcR.) 


by their use are slightly smalltT than those obtained by (‘xact analysis, 
they are sufficiently accurate to warrant their use in preliminary calcu¬ 
lations, and in less important structures might serve as a basis for the 
final designs. Some of the ecpiations devtdoped by V. A. Cochrane arc 
given in Table 10.4. The following notation is used (see Fig. 10.0): 

Z = span of arch axis, ft 
h — rise of arch axis, ft 
r = rise ratio h/l 

y = ordinate of arch axis, the abscissa of wdiich is cl 
s = length of half axis, measured along axis from crown to 
springing 

Sx = distance along axis from crown to a given section w^hose 
abscissa is cl — x 

to = thickness of arch rib at crowm 

te = thickness of arch rib at springing 

tz = thickness of arch rib at point whose abscissa is x 
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V = Sz/S 

Ut = ratio of thickness of springing to thickness at crown 
= ie/to 

Me = moment at crown, ft-lb 
Te = thrust at crown, lb 

M, = moment at springing, ft-fb 
Ts == thrust at springing, lb 

Tmi = coefficient for wl for thrust at crown corresponding to maxi¬ 
mum positive moment at crown 

Tmt = coefficient for wl for thrust at crown corresponding to maxi¬ 
mum negative moment at crown 

V» = approximate dead-load vertical end reaction, or one-half dead 
weight of span, lb 

We — weight of arch at c.rown, plus average weight of superstruc¬ 
ture at crown, lb per lin ft of span 
w = live load, lb per lin ft of span (not necessarily the same for 
all positions of the live load). 

CO = coefficient of linear expansion due to temperature changes 
t == change in temperature, 

E = modulus of elasticity of concrete, psf 

Iq = moment of inertia of arch rib at crown, biquadratic feet. 

The length of the half axis s for parabolic arches is 

8 = ^ (1 + I (10.22) 

For arches according to Eqs. (10.20) and (10.21), this length can be 
obtained from Table 10.5. 

Once approximate values of M, iV, and II are found for the critical 
sections from Tables 10.2 to 10.4, the required cross-sectional dimensions 
are determined in the usual manner for bending plus axial thrust. Rein¬ 
forcement is usually provided symmetrically near both faces. For rea¬ 
sons of appearance the depth is often increased gradually from crown to 
springing or else is held constant, but is hardly ever decreased toward the 
springing. Typical thickness variations according to Cochrane are given 
for fixed arches in Table 10.6. 

With dimensions of the cross sections determined as required by 
strength and appearance, the weight of the arch is computed. If the 
new total dead load differs materiall}^ from that assumed in the begin- 
ning, the preliminary design procedure is repeated with adjusted loads, 
and dimensions are correspondingly corrected. 

Since, at this stage, all loads are known, it is now possible to obtain 
the final location of the arch axis by passing a string polygon for dead 
load through the mid-points of the crown and springing sections. For 
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this purpose, as well as for the subsequent exact analysis, the half axis 
is generally divided into six to ten equal sections (see Art. 10.4) and the 
dead load of each section applied at its center. A smooth curve through 
the tangent to this string polygon then represents the final location of 

TABLE 10.5. Length s of Half Axis of Fixed Bridge Arches* 


Kinds of arches 

s 

Values of j for nse-ratio r 


0 10 

0 15 

0 20 

0 25 

0 30 

Open-spandrel ar(*hes 
Filled-spandrel arches 

0 513 

0 515 

0 529 

0 534 

0 551 

0 559 

0 577 

0 607 


V. A. Coehraiio, “DobiKii of Symmetrical Concrete Arches,” l^ro(. Eiujis.' Soc. 
West. Penn., vol. 32, p. 047, 1910 


the arch axis. Accnirato values of M, N, and V arc now dctfTmined by 
elastic analysis at the crown, quarter point, and springing, and at such 
additional points as may be necessary. The dilTc'HMice between these 
accurate values and th(» approximate ones obtained from th(‘ preliminary 
design will retpiire minor adjustments of cross-sectional dimensions which 


TABLE 10.6. Typical Thickness Variations of Fixed Bridge Arches* 
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can often be made merely by changing tin* reinforcement without altera¬ 
tion of over-all size. Even if the thickness and width of the arch are 
changed in this stage of design, the elabonite elastic analysis need not be 
repeated for the adjusted sections unless these adjustments are quite 
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sizable. This is due to the fact that the magnitudes of M, Ny and V 
caused by external loads depend primarily on the ratios of the moments 
of inertia along the arch to that at the crown, rather than on their abso¬ 
lute values. Only the stresses due to rib shortt'iiing and temperature 
Vpend directly on the absolute size of the cross section and may have to 
recomputed if the dimensions change significantly. The design of a 
simple roof arch in Art. 10.7 illustrates the above procedure. 

10.6. Hinges in Reinforced Concrete Structures. It is the function of 
hinges to transmit safely the thrust N and the slu'ar for(*e S and, at the 
same time, to offer little resistance to rotation. An ideal hinge should 
be entirely free to rotate, since only then will the bending moment at 
the hinge be zero, as assumed in the analysis of hinged structures. Such 
ideal hinges cannot be constructed, since friction or other Inevitable 
restraining factors cannot be avoided. Practically, howevru-, It is only 
necessary to ensure that the flexibility of the hinge be considerably 
greater than that of any other portion of the structure of which it is a 
part. This will result in very small moments in the hinge as compared 
to the moments in the structure proper, and therefoie will h'ad only to 
negligible errors. The us(* of hinges is not restrict(‘(l to arches. They 
are ecjiially useful in rigid frames, in bridgevs as well as in buildings, par¬ 
ticularly for long-span single-story frame's. They rt'cluce or, in the case 
of three-hinged spans, eliminate the stresses cause'd by rib shortening, by 
temperature, and by slight foundation movements. For these reasons a 
considerable reduction in the dimensions and weight of the structure and 
of the foundation can often Ix' acliic'ved by their use. 

The main practical types of hinges for concn'tc' structun's are given 
in Fig. 10.12. '^Phe st(‘(*l hinges shown then* n'sult in more ])(*rf('ct hinge 
action than the concrete hinges, but are considerably more expensive. 
Their use, today, is restricted to unusually heavy structuri's. Of the 
two types of concrete hinges, named after th(' Fn'iich engineers w'ho 
developed them, the Mesnag('r hinge ensun's gn'ater freedom of rotation 
and, except for very large thrusts, is the most satisfactory hinge presently 


in use. 

In order to obtain maximum fh'xibility in a Mesnager hinge, it has 
been recommended that the hinge opening h should at least be equal to 
the concrete thickness /. A value k = 1.3/ is recommended by some. 
Hinges with smaller openings, however, have b(*(‘n us('d successfully. 
For the same purpose of maximum flexibility, the crossed steel bars should 
not be too thick and short. On the other hand, if their diameter were 
too small in relation to their length they would be likely to buckle. For 
that reason the slenderness ratio L/r of the hinge bars should be between 
the limits of 20 and 40, L being the length of the inclined bar between 
concrete faces, that is, h/cos By and r the radius of gyration of the bar, 
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Mesnager Hinge Considere Hinge 

Fio. 10.12. Hinges for concrete structures. 


that is, Z>/4 for round bars of diameter I). The length of embedment of 
the hinge bars on either side of the hinge should be at least etjual to that 
prescribed for dowels eonneeting columns to footings. 

To find the reejuired area of the hinge bars, it is assumed that they 
tv;.-. form a triangular truss which transmits 

the normal and shear forces N and S, as 
/ shown in Fig. 10.13. It is easily seen that 

/ compression stress in bars 1 is equal to 




_ s_ 

A' sin 6 


(10.23) 


Fig. 10.13 


X’/bX where .4' is the total combined area of all 

hinge bars. This stress shall not exceed 
30 per cent of the yield point of the. 
l^iG. 10.13 hinge bars. The large factor of safety 

1/0.3 = 3.33 is introduced for the following reason: Even though, by 
the above procedure, the bars are assumed to be subjected only to 
axial compression, like members of a truss, any rotation actually occur¬ 
ring at the hinge bends the bars and induces corresponding flexural 
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stresses. Such rotations actually do take place during the lifetime of the 
structure and are caused primarily by changes in live load and in tem¬ 
perature. These flexural stresses superpose on the computed compres¬ 
sion and correspondingly increase the values of the actual maximum 
stresses in the bars. Kather than to attempt computing these addi¬ 
tional stresses, it is generally satisfactory to keep the compression stress 
/' sufficiently low so that the bars will not be oversticssed by superposed 
bending. 

The inclined bars, transmitting their forces to the concrete by bond 
along the embedded length, exert a bursting force which must be resisted 
by lateral reinforcement (stirrups and tit's), as .shown in Fig 10.12. Only 
the part of the lateral reinforcement within a distance a = 8/> from the 
face of the concrete is considered elective in r(‘sisting the bursting force. 
The stress in the lateral reinforcement can be computed from 


0.00r)a6 +”.4'/ 


(10.24) 


where, in addition to previously d(‘fiiied quantities, .1'/ is the combined 
area of lateral stirrups or ties located within a = 8/> from the free face of 
the hinge, j can be taken as 0.9, d is shown in Fig. 10.12, and h is the 
horizontal width of the hinge equal, in most cases, to the width of the 
arch rib. 

More detailed information on conen'te hing(‘S can be found in a paper 
by G. C. Ernstmost texts on steel bridge's give ade'ejuate data on steel 
hinges of the type used for both steel and concrete arc'hes and frames. 

10.7. Design of Two-hinged, Tied Roof Arch. Arches of the type 
shown in Fig. 10.3 with 90 ft span are to be spaced at 20-ft intervals, to 
support a fireproof, insulated roof. The roof itself is to consist of pre¬ 
cast slabs spanning between arches and \v(*ighing 40 psf. Four-ply tar 
and gravel roofing to cover the slabs weighs 5 psf. To account for the 
effect of both wind and snow a live load of 35 psf is assumed. 

The columns of Fig. 10.3 supporting the arch cannot develop sufficient 
rigidity to serve as fixed supports. A two-hinged arch is therefore indi¬ 
cated. In addition, if the horizontal thrust were transmitted to the sup¬ 
porting columns and frames, they would become ex(*essively heavy and 
costly. For that reason a tied arch of the type shown in Fig. 10.14 will 
be used. A 15-ft rise has been selected, resulting in a rise-span ratio of }i. 

The sample design that follows is abbreviated for reasons of clarity 
and of saving space. Computations of moments, etc., caused by small 
secondary loads, such as from the eight of the tie rod and the hangers, 
have been omitted, since they would complicate and lengthen the illustra- 

' G. C. Ernst, ^‘Design of Hinges and Articulations in Reinforced Concrete Struc¬ 
tures, »» Tram. ASCE, vol. 106, p. 862, 1941. 



4- *8 each face 
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tive computations without adding new^ features. In actual design prac¬ 
tice the influence of such loads should be included in the computations. 
Pnliminary Design, The loads per linear foot of arch axis are 


Dead load: 


Live load: 


Concrete slabs: 
Roofing: 

Arch (assumed) 
Total 


40 X 20 = 800 lb per ft 
5 X 20 = 100 lb per ft 
~ 300 lb per ft 

= 1200 Ibl^ft 


Snow plus wind: 35 X 20 = 700 lb per ft 


The load, uniform along the axis, results in the spanwise distribution, 
as shown in Fig. 10.10. With 6 computed from Kq. (10.196), = 380 lb 


-- g'- 380 Ib/ft 

I I g = mo Ib/ft 



(a) 




cr_ i p = TOO Ib/ft 
^i /= 240 Ib/{1‘ 
I Q ^1200 Ib/ft 


(b) 



J p^TOOfb/ff 
^ 240 Ib/ft 
I g ^1200 Ib/ft 



{c) 


I I : 1 p = TOO Ib/ff 

_ g 240 Ib/ft 

I ~ I 9 = 1200 Ib/ft 



Kd) 



[ 


p = TOO Ib/ft 
^2 9^ 240 Ib/ft 
□ 9 1200 Ib/ft 



ie) 


Fio. 10.15 


per ft for dead plus live load, and g' = 240 lb per ft for dead load alone, 
losing the information of Table 10.2, the following moments and forces 
are obtained for the trial design: 

Maximum horizontal reaction (loading Fig. 10.15a): 

rr _ .oo 
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Maximum negative crown moment (Fig. 10.156, a = 0.35 from Fig. 

10 . 11 ): 

Me = -0.00292^7* - O.OOTlpZ* = -45.5 ft-kips 


combined with 


^ = S + iS + ^-^685 ^ = 109.7 kips 
on 42n n 


Maximum positive crown moment (Fig. 10.15c, a = 0.35): 

Mr = -0.00292f/'Z2 + 0 . 0071 p /2 ^ 34.5 ft-kips 
combined with 


H = 


8/i 42/i 


+ 0.0.504 = 105.5 kips 


Maximum negative (|uartcr-point moment (Fig. 10.15d, a = 0.425): 

A/z /4 = 0.00428f/'Z^ - 0 . 01 () 4 p /2 = -84.2 ft-kips 
combined with 

^ paV g'l ^ , . 

Ki = —h ^ = '♦J Kips 

F//4 = vortical shear at quarter jioint 

- 75 ~ 22.5 X 1.2 - 0.240 X = 45 kips 

The inclination 0 = 18°25' is determined from Eq. ( 10 . 1 %). Then 

Ti/a — axial thrust at (|uarter point, 

= yi/^ sin 6 + H cos 6 
= 45 X 0.310 + 1II X 0.95 = 119.3 kips 

Maximum positive moment at quarter point (Fig. 10.15c, a = 0.425): 

4///4 = 0.00428(/'Z2 + 0.0104p/2 = joo.8 ft-kips 


combined with 


Rl = pal ^1 — 

Vu* = 86 - 22.5 X 1.9 - 0.240 X y = 41 kips 
Tui = 41 X 0.316 + 102.5 X 0.95 = 110.5 kips 


1 ) 


+ ^ + ^ = 86 kips 


6 
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Maximum axial thrust at springing (Fig. 10.15a): 

H = 133 kips, as computed before 
/fi = 45 X 1.9 + 15 X 0.380 = 92.6 kips 
Ti = Ri sin 6 + H cos 6 

= 92.6 X 0.538 + 133 X 0.834 = 162 kips 

Maximum force in ties: = 133 kips 

Maximum crown moment: Me = —45.5 ft-kips 

Accompanying crown thrust: 7\ = 109.7 kips 

Maximum quarter-point moment: Mi/a = 100.8 ft-kips 
Accompanying quarter-point thrust: Ti,a = 110.5 kips 
Maximum thrust at springing: T = 162 kips 

In a structure of this type, where the entire arch rib is located below a 
thermoinsulated roof, no temperature differential will arise in the rib. 
In addition, the arch and the tie are al\^ays at substantially the same 
temperature. Any temperature change in the enclosed space will there¬ 
fore cause the arch and the tie to expand or contract by the same amount 
and, for this reason, will not cause any temporalure stresses in the 
structure. 

For simplicity of formwork and for good appearance, an arch of con¬ 
stant cross section will he used. It is consefpKnitly only necessary to 
design the most critical section which is seen to be that at the (juarter 
point. A concrete with/' = 3750 psi and hard-grade ste('l will be used. 
For a 14- by 22-in. cross section with ~ 0.025, 

c/i - 100,800 X 12/110,500 X 22 = 0.53 

one obtains from Diagrams II, 18, and 19, Appendix I), the allowable 
stress, fc = 1400 psi, and the actual stress, 

= 3.8 X 110,500/22 X 14 = 1300 psi 

The weight of this arch rib is 320 lb per ft, as compared with the assumed 
weight of 300 lb per ft. Since the final location of the arch axis obtained 
by means of a string polygon is likely to result in a smaller recpiired cross 
section than determined in this preliminary design, 300 lb per ft will be 
used for the final analysis. 

The tie rod must resist = 133,000 lb. To reduce the stretch 
of the tie, a low unit stress of about 15,000 psi will be used. Con¬ 
sequently, the required tie area Atr = 133,000/15000 = 8.9 sq in. 
Since the final design is likely to result in a smaller //max, four l^-in. 
plain round bars with upset threaded ends will be used, furnishing an 
area of Atr = 8.3 sq in. 

Final Design, Since the preliminary design did not result in any 
change of the weight of the arch rib, as originally assumed, the final design 
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is carried out for the same loads as before, i.e,, 1200 lb per ft dead load 
and 700 lb per ft live load. 

For tlie purpose of drawing the dead-load string polygon and for sub¬ 
sequent computations, the length of the arch axis is divided into 20 equal 
segments, As. From Eq. (10.22), with Z == 90 ft and r = 


As = I 


1 + 
20 


OO.GO 

20 


- 4.83 ft 


The dead load per segment is 1.2 X 4.83 = 5.80 kips. To draw the 
string polygon, it is simplest first to draw to a large scale the parabolic 



Fif}. 10.IC). Dctorminatioii of firuil location of arch axis ])y means of dead-load string 
polygon. 


axis used in the preliminary analysis, wliicdi is easily done by computing 
a sufficient number of points liy means of E(p (10.19a). It is sufficient 
to draw half the arcli, as shown in Fig. 10.16. The lialf axis is next 
divided into 10 eipial parts 4.83 ft each, and the weight of each such 
segment, 5.8 kips, is applied at its mid-point. An accurate string polygon 
for these loads is then drawn through the mid-points of crown and spring¬ 
ing (not shown in Fig. 10.Ki so as not to obscure the drawing). A curve 
tangent to this string polygon represents the final axis. Figure 10.16 
shows that for this particular arch the final axis is very close to the orig¬ 
inal parabola. For the subseciuent computations the coordinates x and 
/y of the 10 segments are accurately scaled off the drawing. 

As is seen from Eq. (10.1 la), the quantities /y As/1 and As/I must 
be computed for the 10 segments of the half arch. For the tentative 
14- by 22-in. section, I = 11,600 in.^ The pertinent quantities are 
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assembled in the first four columns of Table 10-7, which summarizes the 
numerical calculations. 

For determining the dimensions of the arch, the tie rod, and the 
hinges, the forces and moments caused by the following loadings must be 
computed: 

a. Maximum vertical reaction R and maximum force in tic rod, //. 
These are obtained for full live load, being placed over the entire span, 
so that the load per segment, dead plus live, is 9.2 kips. The corre¬ 
sponding reactions are Ri — Rr = 92.0 kips. The beam moments 
and the quantities ^/o//A.s*// are computed at the mid-points of the 10 
segments. They are entered in Table 10-7 in the (‘olumns lu^aded “Case 
a” By virtue of symmetry, computations can be restricted to half the 
arch. 

h. Maximum positicc quarUr-point moment. The preliminary design 
has shown that the positive (luarter-point monumt will govern the dimen¬ 
sions of the arch rib. Since a constant cross-section arch w’as chosen, it 
is sufficient for our purposes to investigate* only this one loading case. 
For a more comph'te investigation, the oth(*r loading v*ases of the pre'limi- 
nary design shoidd also be computed. This is desiiiihle ev(‘ii in the case 
of a constant cross-section arch in view’ of the* approximate chara(*t(‘r of 
the preliminary design. It becomes mandatory if the* /inal arch axis 
differs consid(*rahly from the* original, i)arabolic shape, and is also 
reeiuired, of course, if ril) dimensions and reinforc(*ment are varie'd along 
the span. 

The exact location of the (juart(*r point is at x = 22.5 ft. This point 
does not happen to coincide with any of the centers of the s(*gments. 
Since moments and thrusts vary only very gradually in an arch subject 
only to distributed loads, it will ho simph'r and sufficiently accurate* to 
compute the moment at that segment c(*nt(*r locat(‘d clos(*st to the (piar- 
ter point, i.(., at j" = 23.5 ft. According to Fig. 10.11, live load should 
be placed from the left springing up to x = 0.125 X 90 = 38.3 ft. In 
the summation process it is (|uite inconvenient to place* loaels e)ther than 
over integer segments. For this re*ason the* first nine se*gme‘nts from the 
left springing (?.e., up to j = 40.2 ft) will he subjee*te‘el te) live le)ad. The 
error so introdue*ed is entirely negligible. Hence, these nine segments 
are loaded by 9.2 kips each, the remaining ele‘ven segments by the dead 
load of 5.8 kips. The corresponding reactions are Ri — 82.0 kips and 
Rr = 04.4 kips. 

In view^ of unsymm(*trical loading, beam moments Mo and (|uantities 
MoyAs/I must be computed for both halves of the arch. They are 
entered in Table 10-7 in the columns headed “Case 

In Table 10-7, x and // are given in feet, yAs/I in 1/in., y^As/I in 
1/in.2, Mo in foot-kips, and Mqij As/I in ft-kips per in.^ (It is advisable 
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TABLE 10-7 



Case a 

Case b 

Left half 

Right half 

X 

y 

y ^s/I 

y* As// 

Mo 

Moy As// 

Mo 

Moy As// 

Mo 

Moy As /I 

1.9 

1.30 

0.078 

1.2 

174 

13 

156 

12 

123 


6.0 

3.90 

0.235 

10.9 

514 

121 

444 

104 

364 

85 

10.2 

6.20 

0.373 

27.6 

823 

306 

713 

269 


216 

14.5 

8.30 

0.498 

49.6 

1101 

553 

954 

475 

■n 

394 

19.0 

10.20 

0.613 

74.9 

1349 

825 

1159 


976 

598 

23.5 

11.80 

0.708 

100.2 

1556 

1102 

1321 

935 

1138 


28.2 

13.10 

0.786 

123.2 

1728 

1358 

1447 

1138 

1276 

1002 

32.9 

14.10 

0.847 

143.2 

1862 

1578 

1531 

1298 

1390 

1178 

37.7 

14.70 

m 

155.5 

1947 

1718 


1384 

1475 

1301 

42.5 

14.95 

tig 


1991 

1787 

1566 


1533 

1375 

S 



848.1 


9361 


7727 


6965 


to select units in such a manner as not to obtain unwieldy figures, such 
as millions on the one hand, or small decimal fractions on the other.) 

From the general discussion of Eq. (10,11), Art. 10.2, it is evident that 
only the first term in the numerator and the first and last term in the 
denominator of that equation need be considered for this particular roof 
arch. Hence, for determining //, the following equation is used: 

_ 2A/o//A,s// 

':^ifAs/l+FA/EtrA,r 

The denominator then becomes 


2 X 848.1 + 4 X 10® X 90 X 12/30 X 10« X 8.3 = 1709.5 
The maximum force in the tie rod (Case a) is 


U 


max 


2 X 9361 X 12 
1709.5 


131.5 kips 


For the loading which results in maximum (luarter-point 
(Case h), 


H 


(7727 + 6965) 12 
1709.5 


= 103.1 kips 


moment 


From Table 10-7 the simple beam moment il/o at x = 23.5 ft is seen to be 
1321 ft-kips. Hence the moment in the arch ril) at that point is 

M = Ma- Hy = 1321 - 103.1 X 11.80 = 103 ft-kips 
Since the point x = 23.5 ft is located at the center of the sixth arch 














365 


Art, 107] DESIGN OP TWO-HNOED TIED ARCH 

segment, the vertical shear at that point is 

V = 82.0 - 9.2 X 5.5 = 31.4 kips 

At that point, from Eq. (10.196), e = 17°42'. The axial thrust at that 
point then becomes 

r = 31.4 X 0.303 + 103.1 X 0.95 = 107.4 kips 

It will be noticed that the values of //max, M, and T are quite close to 
those obtained in the preliminary design. Such good coincidence obtains 
only when, as in this case, the final location of the axis is very close to 
that used in the preliminary design. Even then, significant differences 
between preliminary and final results are not infrequent; therefore the 
accurate analysis by summation should always be carried out. 

A 12- by 24-ill. section reinforced with eight No. 8 bars, as shown in 
Fig. 10.14, is selected for the arch rib. For M = 103 ft-kips and 

T = 107.4 kips 

the allowable stress, from Diagram 14, is fc = 1365 psi, while the maxi- 
miim fiber stress, from Diagram 18, is fc = 1305 psi. 

With four F'^^-in. round bars for the tie rod, as obtained in the prelimi¬ 
nary design, the stress in the tie is 131,500/8.3 = 15,850 psi. The ends 
of the tie rods are upset and threaded. The long diameter of the nuts 
for bars of this size is 3^2 hi. To accommodate the wrench for tighten¬ 
ing the nuts, a 5-in. minimum center-to-center spacing of tie bars is 
selected. 

To transmit the pull of the tie to the concrete, an anchor plate 9 by 12 
hy 13^3 in. is provided. Actually, a considerable part of the pull will be 
transmitted to the concrete by bond over the embedded length of the 
tie bars; this will be discounted, however, and the anchor designed for 
the entire pull. The bearing surface is 9 X 12 — 4 X 2.1 = 99.6 sq in., 
and the bearing pressure is 131,500/99.6 = 1320 psi. As is easily com¬ 
puted from the dimensions of Fig. 10.14, the bearing surface represents 
39.5 per cent of the cross section of the arch extension in which the 
anchor is located. For this percentage the AC'I Code allows a bearing 
pressure of 1370 psi. The bending stresses in the anchor plate are investi¬ 
gated in the long direction, for a strip 1 in. wide. The maximum nega¬ 
tive moment of the portion projecting beyond the center line of the 
anchors is 1320 X 2.5-/2 = 4120 in-lb, while the maximum positive 
moment at the center line of the plate is 

1320 X 72/8 - 4120 = 3960 in.-lb 

With the section modulus equal to 1.1252/6 = 0.210, the maximum bend¬ 
ing stress is 4120/0.210 = 19,600 psi, which is slightly smaller than 
20,000 psi, the permissible bending stress for structural steel. 
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The hinges transmit only the vertical reaction F = 92 kips, since the 
horizontal component is resisted by the tie. To reduce the number and 
size of the hinge bars so as to accommodate them in the limited width, 
a steel with 60,000 psi yield point will be used, so that the allowable com¬ 
pression stress = 0.3 X 60,000 = 18,000 psi. With an angle 6 = 30® 
(Fig. 10.13), the required area of hinge bars is computed from Eq. (10.23), 
that is, yl' = 92,000/(18,000 X 0.866) = 5.9 sq in. Six IJ^^-in. round 
plain bars are provided, furnishing an area of 5.95 sq in. With a hinge 
opening of 6 in., as shown in Fig. 10.14, the free length of the hinge bars 
is L = 6/0.8()0 = 6.93 in., while the radius of gyration is 

r = 1.125/4 = 0.281 

Hence the ratio L/r — 21.7 is within the limits recommended in Art. 10.6. 

The re(|uired lateral reinforcement is obtained from E(]. (10.24) where, 
in this case, a = 8 X 1.125 = 9.0 in., b = 12 in., N = 92,000 lb, and 
S = 0. With an allowable stress /'' = 20,000 psi, the required area 
be(*omcs A'/ = 0.79 sej in. It is seen from Fig. 10.11 that within the 
length a = 9 in. four No. 3 closed ties are provided which furnish an 
area of 8 X 0.11 = 0.88 scj in. 

The required length of eml)e(lment for the hinge bars is 

30 X 1.125 = 31 in. 

beyond the faces of the conende at either side of the hinge. 

To prevent horizontal buckling of laterally unsupported arch ribs, the 
Special ('ommittee of the American Society of Civil Engineering recom¬ 
mended^ that horizontal braces should be provided at distances not 
exceeding 25 to 30 times the width of the rib. The lower figure should 
be used for concretes of high strength. For this purpose, as shown in 
Fig. 10.14, 10- by 14-in. bracing members are provided at the crown and 
the quarter points. 

In order to avoid bending moments caused by eccentricities, the axes 
of the arch, the tie, and the hinge must be made to intersect al one com¬ 
mon point, as shown in the hinge detail of Fig. 10.14. 

^ “Concrete and Reinforced Concrete Arches,” Final Report, Trans. ASCE, vol. 
100, p. 1429, 1935. 
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SLAB, BEAM, AND GIRDER BRIDGES 


11.1. Types of Bridges. Reinforood concrelo is parliciilarly adapted 
to use in short- to modcTate-span hll^;h\^ny budges, because (f it> dura¬ 
bility, rigidity, and economy, as well as the comparative ease \»ith wliich 
a pleasing architectuial appealance can be secunnl TIh' most widely 
used general types of concrete bridges for short spaii'^ are the slab bridge 



Fk, 11 1 Slab bndgc 


(Fig. 11.1), the T-beam or deck-girdei bridge (Fig 11 2), and the through- 
girder bridge (Fig. 11.3). ^^oncrete slab budges are economical for very 
short spans, about 10 to 25 ft. Concrete girder spans are normally 
economical only lor spans up to about 70 to 90 It. They have Ixnai used, 
however, for spans well over 100 ft, lint in most of these bridges economy 



Fig 112. Dock-ginhr 1 )ikIko 


has been sacrificed for other considerations which were of more impor¬ 
tance in each specific case. 

Two relatively recent engineering developments have led to the 
increased use of structural concrete in bridges of medium span length— 
100 to 250 ft. One has been the perfection of devices—commonly called 

387 
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shear connectors—designed to make a concrete deck act integrally with 
supporting steel stringers. Although such a bridge is composite in nature 
and not strictly a rein^rced concrete structure in the usual sense of the 



Fig. 11.3. Through-girder bridge. 


term, the design of this type of bridge will be discussed in some detail in 
this section because of its widespread use in present day highway over¬ 
pass construction. Figure 11.4 shows the steel stringers and shear con¬ 
nectors of a composite bridge prior to placement of the reinforcement and 



Fig. 11.4. Composite bridge during construction. 


concrete. The other development, prestressed concrete, is discussed in 
Sec, 12. A number of prestressed concrete, bridges have been, and are 
being, built in this country^ but we still have not used the medium to the 
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extent that it has been used in Europe. Figure 11.5 shows a French 
prestressed concrete highway bridge with a span of 180 ft. Similar 
bridges have been built with spans up to 240 ft. 

Structural steel is used more generally than reinforced concrete for 
bridges which are intended primarily for railroad traffic, except the 
shortest spans, for which reinforced concrete slab bridges are frequently 
constructed. This section will therefore be devoted to the discussion of 
the details and design of highway bridges only. 

11.2. Live Loads. Truck Loadings, The live loads specified by the 
American Association of State Highway ()ffi(‘ials—whose specifications 



Fig. 11.5. Th(' Luzancy bridge, 180-ft span, prostressod concrete. 


control the design of most American highway bridges— consist of stand¬ 
ard, idealized trucks or of live loads which are equivalent to a series of 
trucks. Two systems of loadings are provided: the H loadings, as shown 
in Fig. 11.6, and the HS loadings, as shown in Fig. 11.7. The H-S load¬ 
ings are heavier than the corresponding H loadings. 

As shown in the figures, the highway loadings are divided into several 
classes. The number of the loading indicates the gross weight in tons 
of the truck or tractor. The gross weight of the truck or tractor is 
divided between the front and rear axles as shown in Figs. 11.6 and 11.7. 
For the H^S loadings, a semitrailer with rear-axle load equal to the rear- 
axle load on the tractor is added. 

Lane loadings, which are to be used when they produce greater stress 
then the corresponding truck loadings, are shown in Fig. 11.8. In general, 
the lane loadings, which are designed to approximate the effect of a series 
of trucks, govern the design of the longer-span bridges. 
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Other Roadway Loadings. The possibility that the bridge may be 
required to oarry ele(*tric railways, railroad freight cars, military vehicles, 
or other extraordinary vehicles should be considered in design. The 
class of such traffic shall determine the loads to be used. 





W-Total weight of truck and load 


Width of each rear tire equals hinch 
! per ton of total weight of loaded truck] 





lO-O'cleoronce & 




load lane width 1 









1 

IT^I 

— 


Curb 


bU_LJiiJLJe:— 


STANDARD H TRUCKS 


FiCi 11 () Standard II truck loadings 

♦In the desiKn of floois (<oniroto si ibs steel rikI Qours itnd timber floors) for 7/20 or 7720-S16 
loaditiR one ii\U loid of 000 lb or axle loads of 16 000 lb eac h spaced four ft apait may be used, 
whuhever piodmes tin Rrt iter stress instiad of the 32 000 lb axle sliown 

*♦ For slab desiRii tin < <‘ut( r line of v\ heel shall be assumed to be 1 ft from face of curb 


Sidewalk Loadings. Sidewalk floors, stringers, and their immediate 
supports are usually designed for a live load of at least 85 psf of sidewalk 
area. 

Sehchon of Loadings. The AASIIO specifications state that for truck 
highw^ays, or for other highways which carry heavy truck traffic, the mini¬ 
mum live load shall be the //15 -aS 12 loading. It is common practice at 
present to design bridge spans on major highways for the //20-xSfl6 load- 
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ing, using the lighter loadings only for structures on secondary roads 
where the occurrence of heavy traffic will be negligible. 

11.3. Application of loadings. Some of the more important rules 
for applying the selected AASHO loading follow, 

1, Where the spacing of main supporting members exceeds 10.5 ft for 
concrete or steel-grid floors, the lane loading or standard trucks shall be 



H20-S16-44 80001b 32,00015-41 32.000lb^t 



W- Combined weight on the first two oxfes which is the 
some os for the corresponding H truck 
Variable spacing-14 feet to 50 feet inclusive. 
Spacing to be used is that which produces 
maximum stresses. 



STANDARD H-S TRUCKS 
Fig. 11.7. Standard //-.Struck loadings. 

* In the dcsiKn of floors (conrretp .slat)s, Hteol Rrici floors, and timber floors) for //20 or H20-516 
loading, one axle load of 24,000 lb or two axle loads of 16,000 lb each, spat-ed four ft apart, may be used, 
whichever produces the ^rreater stress, instead of the 32,000-lb axle shown. 

** For slab design the center line of wheel shall be asHumed to be 1 ft from face of curb. 

assumed to occupy a width of 10 ft. They shall be assumed to occupy 
any position within their design traffic lane which will produce the maxi¬ 
mum stress. The width of the design traffic lanes shall be determined 


from the formula 




392 SUE, BEAM, AND GIRDER BRIDGES [Art. 11.3 

where We = roadway width between curbs exclusive of median strip 

N == number of design traffic lanes as shown in the following 
table 

W = width of design traffic lane 


Wcjt N 

20-30. 2 

Over 30-42. 3 

Over 42-54. 4 

Over 54-66. 5 

Over 66-78. 6 

Over 78-90. 7 

Over 90-102. 8 

Over 102-114. 9 

Over 114-126. 10 

2. Each 10-ft lane loading or single standard truck shall be considered 
as a unit, and fractional load lane widths or fractional trucks shall not 
be used. 




i. ^SpOO for moment'^ 
-Concentrated toad \ ^epoo for sheor 

^Uniform bad 640lbs per linear foot of bod bne 


H 20-44 Loading 
H 20-516-44 Looding 


i for moment'^ 

-Concentrated toad | 

Uniform bad 480lbs per linear foot of load bne 




H 15-44 Looding 
H15-SI2-44 Loading 




J ^000 for momer 
■ Concentrated toad -j 

^Uniform bod 320 lbs per linear foot of bod line 




H10-44 Looding 

H LANE AND HS LANE LOADINGS 
Fig. 11.8. Equivalent lane loadings. 

* For continuous spans another concentrated load of equal weight shall he placed in one other span 
in the series in such position as to produce maximum negative moment. 


3. The number and position of the lane loading or truck loading shall 
be as specified above. The type of loading to be used—^lane loading or 
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truck loading—shall be such as to produce maximum stress subject to the 
reduction specified below. 

Reduction in Load Intensity. Where maximum stresses are produced 
in any member by loading any number of traffic lanes simultaneously, 
the following percentages of the resultant live-load stresses shall be used 
in view of improbable coincident maximum loading: 

Per cent 


One or two lanes. 100 

Three lanes. 90 

Four lanes or more. 75 


n.4. Impact. Live-load stresses due to truck loading (or equivalent 
lane loading) are increased to make allowance for vibration and the 
sudden application of the load. The increase is computed by the formula 

I + 125 

where I = impact fraction of live-load stress 
I * loaded length, ft 

The maximum impact allowance to be used shall be 30 per cent. 

11.5. Distribution of Loads. When a concentrated load is placed on a 
reinforced concrete slab, the load is distributed over a larger area than the 
actual contact area. For example, if a concentrated load with a bearing 
area of 1 sq ft were placed on the slab of a through-girder bridge, it is 
reasonable to assume that, on account of the stiffness of the slab, the 
strips of slab at right angles to the girder and adjacent to the 1-ft strip 
in direct contact with the load would assist in carrying the load. Simi¬ 
larly, with the beams of a T-bcam bridge, spaced fairly close, a concen¬ 
trated load placed directly over one of the beams would not be carried 
entirely by that beam, for the concrete slab is sufficiently rigid to transfer 
part of the load to adjacent beams. 

No distribution is assumed in the direction of the span of the member. 
The effect of any such distribution would be comparatively small. 

The following recommendations for the distribution of loads are taken 
from the specifications of the American Association of State Highway 
Officials. 

n.6. Distribution of Wheel Loads on Concrete Slabs. The pertinent 
rules for the distribution of wheel loads on concrete slabs and some addi¬ 
tional design requirements are as follows. 

Span Lengths. For simple spans, the span length shall be the distance 
center to center of supports but not to exceed clear span plus thickness 
of slab. 
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The following effective span lengths shall be used in calculating distri¬ 
bution of loads and bending moments for slabs continuous over more 
than two supports: 

Slabs monolithic with beam (without haunches): S = clear span 
Slabs supported on steel stringers: S = distance between edges of 
flanges plus of the stringer flange width 
Slabs supported on timber stringer: — clear span plus y thickness 
of stringer 

Edge Distance of Wheel Load, In designing slabs, the center line of 
wheel load shall be assumed to be 1 ft from the face of the curb. 

Bending Moment. Bending moment per foot width of slal) shall be cal¬ 
culated according to methods given under Cases A , By and C. 

In Cases Ay B, and C\ 

S = effective span length as defined under 'SSpan Lengths’^ 

E = width of slab over which a wheel load is distributed 
N = number of lanes of traffic on bridge 
W = width of roadway between curbs on bridge 
W = width of graded roadway across culverts 
Q = uniform lane load per linear foot of lane 
P *= load on one wheel 
Pi = load on one wheel of single axle 
P2 == load on one wheel of tandem axle 
P' = concentrated lane load per lane 


Case A, Main Reinforcement Perpendicular to Traffic 

(Seo under Case li) 



Formulas for moments 

Distribution of wheel loads 

Freely supported 
spans 

Continuous 

spans 

Single axle: 

Spans 2 to 7 ft, ^ = O.GjS -f 2.5 

Spans over 7 ft, E - 0.45 -f 3.75 

PI 

M = 4-0.25 5 

M = +0.25^.S’ 

P\ 

M - +0.2^5 
E 

Pi 

M = +0.2^5 

Tandem axles: 

Spans 2 to 7 ft, ^ 0.365 -f 2.58 

P2 

M - 4-0.25 ~7 5 

tj 

P2 

M = ±0.2^5 

Spans over 7 ft, = 0.0635 -f- 4.65 

P2 

M = 4-0.25 V- 5 

lit 

P2 

M = ±0.2^5 

jb 


Note: In the design for H20 or H20~S\(\ loads, the single 24,000-lb axle governs for 
spans under 10.5 ft and the tw'o 16,000-lb axles govern for spans of 10.5 ft or over. 
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Case B. Main Reinforcement Parallel to Traffic, Spans 2 to 12 Feet* 


Dist ril)iition 

Formulas for moments 

Freely supported 
spans 

Continuous 

spans 

Spans 2 to 12 ft, = 0.I75S + ».2 

M = +0.25^, .S’ 

M = ±0.2|s 


Note: The formulas for distribution and moment in Cases A and B utilize a single 
wheel load which has been found to simplify calculations and to give essentially the 
values obtained by the more exact method of placing all wheels of a truck in positions 
which produce maximum moment. 

Case C. Main Reinforcement Parallel to Traffic, Spans over 12 Feet* 

Distribution: 

inY 4- IF p 

(а) Wheel loads: E — - —^— ; loail per foot width of slab = ^ 

(б) Lane loads: 

Uniform load = _ - a, per-square foot of slab 

O.on + oA 

A/>' 

Concentrated load = per foot width of slab 

0.5 H -h 5A 

The loads as here determined shall be placed on the span or spans in 
position to cause maximum positive or negative moments, following 
standard practice for design of simple or continuous spans. 

The portions of the spans between inflection points may bt* designed as 
simple spans and the portions over piers designed as cantilevers support¬ 
ing the simple spans. 

Edge Beams {Longitudinal), Edg<* beams shall be provided for all 
slabs having main reinforcement parallel to traffic. The beam may con¬ 
sist of the curb section reinfor(‘ed, of a beam support, or of additional 
slab width. It shall be designed to resist a live-load moment of O.IOP/S, 
where P = the wheel load and B = span length. 

The moment as stated is for a freely supported span. It may be 
reduced 20 per cent for continuous spans unless a greater reduction 
results from a more exact analysis. 

Distribution Reinforcement. Ueinforcement shall be placed in all slabs 
transverse to the main steel reinforcement, to provide for lateral distri¬ 
bution of the concentrated live loads, ex(‘ept that reinforcement will not 
be required for culverts or bridge slabs when the depth of the fill over the 

* In the design of //20 and //20-*SlG loads, the single 24,000-lb axle shall be used 
for spans under 18 ft in accordance with the formulas of Cases B and C. For spans 
18 ft and over the two 16,000-lb axles govern and the moments obtained from the 
formulas of Cases B and C using a single axle load of 24,000 lb shall be increased by 
the percentage expressed by the formula 1.6 (*S-18). 
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slab exceeds 2 ft. The amount shall be the percentage of the main 
reinforcement steel required for positive moment as given by the follow¬ 
ing formula: 

Percentage = maximum 50 per cent 

VS 

where S equals the effective span of the slab in feet. 

Shear and Bond Stress in Slabs. Slabs designed for bending moment 
in accordance with the foregoing shall be considered satisfactory in 
bond and shear. 

11.7. Distribution of Wheel Loads to Longitudinal Beams and Trans¬ 
verse Floor Beams. The following rules govern the distribution of wheel 
loads affecting longitudinal and transverse coiKTete beams supporting 
concrete slabs. The AASHO specification contains additional recom¬ 
mendations for steel and timber flooring which are not reproduced here. 

Position of Loads for Shear. In calculating end shears and end reac¬ 
tions in transverse floor beams and longitudinal beams and stringers, 
no lateral or longitudinal distribution of the wheel shall be assumed for 
the wheel or axle load adjacent to the end at which the stress is being 
determined. For loads in other positions on the span, the distribution 
for shear shall be determined by the method prescribed for moment. 

Bending Moment in Stringers. In calculating bending moments in 
longitudinal beams or stringers, no longitudinal distribution of the wheel 
loads shall be assumed. The lateral distribution shall be determined as 
follows: 

1. Interior stringers. Interior stringers supporting concrete floors shall 
be designed for loads determined in accordance with the following: 


One traffic lane^ 
fraction of a wheel load to 
each stringer 

A* 

6.0 


Two or more traffic lanes, 
fraction of a wheel load to 
each stringer 
_S* 

5.6 


If S exceeds 6.0 ft, see footnote t If ^ exceeds 10.5 ft, see footnote t 

* S ^ average spacing of stringers in feet. 

t In this case the load on each stringer shall be the reaction of the wheel loads, 
assuming the flooring between stringers to act as a simple beam. 


2. Outside stringers. The live load supported by outside stringers 
shall be the reaction of the truck wheels, assuming the flooring to act as 
a simple beam between stringers. 

3. Total capacity of stringers. The combined load capacity of the 
beams in a panel shall not be less than the total live and dead load in 
the panel. 

Bending Moment in Floo/ Beams (Transverse). In calculating bending 
moments in floor beams, no transverse distribution of the wheel loads 
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shall be assumed. If longitudinal stringers are omitted and the concrete 
floor is supported directly on floor beams, the fraction of wheel load 
allotted to each floor beam is S/6, where S equals the spacing of beams in 
feet. If S exceeds 6 ft, the load on the beam shall be the reaction of the 
wheel loads, assuming the flooring between beams to act as a simple beam. 

11.8. Abutments. Bridge abutments serve to transmit the load from 
the superstructure to the foundation and they also act as retaining walls 
to hold back the earth fill behind them. 

Bridge Seats, The bridge seats of abutments which support the fixed 
ends of concrete highway bridges are quite frecjuently built as horizontal 



Fig. 11.9. Docails of abutment without back wall. 


surfaces without parapets or backwalLs, as shown in Fig. 11.9. The slab 
or the beams of the deck rest directly on the bridge seat; in deck-girder 
bridges, transverse diaphragm walls arc constructed between the beams 
to hold back the earth above the bridge seat. These diaphragms arc thin 
walls, 6 or 8 in. in thickness, with a nominal amount of reinforcement. 

Figure 11.10 shows a modified form of the construction described above, 
in which a very low backwall is used, primarily for the purpose of counter¬ 
acting the tendency of the abutment to move inward under the deck. 
The dowels h and c which are shown in the abutment and in the deck 
construction serve to tie the deck, the abutment, and the approach slab 
together. 

Another type of bridge seat is shown in Fig. 11.11. This type is par¬ 
ticularly adapted to the fixed ends of deck-girder bridges. The bridge 
seat is constructed with notches into which the bridge beams are built. 
Fig. 11.11 is a diagrammatic sketch, and does not show the final relative 




398 SLAB, BEAM, AND GIRDER BRIDGES [Art. 11.8 

position of the deck and abutment, the two parts of the figure actually 
fit together as shown by the dotted lines Ledges are provided in the 
abutment and at the top of the deck beams to suppoit the approach 
slab, as shown in the figure Dowels are placed in the abutment in such 
a manner as to project up into the beams and deck slab. 



A third type of biidge-seat construction is shown m Fig 11 12. This 
is the usual type with backwall, and is used at the e\p<uision end of the 
bridge. Two arrangements ot joints aie shown in the figuie The back- 
wall is extended upward to the loadway surface in a, while it stops at 
the bottom of the loadwav slabs in h T>pe h is usually piefeiied, in 
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that only one joint is required in the roadway surface, as compared with 
tw’o joints in type a. 

Breastwalls, The tw o most common types of breastw alls ai e the canti¬ 
lever retaining w^all of reinforced conciete and the t\pe that ac ts as a ver¬ 
tical slab supported horizontally by the deck and by the foundation. 
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Buttiessed b^eabt^valls are rarely used in bhort-spaii concrete bridges 
Gravity \\allb of plain concrete a’-c sometimeb used especially where the 
height of the abutment ib not gre at 

The cantile\cr breastwall is gc neiall\ used at the expansion end of the 
bridge The type that ib suppoiled horizontally h> the deck and the 



footing can be use(1 only it the fixed end, in sin h e isesit is always advis¬ 
able to ha\c at least i low parapet oi bukwall as shown in 1 ig 11 10, 
in ordei to obtain the direct hoii/ont il ic sist inec which is issurned to be 
furnished by the deek 

Wingualh (ira\ity oi cantilevei 
type wingwalls may be used Ihesc 
are topped with a simple coping 
which IS built parallel to and slightly 
above the eaith fill 

It IS advisable to constiuct vcitical 
e xpansion joints at the junction of the 
wingwalls and breabtwall in order to 
avoid unsightly cracks whieh are apt 
to foim along these planes Somc*- 
times inste^ad of an expansion joint, 
mered^ a vertic al groove is constructed 
at the joint, any crack that may be 
developed will then be me onspicuous 
should preferably be placed at the end of the bridge seat, as shown in 
Fig 11 13 



Fig 11 H 
brcastwall 


Vc rtical expansion joint in 


The e xpansion joint or the groove 
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n.9. Miscellaneous Construction Details. Diaphragms, In deck- 
girder bridges, thin transverse walls called diaphragms are constructed 
between the beams at the ends of the bridge, as shown at a in Figs. 11.10 
and 11.12. These diaphragms serve two purposes: first, they furnish 
lateral support for the beams, and second, when no parapet or backwall 
is built above the bridge seat they prevent the earth fill from spilling out 
on the bridge seat. At the fixed ends, the diaphragms may rest directly 
on the bridge seat, as shown in Fig. 11.10; at the expansion ends, the 
diaphragms should be kept clear of the bridge seat, as shown in Fig. 11.12, 
so as not to develop friction which would interfere with the freedom of 
longitudinal movement. The diaphragms are usually from 6 to 8 in. 
thick, with a nominal amount of reinforcement. 

Intermediate diaphragms should be constructed between the beams 
of deck-girder bridges with spans greater than 40 ft; the intermediate 
diaphragms are placed at the center of the span, or at the third points 
of the span. 

Fixed Bearings. Fixed bearings can safely be used at both ends of 
spans up to 40 ft. Two such bearings are illustrated in Figs. 11.10 and 
11.11. The dowels which ser\ (‘ to tie together the deck construction and 
the abutment are not designed to resist any appreciable amount of bend¬ 
ing moment, and hence no joint rigidity can be assumed in the design 
of the deck or abutment. 

Expansion Bearings. For spans greater than 40 ft, an expansion bear¬ 
ing should be provided at one end of the bridge. A suitable form of 
expansion bearing for spans up to 50 ft is shown in Fig. 11.12. A pair 
of steel plates is placed under each girder; the lower plate is anchored to 
the concrete in the abutment, and the upper plate is fastened to the 
under side of the girder. Frequently, a thin layer of graphited asbestos, 
zinc, or copper is placed between the plates to reduce the friction. 

For the shorter spans and light loadings, frequently the only expansion 
device is a layer of tar paper inserted between the bridge seat and the 
deck. Obviously this detail is not desirable where provision for expan¬ 
sion is of any importance, because of the (piestionable efficiency of the 
construction. 

For spans greater than 50 ft, the deflection of the deck may rotate the 
ends of the girders so much that the bearing pressure may become con¬ 
centrated on a narrow strip along the front edge of the bridge seat and 
may cause local damage if flat bearing plates are used. In order to 
counteract this tendency, one plane and one curved plate should be 
used, as shown in Fig. 11.14. 

Deck Joints. The number of expansion joints in a bridge deck should 
be kept as low as possible. In single-span bridges of the type under 
discussion, one such joint at most is usually necessary; that joint is at 
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one end of the bridge A suitable detail for the joint is shown in Fig 
11.126, in this detail an angle is anchored to the end of the deck slab, 
and a similar angle is anchored to the end of the approach slab. A tread 



Fig 11 14 l^xpansioii btannKb 


plate is fastened, by means ot iivets or tap s( nut, to the top of the angle 
at the end of the deck, and this plate hears on the angle at ihe end of the 
approach slab The tread plate does ^ ^ 

not cover the latter angle completi^ly, \ 

sufficient provision for expansion of the 
deck slab being made The gi oove 
between the end of the tread plate and 
the edge of the approach slab isusuallv 
filled with mastic, as shovn in Fig 
11 126, in order to make the joint Avatei- 
tight The mastic is soft enough to 
peimit movement of the tiead plate, 
but firm enough to ic'sist (hspLuement 
All enlarged detail of a similar joint 
is shown in Fig 11 15, this detail applies ^ 1115 Details of expansion 

specifically to the joint between the 

ends of two adjacent spans in a multispan bridge 

Thin coppei or /me strips, bent in the foim of the letter T as shown in 
Fig. 11.10, are sometimes placed across a joint, and embedded m the 




Fig. 11 16. Metal strips for expansion joints 

concrete on either side of the joint, in order to add to the watertightness. 
The joint is filled with a mastic compound. A detail of this type is 
shown in Fig. 11.12a. 
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Joints at the fixed end of a span are made watertight by simply filling 
a groove at the top of the joint with mastic, as shown in Fig. 11.10. The 
membrane waterproofing which is shown on top of the low parapet in this 
figure is furnished to ensure watertight ness in the horizontal joint. 

Drainage, Surface water on bridge decks should be disposed of as 
(quickly and as directly as possible. This is accomplished by crowning 
the roadway about 3 8 hi. per fu, and pitching the gutters to drain into 
inlets. In single-span bridges which are built on a grade, no special 
provision for longitudinal drainage is ordinarily necessary. The water 
is carried by the transverse crown to the curbs or gutters and thence to 
the low end of the bridge, where it can easily be deflected away from the 
roadway. 



® I Scupper 

Fi(. 11 17 T\ pical sciippcT clctiiils. 


If the bridge is horizontal longitudinally, a longitudinal camber can 
be built into th(» bridg(* deck b}^ (*h*\ating the middle portion of the span 
when the forms are erect( mI. This camber will serve to carry the water 
in the guttcTs to (Mther (‘ud of the span. A camber of about Jfo hi. per ft 
is satisfactory for concrete d(‘cks. 

When necessary, sp(*cial drain inlets can be constructed by building 
cast-iron scuppers in the gutters. IVo types of scuppers are showm in 
Fig. 11.17. The scuppers should be so designed as to prevent the drain 
waiter from touching the concrete. Drain inlets are generally necessary 
in multispan bridges, because of tlie impracticability of carrying the sur¬ 
face water to the ends of the bridge. 

11.10. Design of a Slab Bridge. A slab bridge similar to that shown 
in Fig. ll.l, but with a concrete railing, is to be designed according to 
the following data: 

Clear span 15 ft-0 in. 

Clear width 20 ft-0 in. 

Live loading //20-(S10 

W earing surface 110 psf 
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/' = 3000; fs = 18,000; n = 10. Following the AASHO specifications 
an allowable concrete stress, fr, of 0.40 X fi = 1200 psi will he used. 

The effective span of the slab is assumed as 15 ft + 1 ft “ l(> ft and 
a total thickness of slab of 11 in. is selected for trial. The total dead 
load per square foot is then 107 lb and the dead-load moment 

= Is X 107 X (10)-’ = 53:>0ft-lb. 

The load on each rear wheel is 12,000 lb. 

lOA+lf' 10(2)4 20 
/i= _= -^^^^--=5.75 

since Case c of Art 11 (> applies. 

The load on a unit width of slab is therefore 


12,000 


- 2080 11) 


and the live-load moment is 


2080 10 
"2 ^2 


8320 ft-lb 


The impact coefficient comj)ut(Hl by the foimula of Art. 11.1 is 


/ - 


50 

10 + 125 


0.355 


hich is greater than the specified maximum of 30. The latter will there¬ 
fore be used giving impact monuMit of 

0.30 X 8320 = 2500 ft-lb 


The total moment due to dead, live, and impact ('fleets is 10,170 ft-lb. 
For the unit stress(\s specified, /\ 207 (Tabk' 5) and 


d = 




10,170 X 12 
208 X 12 


8.8 in. 


Taking d = 0 in. and t = ]\ in. as assumc'd, th(‘ protec'tive covering 
under the main reinforcc'mcmt will be about 1 ^ 2 bi., which is gn'atcT than 
the minimum of 1 in. specified by the AASIIO for slabs. The assumed 
thickness is therefore adecjuate and will be us(‘d. 

The required main reinforcc'ment is 


, 10,170 X 12 1 QQ • 

= rs.oob X 0.807 X“9 = ’ P"'' 


which is furnished by No. 7 bars 5 in. center to center (A, = 1.44 sq in. 
per ft). As specified in Art. 11.6, the amount of transverse reinforce- 
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merit required for proper distribution of the concentrated loads (also tc 
provide for shrinkage) is = 1.44/\/T6 = 0.36 sq in.; No. 5 bars 

10 in. center to center are placed directly on top of the longitudinal rein¬ 
forcement. The railing is poured monolithically with the slab and tied 
to it with No. 5 bars, 12 in. center to center. These bars extend hori¬ 
zontally into the slab and vertically into the railing. The crown of the 
roadway is obtained by varying the thickness of the bituminous wearing 
surface. 



No expansion bearings are necessary for a span of this length, and a 
fixed bearing is constructed at each end by j)lacing vertical dowels in the 
abutment so that they will project up into the concrete deck slab. The 
bridge seat is to be coated with a bituminous mixture before the slab is 
poured. Details are show n in Fig. 11.18. 

DESIGN OF A T-BEAM OR DECK>GIRDER BRIDGE 

n.11. Data and Specifications. It is required to design a T-beam 
or deck-girder bridge for the following conditions: 


Clear span 
Clear width 
Live loading 


■48 ft-0 in. 
26 ft-0 in. 
H2(y-Sl6 
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/' = 3000; fg « 20,000; fv = 20,000; n = 10. The bridge is to consist 
of four intermediate beams and two outside beams supporting a floor 
slab. The outside beams are to project at least 9 in. above the floor slab 
to act as a curb. 

n.l2. Slab. Since the outside beams will be rather heavy in com¬ 
parison with the floor slab and since all beams and slabs will be poured 
monolithically and reinforced by diaphragms, the slab may be considered 
as fillip' restrained by the outside b^^ams and the span taken as the clear 
distance between supports. Assuming that the intermediate beams will 
be 14 in. in width, the maximum clear spaii of the slal) will be 4 ft-4 in. 
(see Fig. 11.19). The outside beams will b(‘ assumed to recjuire a width 
of 20 in. The AASIIO specifications for d(‘sign moments \^ill be fol¬ 
lowed (see Art. 11.6). 



Fks. J 1.10 


Assuming a total thickness of slab (including a j-in. wearing surface) 
of 6 in. and allowing 15 psf for possilde future protective covering, the 
total dead load per s(|uare foot is 90 lb. \ coeirHient of ^ i o positive 
and negative dead-load moments will be assumed in the absence of defi¬ 
nite specification values. The dead-load moment is 

1 10 X 90 X (4.38)'-' X 12 = 2,020 in.-lb 
For live-load moment computations, Case A of Art. 11.6 applies. 

E = 0.6.S + 2.5 = 0.() X 4.33 + 2.5 = 5.1 ft 

Pi 19 000 

Ml. = ±0.2 V S = ±0.2 X , X 4.33 X 12 = 24,200 in.-lb 

It/ 0 .1 


Since the loaded length is small, the impa(‘t coefficient is 0.3, the impact 
moment is 7260 in.-lb, and the total moment is 33,480 in.-lb. Then 


d = 


rW^4H0 

V12 X 197 


3.76 in. 


Taking d = 3^| in. with 134 of insulation below the center of the 
bars, and with the wearing surface, which is not considered struc¬ 

turally effective, the total thickness is 6 in., as assumed. 
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which is furnished by No. 5 bars 7 in. center to center. In order to avoid 
excessive ber^ding of bars, straight bars will be used in the slab. Straight 
No. 5 bars 7 in. on centers top and bottom will provide a surplus of steel 
in some areas but the cost of the additional steel will probably be offset 
by the savings in fabrication and handling of the bent bars which would 
otherwise be retjuired. Temperature and distribution stresses in the 
direction of the span are provided for by placing four No. 4 bars in the 
top and bottom of ciach slab panel, parallel to the beams, at about 12-in. 
centers. Complete details of the slab are shown in Fig. 11.24. 

11.13. Intermediate Beams. The intermediate beams are T beams 
with a flange width ecjual to the distance cc'nter to center of beams. The 
recjuired dimensions are governed by either the maximum moment or 
maximum slu^ar. The l)ridg(‘ seats will be assumed 2 ft-0 in. in width and 
the effective span lengtli c(‘iiter to c(‘nt(T of bearings tak(‘n as 50 ft-0 in. 


17,600 lb ^ 

_^ 

Center of 
Gravity of 
Loads-^ 

D ^ 

fo 

Span 

*'^17,6001b 1 

o o' 

1 

4B\ 

50.0'- 

(1. 11, 

-.. /yf /O ' 

.. or-' 



r— 0.0 —► 

Fi 

20 


Dead-load Momenta. The weight from the slab per foot of beam is 
90 X 5.50 — 195 lb. The cross s(M*tion of th(‘ Ix'am Ix'low’ the slab is 
assunu'd as M in. X 28 in., which adds an additional weight of 409 lb 
per ft, making the total weight 901 lb per ft. Then the dead-load 
moment at the c(Miter of tin* span is 

M,, - X 901 X 50’“' X 12 = 3,390,000 in.-lb 

In order to del(‘rmine \ho i)oints at which some of the horizontal steel 
may be b(‘nt up, it is lu'cessary to compute the moment at some s(x*tions 
betw^een the point of maximum moment and the support. At 10 ft from 
the support, the dead-load moment is 2,170,000 in.-lb, and at 20 ft, 
3,2()0,0(K) in.-lb. 

Live-load Moments. The absolute maximum live-load moment w'ill 
occur with an //20-NH) truck on the bridge in the position^ shown in Fig. 
11.20. With the distribution of loads as specified in Art. 11.7, each 
intermediate beam must support 5.50^ 5.0 = 1.10 w heel loads per wheel. 

^ For a discussion of the position of moving loads for absolute maximum moment, 
see any elementary text in structural theory. 
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Therefore, the load from the rear wheel is 1.1 X 16,000 = 17,000 lb and 
from the front wheel 1.1 X 4000 = 4400 lb. 

Rj, = [17,600(36.6 + 22.6) -b 4400 X 8.6] 50 = 21,600 lb 

and 

Ml = [21,600(27.1) - 17,600(14)] X 12 = 4,150,000 in.-lb 

At 10 ft from the l(‘ft support, the maximum live-load moment occurs 
with the rear trailer wheel at that point and the front wheel 38 ft from 
the left support. With this position of the loads, 

Rl = 17,600 X + 17,600 X + 1400 X = 24,400 lb 

and 

7l/io = 24,400 X 10 X 12 - 2.030,000 in.db 

Similarly, 

d/ 2 (, = 3,060,0(K) in.-lb 

Impart Moments, In computing: impact moments, it is usual, for a 
beam such as this, to consider tlu' whoh* span a the load(*d length. 


^See Art 117 for presented 
distribution of bods for 
shear computations. 

In.. 11.21 

1 lie impact coefficient is therefor(‘.■>()/(7)0 + 12.")) = 0.28.^), and the impact 
moments are as follows: 

il/max = 1,183,000 in.-ll) 
d /20 1,130,000 in.-lb 

d /10 = 835,000 in.-lb 

Maximum Total Moments. The sum of the maximum d(‘ad-load, live- 
load, and impact moments is 8,723,(M)0 in.-lb. The total moments at 
the 10-ft and 20-ft points are 5,935,000 in.-lb and 8,350,(K)0 in.-lb, 
respectively. 

Dead-load Shears. The maximum dead-load shear at the end of the 
beam is 904 X 25 = 22,(>00 lb. At 10 ft from the support, the shear is 
13,560 lb and at 20 ft from the support, 4520 lb. 

Live-load Shears. The maximum shear in the center beam occurs with 
the truck on the span in the position shown in Fig. 11.21. 
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The maximum live-load shear is 30,600 lb. The shears at the 10-ft, 
20-ft, and 25-ft points are 24,300 lb, 16,400 lb, and 12,700 lb, respectively. 

Impact Shears. Using loaded lengths of 50 ft, 40 ft, 30 ft, and 25 ft, 
respectively, the impact shears are as follows: 

End shear * 8700 lb 

10-ft section 6900 lb 

20-ft section 4700 lb 

Mid-span 3600 lb 

Total Shears. The total shears are as follows: 

End shear 61 ,900 lb 

10-ft section 44,800 1b 

20-ft section 25,600 1b 

Mid-span 16,300 lb 

Determination of Cross Section and Steel Area. The area h'd required 
to sustain the maximum shear is bljOOO/C^ii X 180) = 394 sq in. With 
6' = 14 in., the required d = 28.1 in. With d taken as 29 in. and the 
main reinforcement placed in three rows 3 in. center to center, with 2)2 lo. 
of insulation for the lowest row, the depth of beam below the slab is 
29 + 5^2 — 5’t ill- This is sufficiently close to the assumed 

value that the dead-load moments need not be revised. 




8,723,000 

20,000129 - (5.25/2)] 


16.5 sq in. 


which is furnished by ehweii No. 11 bars. 

A check of the maximum stnsss in the concrete, using Diagram 3, 
Appendix D, shows a maximum compression of 1210 psi. This is prac¬ 
tically e(iual to the allowable of 1200 psi and is permissible. 

For bond, 

^ _ 61,900 _ 

300 X ■'s X 29 

This is furnished by two of the No. 1 i bars. The lower row of four bars, 
approximately one-third of the total steel, will be continued straight into 
the support and hooked. The remainder will be bent up to assist in 
resisting the diagonal tension stresses. 

Web Reinforcement. The portion of the beam over which web rein¬ 
forcement is required is determined by computing the unit shears at var¬ 
ious points on the beam. This is shown graphically in Fig. 11.22. The. 
concrete resists a unit shear of GO psi^ and the remainder must be cared 
for by bent-up bars or stirrups. The upper row' of bars will be bent up 
at an angle of 45®; a single bar will be bent first, and then the remaining 

^ The AASHO specifications provide for a shear stress of 0.02/^ in beams in which 
the longitudinal bars are not specially anchored. 
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two. The bars in the middle row will be bent up in pairs. In the 
moment diagram of Fig. 11.22c, the points c, d, c, and / represent the 
points of which totals of one, three, live, and seven bars may be bent up. 

The maximum distance over which inclined bars may be (*onsidered 
effective in;*esisting diagonal tension is equal to 29 in., in accordance with 



Fi(. 11 22 


the ACI Code. The pair neare.st the support will be bent up 2 ft-4 in. 
from the support and the others as show n in Fig. 11 .22a. 

At a distance of 10 ft-4 in. from the center of the support the unit 
shear is 128 psi and the required spacing of No. 5 U stirrups is 


20 000 X 2 X 0.307 
(128 ~ 60)14 


12.90 in. 


The maximum allowable spacing of stirrups is X 29 = 14.5 in. (see 
Art. 3.34). 
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The final arrangement of stirrups will be as follows: with the first 
stirrup 4 in. from the edge of the support, 8 at 15 in., 4 at 10 in., and 
8 at 153-2 Theoretically, stirrups are not needed over the first 10 ft- 
4 in. from the support where the inclined bars resist the diagonal tension 
or from the point b to the center of the span, but the arrangement here 
given ensures the proper tying of the flange to the web and gives an 
additional safeguard against diagonal tension cracks. 

11,14. Exterior Beams. Since the exterior beams are to project a 
minimum of 9 in. above the slab to form curbs for the protection of the 
railings, they must be designed as rectangular beams. 

Deod-load Moments, The weight from the slab per fool of beam is 
90 X 2 - 180 lb. The weight of the railing, details of which are shown 
in Fig. 11.21, is assumed as 300 lb per ft. The cross section of the beam 
is assumed as 20 X 50 in. which weighs 1040 lb per ft. The total dead 



Fkj. 11.23 

load is 1520 lb per ft, an<l the maximum dead-load moment at the center 
of the span is 



X 1520 X 50^ X 12 = 5,710,000 in -lb 

Live-load and Impact Monunts. A portion of (’ach wheel load wdiich 
rests on the exterior slab panel is supported by the ext(*rior beam. That 
portion is obtained by pla(*ing the w'heels as (‘lose to the curb as the 
clearance diagram will permit and treating the exteiior slab panel as a 
simple beam. The j)osition is shown in Fig. 11.23 and the proportion of 
the load is 2.75/5.58 = 0.493. The longitudinal position of the load 
which will produce the absolute maximum bending moment is the same 
as for the int(‘rin('diat(* beams, as show’u in Fig. 11.20. The moments 
are directly proportional, and the absolute maximum moment in the exte- ' 
rior beam is 

3/x, = X 4,150,000 = 1,860,000 in.-lh 


The impact moment is 0.285 X 1,800,000 = 530,000 in.-lb. 
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Total Maximum Moment. The total maximum moment is 8,100,000 
in.-lh. 

Shears The maximum dead-load shear at the ( iid of the beam is 

Vi> = ir)20 X = ;58.(HH) lb 

and the shear at the 10-ft section is 22,8(>() lb. 

The maximum livc'-load shear is proportional to the maximum live- 
load shear in the intermediate beams and is 


r. 


0 . m 

i.io 


X 30,000 


13,400 11) 


Similarly the sh(‘ar a< th(‘ 10-ft section is 10,OCX) lb. 

The impact shears are 30(K) lb and 3100 II), respectively, and the total 
shears are: 

tjid sht'iir. ,">5, lUHi 1) > 

10-ft soctioii . . 30,800 11) 

Delerrnination of (^ross St chon and Steel Area. F.a* the assumed width 
of 20 in. the required depth is 


r8,l()(),(X) 
“ V 107 X 2i 


(X)0 

20 


15.4 in. 


Taking; d = 45^2 ond assuming; two rows of stet'l 3 in. center to cen¬ 
ter with 2^2 insulation for the lower row, th(‘ total heig;ht of the (*ross 
section is 15*2 + 1*2 + - '2 1*1*2 in., approximately as assumed. 


<S,1()0,0(X) 

20,000 X 0.S75 X 45.5 


10.2 s(i in. 


which is furnished by eight Xo. 10 bars, of w hich four bars are placed in 
(*ach vow. IXvo bars an* sufficient to develop tin* bond stress, ,so that 
the remaining six bars can be bent up to assist in resisting diagonal ten¬ 
sion if desired. 

Web Reinforcement. At the support, tin* unit sh(*ar is 


55,300 

20 X" Js X 45.5 


00 psi 


and at the 10-ft section, 45 psi, so that web r(‘inforccment is nMpured for 

a distance of only ^ X 10 = 3.8 ft from the support. Bending 

up two bars 30 in. from the edge of the support and two bars 3G in. 
farther toward the center, the diagonal tension is theoretically provided 
for (1 ft-0 in. + 3 ft-0 in. + 3 ft-0 in. = 7 ft-0 in.), but in order to rein¬ 
force the beam against shrinkage and to tie it together, y>An. round 
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U stirrups will be placed about 2 ft-0 in. center to center throughout its 
length. A diagram similar to Fig, 11.22 could be constructed for this 
beam, but it is not necessary, for it is evident from a study of that figure 
that ample steel is provided in the bottom of the beam to care for the 
positive moment. 

n,15. Miscellaneous Details. Diaphragms, A transverse diaphragm 
o, Figs. 11.10 and 11.12, will be built between the beams at either end of 
the bridge. The chief function of these diaphragms is to furnish lateral 
support to the beams; with some abutment details, the diaphragms also 
serve to prevent the backfill from spilling out on the bridge seats. A 
similar diaphragm will be built between the beams at mid-span. Such 
intermediate diaphragms are recommended for all spans in excess of 
40 ft-0 in. 

Fixed Bearing. A fixed bearing similar to Fig. 11.10 is provided at 
one end. Vertical dowels h are placed in the breast wall of ihe abut¬ 
ment and are bent so as to project into the longitudinal be^ams or into the 
deck slab; horizontal dowels c are embeddenl in the' deck and approach 
slabs. The diaphragm a may rest directly on the bridge seat. 

Expansion Bearing. An ('xpansion bearing is provided at one end of 
the span. Its details are similai to Fig. II.12/>. The diaphragm a is 
flush with the bottoms of the intermediate beams and not in contact with 
the bridge seat. 

WaUrproofing and Drainage. All joints are to be fillt'd w4th a mastic 
compound to prevent W'ater from seeping through the joints. 

Removal of surface water will be accomplished by crowding the road¬ 
way ^4 in. and pitching the gutters toward the ends by providing a 
camber of 2^2 hi. at the c^'iiter. This latter is accomplished by raising 
the forms at the center. Resides facilitating drainage, this camber serves 
to prevent the appearance of sag that would be evident if the girders 
were at the same level throughout the span. Full details are shown in 
Fig. 11.24. 

DESIGN OF A THROUGH-GIRDER BRIDGE 

11.16. Data and Specifications. It is recpiired to design a through- 
girder bridge for the following conditions: 

Clear span 48 ft-0 in. 

Clear width 20 ft-0 in. 

Live loading //20-516 

= 3750; /. == 20,000; = 20,000; n = 8. 

The bridge is to consist of a slab supported between two girders.^ 

* With this width of roadway it might be more economical to use cross beams, in 
order materially to reduce the thickness of the floor slab. For greater widths, there 
is no doubt of the economy of the use of such beams. 
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11.17. Slab. Although the slab is poured so as to act monolithically 
with the girders, the girders themselves are unrestrained, and since the 
slab is in junction with the girders near the bottom of the latter, a tor¬ 
sional moment of considerable amount is brought to the girders, so that 
they may not V)e eonsidere^d to fully restrain the ends of the slab. Tests 
have shown a point of inileetion in the slab about 1 ft from the edge of 
the girders; but many designers prefer to consider the slab as simply 
supported, and that practice will b(‘ followed in the accompanying design. 
Slabs may be designed for tensil(‘ st(‘el only or for both tensile and com¬ 
pressive steel. The latter design allows a thinner slab but reejuires more 
steel. Both types are used. The present design will consider tensile 
steel only. 

Assuming an effective depth of slab of 11 in. with 1^2 hi. insulation, 
in. for wearing surface, and 15 lb for future protective covering, the 
dead load per scpiare foot is 181 lb. The span of the slab is taken as the 
clear span plus the structural thickness or 2() + (12.5/12) = 27.0 ft. 
The maximum dead-load moment per foot of slab is 

Mi>^ *8 X 181 X (27.0)2 X 12 == 198,000 in.-lb 

Since the main reinforcein(*nt in the slab is perpcaidicular to the traffic, 
(Vse d, Art. ll.(), governs tin* computation of maxiinum positive live- 
load moment. The width (parallel to traffic) ovti* which a whe(‘l load is 
distributed is 


E = ().()()8N + l.()5 - 0.0()8 X 27.0 + ^.(>5 - 0.35 ft 
The maximum liv(‘-load moment is 
/>>> HiHK) 

Ml, = 0.25 r“ N = 0.25 X X 27.0 X 12 = 102,000 in.-lb 

Pj O.O.) 

Since the loaded length is extremely .short, the impact coeflicient is 
0.30 and 

M, = 0 30 X 102.(HX) = 30,tUH) in.-lb 
The total inaxinuini po.sitive moment i.s 

M = 19S,(HH) + 102,(K)0 + SO.tiOO = 330,000 in.-lb 

^ V12 X 240 

Adopting an effeetive depth of 10^4 in., the total slab thickness is 13 in. 
The required steel area is 


A. = : 


330,(500 


20,000 X 0.875 X 10.75 


-.TP" = ' SO in- 
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which is furnished by No. 8 bars at 5^, in. on centers (*4« = 1.72 sq in. 
per ft, which is within 2 per cent of the recpiired area). The re(|uired dis¬ 
tribution reinforcement (see Art. 1 l.G) is 1.72 = 0.33 sii in. This 

w'ill be provided by placing No. 5 bars at l2-in. centers, directly on top 
of the main reinforcement. 

Since the slab and girders are to be poured monolithically, some nega¬ 
tive moment will be developed at theii junction. Therefore one-third 
of the main reinforcing bars will be bent up near the supports and con¬ 
tinued near the top of the slab to within al>out 2 in. of the* outside face 
of each girder, w’here they will be anchored by means of hooks. In addi¬ 
tion, No. 8 bars at l.Vin. centers will be placi'd in the top of the slab near 
the girders and bent up into the girders to within about 3 in. of the top 
of the girders as shown in Fig. 11.2t>. 

of or idije 
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11.18. Main Girders. The w(‘ight from the slal) per foot of girder 
is 181 X 13 == 2300 lb. The cross s(M*tion of tin* ginh'i is assurn(‘d as 
21 X 74 ill. over-all, which would gi\(‘ a w(*ight ot IS.M) lb jxm- ft, but since 
the sides are paneled in the archit(‘(*tnral treatment, th(‘ weaght wnll bo 
assumed as 1700 lb p(T ft. The d(‘ad-load moment is the‘r(‘fore 

Mn = ^8 X 107)0 X 7)0“’ X 12 = 17),200,000 in.-lb 

In order to obtain the maximum live‘-le)ael me)me*nt, e)ne' line e)f true*ks 
is placed as close te) the face e)f one* gireler as the* (*le*arane‘e‘ eliagrarn wnll 
permit, as shown in Fig. 11.25. Then tinalmg the slab as a simple b(‘am 
and taking moments about the right-hand girder, the pinportionate part 
of one wdieel load P, carried by the left-hand girele*r, is 

P(9.00 + 15.00 + 19.00 + 25.00) 28.00 = 2.43/^ 

The position of the loads longitudinally is the same* as for the deck- 
girder bridge previously deisigned (see Fig. 11.20) and the moments are 
proportional. Therefore, 

M^ = ^X 4,150,000 = 9,150,000 in.-lb 
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The impact moment is 

M, = 0.285 X 9,150,000 = 2,610,000 in.-lb 
and the total maximum moment is 


M = 15,200,000 + 9,150,000,+ 2,610,000 = 26,960,000 in.-lb 

, [26,960,000 

, = 67.6 in. 


X 246 


Adopting an effective depth of 68^^^ in., to reduce slightly the required 
steel, assuming two rows of bars 3 in. center to center with the center of 
the lower row 3 in. from the bottom of girder, the total depth is 


683^ + 13^^ + 3 = 73 in. 


approximately as assumed. 


26,960,000 

20,000 X 0.875 X 68.5 


22.5 sq in. 


Fourteen No. 11 bars provide 21.87 sq in., which is close enough to the 
required area to be satisfactory. All the bars will be continued at the 
bottom from one end of the girder to the other. 

The shears are computed in a manner similar to that used for the inter¬ 
mediate beams of the deck-girder bridge (see Art. 11.13). The values 
are as follows: 



Total shear, lb 

Unit shear, psi 

Center of support 

193,000 

109 

5-ft section 

104,000 

144 

10-ft section 

130.000 

114 

15-ft section 

95.000 

83 


In computing the above unit shears, the minimum width, which is 
24 — (2 X 2 ^ 2 ) = > used (see Fig. 11.26). 

Using No. 5 U stirrups, 

20,000 X 2 X 0.307 

and the required spacings are as follows: 

Center of support: 646 4 - (169 — 75) = 6.9 in. 

5-ft section: 646 (144 — 75) = 9.4 in. 

10-ft section: 646 (114 --- 75) = 16.6 in. 

15-ft section: 646 (83 — 75) = 81.0 in. 

The ma.ximum allowable spacing is 3^2 X 68.5 = 34.2 in. 
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CROSS-SECTION END ELEVATION EXPANSION BEARING DETAILS 

Fig. 11 26. Details of through-girder bridge 
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The first stirrup will be placed at the center of the support and the 
spacings thereafter will be as follows: 9 at 7 in., 7 at 9 in., 4 at 12 in., and 

4 at 3P2 

11.19. Miscellaneous Details. The details of the architectural treat¬ 
ment of the girders are shown in Fig. 11.26. The floor slab is framed 
into the girders 6 in. above the bottom of the girders in order to avoid 
the necessity of bending the slab reinforcement to clear the bars in the 
girders. 

A fixed bearing will be constructed at one end by placing No. 6 dowels 
in the breastwall of the abutment, at 12-in. centers, and bending these 
dowels into the slab and girders as shown in Fig. 11.26. Horizontal 
dowels wnll also be used. The* slab v\ill be deepened so that the bottom 
of the slab will rest on the l)ridge s(»at and serve as a backwall for the 
abutment. 

An expansion l)(‘aring at th(‘ other end of the bridge* is similar to the 
type deserib(‘d in Art. 1 1.9 and illustrat<‘d in Fig. 11.14. The details arc 
shown in Fig. 11.2(). The rec|uired area of the bearing plates is 

193,()()() 700 = 276 s(i in. 

Transverse drainage* is provideni by a P |-in crown and longitudinal 
drainage by sloping the gutters toward 3-in. drains wliich are placed close 
to (*acli ginh'r at S-ft c(*ntors 

Abutments are d(*sign(Ml according to the principl(‘s outlined in Sec. 9. 

COMPOSITE BRIDGE CONSTRUCTION 

11.20. Description of General Type. In addition to girder bridges 
entirely constructed of reinforced concrete, a freciuently used type of con- 
stuction consists of longitudinal steel girders with a reinforced concrete 
deck. If th(' d(*ck merely rests on the girders, it does not represent an 
integral part of th(* transverse cross section. That is, since no provision 
is made to transfer longitudinal shears from the girder to the deck, the 
latt(T does not assist in carrying longitudinal bending moments. In con¬ 
trast, steel-concn'te composite construction as used in many present-da}" 
bridg(\s consists es.sentially of three elements: (1) longitudinal steel beams, 
usually calhnl stringers or girders; (2) a reinforced concrete deck; and 
(3) devices, usually called shear connectors, which are welded to the top 
flanges of the beams and protrude into the slab to tie slab and beam 
together and to force them to act as a unit in resisting girder moments 
and shears. Figure 11.4 show's steel stringers w'ith spiral shear connec¬ 
tors attached. Figure 11.27 is a typical example of a completed bridge 
of this type. Simple spans up to about 123 ft and continuous spans up 
to about 173 ft have been built in this manner. 

The principal advantage of this tj’pe of construction is that it utilizes 
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the concrete deck, which in normal construction does not contribute to 
longitudinal strength, to assist in resisting longitudinal bending. The 
resulting composite section is usually shallower Mid lighter--but none 



Fig. 11.27. Coiitinuoub biklge of composite const lui lion 


the less stifTer—than a comparable s(*ction of ordinary concndi* slab sleel 
stringer construction in which there is no provision for coiniiosite action. 
Some of the different types of shear coniK'ctors which hav(‘ l)(‘en used 



(o) Spiral Shear Conncflor (^) Serpentine Shear Connector 



ic) Chonnel Shea*' Connector icf) I beom Sheor Connector 

F'ki. 11.28. Typical sIk ar (onruTtoib 

successfully are shown in Fig. 11.28. The spiral connector, known as 
the Alpha spiral, is perhaps the most commonly used connector. What¬ 
ever type of shear connector is used, it should extend at least halfway 
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into the slab, but not closer than in. to the top of the slab. In the 
transverse direction the concrete deck is designed as a one-way slab using 
the principles outlined in Art. 11.12. In simple composite spans the con¬ 
crete deck forms part or all of the compression region of the composite 
section. In continuous spans over the supports the concrete is in ten¬ 
sion, and additional longitudinal reinforcement on steel cover plates must 
be added. 

The steel stringers alone must support their own dead weight as well as 
the dead weight of the formwork and fresh concrete of the deck unless 

siiflBcient intermediate shoring is 
used. The usual principles of steel 
design, which are covered in ele¬ 
mentary steel-design textbooks, 
apply to the design of the stringers 
to resist dead loads. 

The live load is resisted'by the 
composite section. The resisting 
moment of the composite section is 
usually computed from the proper¬ 
ties of the transformed section ob¬ 
tained by substituting for the con¬ 
crete slab an equivalent amount of 
steel. 

In designing a composite section, 
the bending moment for dead load 
and that for live load plus impact 
are determined. For a trial section 
a beam or girder with a resisting 
moment of about one-half of that 
required for dead load, live load, 
and impact may be selected, but in 
the usual case this must not be less than that re((uired for dead load alone. 
In making such a selection the deepest beam satisfying clearance require¬ 
ments should usually be selected in order that the deflection may be kept 
within the specified limits. The method of computing the resisting 
moment of the composite section is illustrated in Art. 11.21. 

11.21. Resisting Moment of a Composite Section. In Fig. 11.29a 
there is shown the cross section of a composite section. In this case 
the steel stringers are spaced 6 ft-0 in. on centers. With /' = 3000, 
fe - 1200, f, = 20,000, and n = 10, the width of the transformed area 
of concrete is 7.2 in. Taking moments about the top of the slab, the 
distance kd to the neutial axis of the transformed section is 




it) 

Fig. 11,29 
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kd = 


47.09 X 26 + 72X8X4 
47.09 + 7.2 X 8 


13.9 in. 


43t 


The moment of inertia of the transformed section about its neutral axis is 

36 WF 160 = 9,739 in.< 

+47.09(12.1)* = +6,894 in.« 

Concrete: +7.2 = +6,445 in.* 

-7.2 = -493 in.* 

I = 22';.^5m7 

Resisting moment as governed by (^onercte: 

^ ^ X 10 - 19,498,000 in.-lb 


Resisting moment a.s governed by steel: 

= d^Jd ^ " "In ' ^ 15,007,000 in.-lb 

The latter value would govern the design in this ease. As mentioned 
before, in areas of negative moment of eontinuous beams where tension 
would oceur at the lop of the section, the concrete is considered ineffec¬ 
tive, and longitudinal bars or cover plates on the beams are added to 
resist the moment. Such reinforcement must, of course, be extended far 
enough to be firmly anchored in a region of concrete in compression. 

It will be noted that the above section is somewhat unbalanced, that 
is, the resisting moment of the concrete is considerably higher than that 
of the steel. A closer balance can usually be obtained by adding a cover 
plate to the bottom flange of the beam. Since this arrangement is fairly 
common in simple-span composite construction, the effect of adding a 
14- by ^ 4 -in cover plate to the bottom of the above section will be illus¬ 
trated. The cross section of all elements will be assumed as being effec¬ 
tive (see Fig. 11.296) since most construction of this type is welded. 

Taking moments about the top of the slab, the distance kd to the neu¬ 
tral axis of the transformed section is 

47.09 X 26 + 10.50 X 44.37 + 7.2 X 8 X 4 . 

47T09 + 10.50 + 72 X 8 lO./ in. 

The moment of inertia of the transformed section about its neutral 


axis IS 
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36 WF 160 = 9,739 in.* 

+47.09(9.3)= = +4,073 in.^ 

Covor plate: +10.50(27.7)= = +8,056 in.^ 

Concrete; +7.2 = +11,178 in.^ 

-7 2^?^* = -l,.580in.< 

t5 

I = 31,466 in.‘ 

Tle.si.^linR momnit as governed by the concrete; 

M, = X 1200 X 10 = 22,610,000 in.-lb 

Resisting mom(‘nt as govoni(‘(l by llio steel: 

Af, = ’ L*’*’ X 20,000 = 22,396,000 in.-lb 

Jo. I 

It is seen tlint, with the addition of the cover plate, Me and Ms are 
practically (‘(pial, a balanced design has been obtained. Also, by 
this addition the resisting moment has been incn'ased from 15,007,000 to 
22,1^90,000 in."lb, by 19 p(‘r cent. To achieve this larger resisting 
monu'nt by a design without a co\<'r plate, a much heavier wide-flange 
beam w'ould have to be usihI whose weight would be considerably greater 
than that of the 30 WF 1()0 s(‘ction plus cover plate and shear connectors. 

Although it is imj)ossible to make a conclusive ec'onomic comparison 
of composite* V('rsus ordinary ce)nstruction on the basis of the one example 
presented here, some indication of the possible saving in steel can be 
obtained. In order to furnish a resisting morn(*nt eepiivalent to that sup- 
pli(*d by the composite section of Fig. 11.295, a simple w'ide-flange beam 
w'ould have* to have a section modulus = 2,39(>,0()()/2(),()00 = 1120 in.® 
The largest wide-flange beam, a 3() WF 300, has a section modulus 
e)f 1105 in.® 

The we*iglit e)f the ste*el per foe)t in the e*omposite section showm in 
Fig. 11.21)5 i.s 

WF beam 100.0 lb 

(''e)ver plate 35.7 lb 

She*ar connee'tors (approx.) 3.3 lb 

199.(TTb 

While this represents a saving in steed weight of about 33 per cent, this 
is not a true comparison as far as cost is concerned, because to the cost 
of this lighter sectiem must be aeleled the cost of attaching the connecte)r.s 
to the upper flange of the beam and the cost of attaching the cover plate 



COMPOSITE BRIDGE CONSTRUCTION 


423 


Art. 11.22] 

to the lower flange of the beam. However, these operations are usually 
considerably less in cost than the additional weight of fabricated steel 
required when the composite section is not used. 

Shearing stresses in the beam \^eb may be computed by the customary 
formulas from strength of materials, again keeping in mind that the dead¬ 
load forces arc resisted by the girder alone and the live-load forces by the 
composite section. The maximum shear stress at any cross section is 
then 


Vmnx 


VoL 

iJh 


VliQj 

~IcU 


where iW = maximum unit shearing stress in web 
Vi>L = d(‘ad-]oad shear at seetion 
VLL = live-load shear at section 
= web thickness 
hs — depth of steel beam 

Ic — moment of in(‘rtia of composite section about its neutral 
axis 

Qf — statical moment of composite* s(‘(‘tion on one side of the neu¬ 
tral axis, about the neutral axis. 

In bridges of ordinary proportions she'aring stress(*s are seldom criti(*al. 
n.22. Design of Shear Connectors. The shear connectors must be 
strong enough to transmit the* horizontal sh(*ar on the plane between the 
steel and concrete. Theoretically the horizontal sh(*ar pen* unit lemgth 
of b(*am may be comput(‘d from the usual formula: v ~ VQ/Ir 
where v = horizontal shearing stress peT unit lenigth of btaim bet\v(*(*n con¬ 
crete slab and st(‘el l)(‘ain 

V — shear at section 

Q = statical moment of slab about innitral axis of composite 
section 

Ic — moment of inertia of composite s(*ction 
Since most sh(*ar connectors are of rath(*r unusual shapes, their actual 
strength is usually determined by tests. Several manufacturers present 
safe shear-load tables for their particular connf*ctors. Ali)ha spirals, for 
example, are made of ^2"? -brin.-diameter bars with spiral diam¬ 

eters from 3^2 lo H hi. As an example of carrying capacity, the Porete 
Company, manufacturers of Alpha spirals, recommend an allowable shear 
per running foot of 22.08 kips for a ’'*«-in.-diam(*ter spiral with a 0-in. 
spiral pitch in cases where the basic steel working stress is 18,000 psi. 
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ULTIMATE OR PLASTIC DESIGN 

12.1. Introduction. Most current methods of structural design are 
based on the assumption that stress and strain are proportional, i.c., that 
the material performs in a purely elastic manner. In Secs. 1 to 5 it was 
pointed out in various connections that this assumption is rather far 
from the truth, especially for concrete. In particular, in Sec. 4 it was 
shown that current procedures of column design are no longer based on 
the supposition of elasticity but rather on the actual behavior of concrete 
under load. This behavior was shown in Fig. 4.2 which indicates that 
stresses and strains in conciete are proportional only at relatively low^ 
stresses but that at higher stresses the strain increases at a faster rate 
than the stnvss. 

This fact was we41 known in the early days of reinforced concrete 
research and design. In fact, A. N. Talbot, one of the pioneers in this 
field, pointed out as early as IDOf) that a curved stress-strain relationship 
must be used for an accurate determination of strength of reinforced con¬ 
crete members. For the sake of simplicity, however, later reinforced con¬ 
crete theory was exclusively based on the as.sumption of elastic behavior. 
In many cases this method led to uneconomical design; i.c., many rein¬ 
forced concrete membi'rs proved to be much stronger than indicated by 
the elastic theory, so that smaller dimensions could have been used had 
a more accurate d(‘sign method been available. This discrepancy became 
so glaring in column design that it finally led to abandoning the concept 
of elasticity for such members in favor of the procedure discussed in 
Art. 4.2. 

Present concrete codes, therefore, represent a rather inconsistent com¬ 
promise, since the assumption of perfect elasticity is retained for the 
design of beams, while the actual, partly plastic behavior of concrete 
serves as a basis for the design of axially loaded columns. The prac¬ 
tical difficulties of this situation are realized w^hen one considers that 

494 
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beams on the one hand and axially loaded columns on the other are but 
the two extremes of the more general case of bending plus axial stress 
(Sec. 5), in which the eccentricity e can vary all the way from zero (axi¬ 
ally loaded columns) to infinity (simple bending of beams). To make 
matters even more involved, present codes do take partial account of the 
plasticity of concrete in regard to beams with compression reinforcement, 
as was briefly indicated in Art. 3.46. 

The only way to avoid this inconsistency and to achieve design of 
maximum economy is to base the design of all types of concrete mem¬ 
bers on the actual performance of concrete, as depicted schematically in 
Fig. 4.2. This step has already been taken in the concrete design codes 
of several foreign countries. In the United States development has been 
somewhat slower, chiefly because it is realized that the state of knowl¬ 
edge of these matters is as yet incomplete. 4\) eliminate' the gaps in 
available information, a considerable amount ot lesearch is l>eing carried 
on at present. 

A number of American and foreign engineers and investigators have 
proposed more or less different ih'W methods of design and analysis of 
this type. In the following articles the two methods d('V(‘loped in this 
country will be briefly discussed, since it is likely that one of them, pos¬ 
sibly with suitable modifications, will eventually be adopted as standard 
design procedure. In view of this prospect, a comprehension of these 
methods is essential at this time, even though they have not yet become 
a part of everyday engineering practice. 

In design work the ado(|uacy of a structure is ensured by the intro¬ 
duction of a factor of safety, usually applied to the stress. For example, 
the ACI Code specifics 45 per cent of the concrete strength /' as the 
allowable concrete stress in beams and 50 per cent of the yield point as 
the allow^able steel stress; t.c., a factor of safety of about 2 is stipulated. 
If stresses exceed the proportional limit, loads, strains, and stresses are 
no longer proportional. This can be seen from the numerical discussion 
of Fig. 4.2, Art. 4.2. For this reason, factors of safety cannot be applied 
to stresses under such conditions. One proceeds, therefore, to determine 
the ultimate strength of a member, f.c., the load or moment at which it 
will begin to fail. The permissible design load or moment is then the 
ultimate load or moment divided by the factor of safety. 

For this reason the discussion that follows will deal exclusively with the 
actual carrying capacity, i.v., with ultimate loads or ultimate moments, 
which should not be confused with the design Joads or moments, obtained 
in all other sections of this book by using permissible stresses. Once this 
ultimate load or moment is determined for a given member or structure, 
its safe, or design, load is simply obtained by dividing the capacity load 
by a factor of safety. 
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12.2. Stresses in Reinforced Concrete Beams. In the elastic theory 
of reinforced concrete it is assumed that stresses in a beam are distributed 
as shown in Fig. 3.2. It is further implied that the beam will fail if 
either the steel stress /, becomes equal to the yield point /y, or the con¬ 
crete stress/c equal to the concrete ^strength /', or both. Current design 
procedures, such as those of the ACI Code, are based on these simplified 
assumptions. It is well known, however, that actual concrete stresses 
are distributed in a different manner in a beam. 

Figure 12.1 shows a typical stress-strain diagram for a concrete cylin¬ 
der with /' = 3000 psi (see also Fig. 4.2). The details of the shape of 
this curve vary within certain limits, depending on the particular cements 

3000 


2000 

*Io 
Q. 

1000 

n 

'0 0.001 0 002 0.003 

Fio. 12.1. Typical str(‘ss-slniin curve's for a concrete with f[ — SOOO psi. 

and aggregates used. It is seen that, for standard rate of loading, the 
full strength of 3000 j)si is nniched on a gradually curving line; that the 
test cylinder then continues to compress under nearly constant and, 
later, under gradually d(*cr(»asing load; and that it finally breaks at a 
strain, for this particular e\ampl(‘, of 0.0028 in. per in. and at a stress 
considerably below/J. To each strain there corresponds a definite stress, 
though the exact pairs of values are seen to depend also on the rate of 
loading. 

This information is obtained from compression tests of standard con¬ 
crete cylinders in which, for any particular load, the strain is the same 
at all points of the cross section. In beams, on the other hand, since 
originally plane sections remain plane during the process of bending, 
strains increase in direct proportion to the distance from the neutral 
axis. This is seen from Fig. 12.2a, where a portion of a beam of unit 
length is shown; if the left end of that portion is held immovable, the 
right section remains plane and rotates as shown. If the strain at the 
top fiber is, say, 0.0024 in. per in., the strains in other fibers are smaller 
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in proportion to the ratio of their distances from the neutral axis. If 
this beam is made from the concrete of Fig. 12 1, it is reasonable to 
assume that to a given strain the same stress will correspond both in the 
beam and in the cylinder. Hence, for standard rate of loading, the 
stress at the top fiber will lie 2900 psi, while at a distance of kd/4 from 
the top fiber it is 3000 psi (as obtained from Fig. 12.1 for a strain of 
O.OOlSj, and so on down toward the neutral axis. The corresponding 
distribution of compression stress is shown in I'ig. 12.26 and is seen to 
be of exactly the same shape as Fig. 12.1. In the same figures are also 
shown the corresponding distributions for ;i slow rate of loading. 


Rote of Looding 
Stondord Slow 



Fifi, 12.2. Typical strain and stress distributions in a b(‘ani,/' == :U)00 psi. 

As the load is increased, the strains increase' and th(' h(*am will fail 
when either the steel he^rins to yield or whtni the strain in the eonerete 
becomes so large that enisliing r(*sults, or })oth. (Actually, failure does 
not ensue immediately when the steel h(*gins yielding; })ut at that stage 
the tension cracks in the concrete become so large as to make the beam 
practically useless, and actual failure takes place at a load only very 
slightly larger than that which caused first yielding.) 

An accurate prediction of the strength of beams, as required for eco¬ 
nomical design, can be made only liy taking account of the actual stress 
distribution of Fig. 12.26, in contrast to the fictitious straight-line dis¬ 
tribution assumed in the elastic theory. If this were done accurately 
for the rather complicated stress distribution curves of Fig. 12.26, for¬ 
mulas would result which would be too lengthy and tedious for practical 
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design work. The proponents of various plastic theories of design, there¬ 
fore, have replaced these curves by simpler, appropriately chosen straight- 
line figures. This can be achieved in the following manner. 

For a rectangular beam, the area under the stress distribution curve, 
multiplied by the width of the beam, represents the total compression 
force in the concrete, which acts at the centroid of that area. This force, 
multiplied by its distance from the center of the tension steel, is equal to 
the bending moment. Hence, the same bending moment will be obtained 
if the actual distribution curve is replaced by a simplified outline, pro¬ 
vided (a) the area under both of them is the same and (6) their respective 
centroids have the same distance from the tension steel. The difference 
between the two methods discussed in the following sections consists 
chiefly in the choice of this simplified shape of the stress-distribution 
figure. 

12.3. Jensen-PCA Method. In 1943, V. P. JenserP developed a 
method for analyzing the carrying capacity of beams by taking account 




Fio. 12.11. Simplified stress-strain curves of the Jensen-PCA metliod: (a) for concrete; 
(/>) for steel. 

of the plastic deformation of concrete. This method was subsequently 
elaborated and slightly modified by the Portland Cement Associa¬ 
tion (PC A). 2 

In this method the stress-strain curve for a standard rate of loading, 
which is of the general shape of Fig. 4.2 or 12.1, is replaced by a trape¬ 
zoid, as shown in Fig. 12,3a. The stress-strain diagram for steel (see 

^ V P. Jenson, “The Plasticity Ratio of Concrete and Its Effect on the Ultimate 
Strength of Beams,” J. ACf, vol. 14, p. 565, 1943. 

* “ Ultimate Design of Reinforced Concrete,” Concrete Information St68, Struc¬ 
tural Bureau, Portland Cement Association, 1944. 
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Fig. 4.2) is of the same general shape, and is very nearly identical with 
that of Fig. 12.36. 

It is generally observed that concretes of highei’ strength /' behave in 
a more brittle manner than low-strength concretes; i.c., cylinders of such 
concretes fracture at smaller total strains than do cylinders of lower 
strength. V. P. Jensen took account of this observation by defining as 
the plasticity ratio 

^ “ r+ (/»/4()6o? 

That is, €2 = pci is that portion of the ultimate strain Ci which is plastic 
i.p.y which occurs without increase in test load. It is sc^en that the 
plasticity ratio jS decreases with increasing indicating more brittle 
behavior. Up to the smaller strain co, the concrete, in tL(' simplified 
diagram, is assumed to behave elastically, so that Young\s modulus Ec is 
the slope of the inclined portion of that diagram. On the basis of test 
results Jensen proposed for this modulus the expression 


Er 


_ 

(5 + 10,000//;) 


( 12 . 2 ) 


where Es = 30,000,000 psi is Young^s modulus for steel, 
ratio of the elastic moduli is 


n = i) + 


10,000 

fe 


Hence, the 
(12.3) 


Tf a beam is loaded in such a manner that the strain in the outer fiber 
c' is smaller than Ci, as shown in Fig. 12.3u, then, by the same reasoning 
as in Art. 12.2, the corresponding stnvss distributiori is that of l^'ig. 12.4. 
Tf the amount of reinforcement is such that th(‘ st(‘el will start yielding 
(/« = fv) before the strain c' in the top fiber has be(*om(‘ ecjual to the 
ultimate strain Ci at which crushing starts, then the total t(Misile force in 
the steel at incipient failure is 

T = AJy = pbdfy (12.4) 

as shown in Fig. 12.4. 

The resisting moment of the beam is then determined as follow^s: The 
total compression force C in the concrete is cfiual to the area of the stress 
trapezoid times the width of the beam, i.c., 


C = 


4- 


(12.5) 


Since the sum of the horizontal forces muKt he zero, one obtains from 
T == C 

2p/» 

(1 + y)f'c 


k 


( 12 . 6 ) 
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Fia. 12.1. Stress and strain distributinns in a b(‘am (Jonsen-PCA method). 

The lever arm of internal forces \h jd ~ d — c, where r, as in Fig. 12.4, 
is the distance from the top fiber to the line of action of (\ that is, the 
distance to the centroid of the trap(‘zoid. With 


one obtains 


c 




1 + 7/ 




1+73 


(12.7) 


On the other hand, considering that strains an* proportional to dis¬ 
tances from the iK'utral axis, one obtains from tin* similar triangles oab 
and ocd of Fig. 12.46 

_ Cy _ _ eo _ 

(I~- A)d ” (1 

As can be seen from Fig. 12.3, c,, — fJE, and Cy — fy/Es, With these 
values substituted in the above e<iuation 


J == ^ 

\ - k (1 - y)fy 


( 12 . 8 ) 


Equations (12.0) and (12.8) contain the common unknowns y and k. 
From Eq. (12.0), 



(12.9) 


where r = fy^fe- If this value is substituted in Eq. (12.8), one obtains 
for the position of the neutral axis 
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, _ 2pr- + n 
2 r +'n' 


( 12 . 10 ) 


Finally, for the lever arm of internal forces, hy siihstituting y from 
Kq. (12.7), 


k ^ (2pr " k)- 
3 Opr 


( 12 . 11 : 


The resisting moment of the beam is then 


M = Tjd - pf,jh<P = KhcP (12.12) 


^^here K = pfuj- The similarity with the (ustomary formula for revi(*\\ 
of i)('ams [Eq. (3.50)] will be immediately recognized. To be sure, lh(* 
expressions for k and j [E(|s. (12.10) and ( 12 . 11 )] ar(» more '‘('nqdit’ated 
than the corresponding formulas of the elastic tlu^ory [Kc|.^ (3.2) and 

(3.3)]. These values, however, can be tabulated onct' and for all simi¬ 
larly to Table 0 (Appendix J)), and thus the practical use of this nudhod 
is no more involved than customary procedures. (Such tables are given 
in the quoted PCV\ publication.) 

It is seen from F^q. (12.9) that when k = 2pr, ~ 0; in this case the 
stress distribution is that of Fig. 12 .5o, ij the sanu* as in the customary 
elastic theory. If k = 2pr is substituted in Ecp ( 12 . 10 ), on(‘ obtains that 
value of the reinforcement ratio p^ at and b(‘lr)w which the stress distribu¬ 
tion is of the typ<* of Fig. 12 .5u, namely, 


_ H 

~ 2 r(/i + r) 


(12.13) 


For beams with p smaller than licjs. ( 12 . 10 ) and (12.11) do not apply; 
th(‘ stress distribution is that of th(‘ elastic theory, and A and j are deter¬ 
mined from Ecjs. (3.2) and (3.3). It is seen, (herefort*, that this method 
(‘ontains the customary procedures as a special case for small percentage's 
of reinforcement. 

On the other hand, if the concrete strain c' in the extreme fiber becomes 
(‘^liial to the ultimate strain ci (Fig. I2.3a), it is assumed that the con¬ 
crete begins to crush. If the steel begins to yield sirnultam'ously, both 
materials are used to their full capacity. In this case Fig, 12.3a indi- 
(‘ates that 7 = ^ 8 , and consecpu'ntly tin* stn'ss distribution in the beam 
is that of Fig. 12.55. Substituting 7 for in K(|s. ( 12 . 0 ) and ( 12 . 8 ) and 
eliminating A', one obtains that steel peicentagc 


^ r^l -tA) 

2r{n + (1 - (S)r] 


(12.14) 


at wdiich both materials are used to capacity. lOquations ( 12 . 10 ) to 
( 12 . 12 ) are then used, as before, to determine the resisting moment of a 
beam so reinforced. 
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If a steel percentage larger than po were used, a significant increase 
in carrying capacity could be obtained only by using compression 
reinforcement. 

Figure 12.5a and h illustrate graphically the difference between the 
elastic and the plastic theory for ordinary grades of material (fy = 40,000, 

= 3000 psi). The elastic methods limit the usable compression force 
C developed by the concrete to that corresponding to the triangular area 
of Fig. 12.5a. The plastic theory recognizes that the concrete is actually 
capable of developing a much larger compression force before crushing. 
In the Jensen-PCA method the maximum force C that the concrete can 
develop corresponds to the trapezoidal area of Fig. 12.56. 



Fkj. 12 f). liiinitinj; stress distributions of ttio Jonson-PCA motliod: (a) for small 
stool ratios {p ^ p,), (/;) for lai^o stool latios {p ^ /;o) 

Illvstrativr Examphs. The practical significance of this method is 
easily realized from the two following examples. 

I. A 12- by 21-in. beam is reinforced with eight No. 8 bars in two 
rows. Intermediate-grade steel (/„ = 40,0(K) psi) and /' = 3000 psi are 
used. If the customary factor of safety of 2 is stipulated, determine the 
allowable moment by th(‘ Jensen-PCA method, and compare with the 
value obtained according to the ACT C^ode. 

A. = 6.28 in.2 6=12 in. d = 20.5 in. p = 0.0256 

For the materials used, according to Eq. (12.3), n = 8.33, and r = 13.33. 
From Eq. (12.13), p« = 0.0144. Since p is larger than p,., Eqs. (12.10) 
to (12.12) must be used. They give k = 0.49(), j = 0.817, and the ulti¬ 
mate moment M = 4,230,000 in .-lb. The allowable moment is half this 
value, that is, M = 2,115,000 in.-lb. 

By the AC^I Code, k = 0.510, j = 0.830. Since p is larger than the 
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ideal percentage of reinforcement, the concrete stress governs, and the 
allowable moment is M = 1,440,000 in.-lh. 

II. The same beam is reinforced with four No. 8 bars in one row. The 
identical determinations arc required. 

Since now d = 21.5 in., p ~ 0.01215. This percentage is smaller than 
Pe, and consequently the customary beam formulas must be applied. 
Using the values n and p, as given above, from Eqs. (3.2), (3.3), and 
(3.5), respectively, k = 0.300, j — 0.830, and the ultimate moment 
M = 2,380,000 in.-lb so that the allowable moment M = 1,190,000 in.-lb. 

By the ACI Code, k = 0.385, j = 0.872, and since p is smaller than 
the ideal percentage so that the steel stress governs, M = 1,180,000 in.4b. 
(The small difference in results, despite the fact that the same formulas 
are used here for both methods, comes from the different value of n, 
Kq. (12.3), as compared to that used in ACT Code.) 

From these examples it is seen that the customary method and the 
.lensen-PCA method give praetieally identical results for relatively small 
percentages of reinforcement. However, for larmr steel ratios, the 
resisting moment indicated by the plastic theory far exce(‘ds that deter¬ 
mined from the elastic theory, b}*^ almost 50 per cent in the case of 
Example I. 

This situation is well borne out by numerous tests which show that 
the customary elastic method is in reasonable agreement with experi¬ 
mental results only for values of p smaller than pr. For l)(*ams without 
compression reinforcement, but with p in excess of p,, the elastic theory 
indicates carrying capacities smaller than thos(» ohtain(‘d from tests, 
increasingly so as p increases. On the other hand, the Jenscn-PCA 
method has been checked against some 70 beam ttvsts, carried out in three 
different laboratories, with steel perc(Mitages from rather low values up 
to p — 0.050 and with /' varying from 1 100 to 5800 psi. The agree¬ 
ment between theory and test was excellent throughout; differences 
between predicted and experimental strength rarely exceeded 5 per cent 
and were considerably smaller in most cases. 

It is apparent from this discussion that in many cases of relatively 
large p, where the cu.stomary theory w^ould call for compression reinforce¬ 
ment to provide the required resisting moment, the beam is actually 
capable of developing the same moment without such compression rein¬ 
forcement. This situation arises ver}^ frequently at the supports of con- 
tinous T beams, one of the most frequent types of members. Since the 
large amount of compression reinforcement required by the elastic theory 
in such instances is not only wasteful but makes for difficulties in placing 
the excessive amount of steel, the present ACI (^ode makes partial allow¬ 
ance for the actually larger strength by permitting for the compression 
steel twice the stress computed by the elastic theory (see Art. 3.46). 
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Instead of this rather arbitrary stipulation the plastic theory provides 
one single, consistent method of computing beam strengths for any value 
of p and, in addition, is in uniformly good agreement with test results. 

12.4. Whitney Method. In a series of papers C. S. Whitney^ has pro¬ 
posed a method of ultimate design different from and somewhat simpler 
than the Jensen-PC"A method. Like the latter, Whitney^s method is 
derived from and checked against numerous test results. In their prac¬ 
tical results, t.c., the calculated strength of beams of various proportions 
and made from various grades of concretes and steels, the two methods 
differ but little. In contrast to the Jensen-PCA method, the greater 
simplicity of Whitney’s method enables it to be applied without difficulty 
not only to beams but also to members subject 

_1 *^ bending and axial stress. 

f Whitney assumes the stress distribution in a 

^ beam to be of the type of the ''slow loading” 

" H;— rather than the "standard loading” curve (see 

Figs. 12.1, 12.2/>, and a so 4.2). It is seen that 
according to this distribution a considerable part 
of the compression portion of a beam is subject 
to practically constant stress of intensity ecpial 
' to, or only slightly greater than, 0.85/'. For 
purposes of simplifi(*ation, he r(‘j)laces this dis¬ 
tribution diagram by a rectangle of width 0.85/' 
and depth a (Fig. 12.0). It should be noted that 

zzzmz_ y ^ e(pial to the distance to the neutral axis 

- 7"=^,^ /,y/ Iij the location of this axis nunains 

Fio. 12.0. Stress distri- undet('rmined in this method. As was pointed 

butioii in a bciiin (C. S. before, the real stress distribution can be 

Whitney method). , , , c i i -x 

replaccMi by one oi any shape, provided it repre¬ 
sents correctly the total compn'ssion in the conende and the lever arm of 
internal forces. W'hether these retjuirements are satisfied can he estab¬ 
lished coindusively only by comparison with a wide range of test results, 
as was done by both .Jensen and Whitney. 

Stresses in a beam are then assumed to be distributed as shown in Fig. 
12.6, where a is not e(iuival(‘nt to the usual Ay/, but th(‘ lever arm of 
internal forces c has the same meaning as the usual jd. For a rectangular 
beam, since the sum of liorizontal forces is z(‘ro, that is, T — C, 


—1 

— 

c ' 



L_J T^Asfy 

Fio. 12.0. Stress distri¬ 
bution in a bciiin (C. S. 
W hitney method). 


A 4, = «60.85/; 

from which, with p — AJhd and m — one obtains the depth of 


1 See J, ACI, vol. 8, p. 188, 19:?7; Trans, ASCK, vol. 107, p. 2,51, 1942; J. Boston 
Soc, Civil Kngrs., vol. Ho, no. 1, p. 29, 1948. 



435 


Art. 12.4] 

the rectangular stress block 
and the lever arm 


WHITNEY METHOD 


a == pnid 


c 



(12.15) 

( 12 . 1 (>) 


If yielding of the steel governs the strength of the })eam, its resisting 
moment is 

M, ^ JXc = vfy (l - ^-’1') (12.17) 

which can bo writt<Mi in the usual form 


\\ lien* 


M, = Kh(P 

K - Pi. (l - T) 


(12.18) 

( 12 . 1 !)) 


On Iho otlicr h:ind, the moment of tlie coiicrele comprehsion force 
about T i.s 

M, = ().85/;ahf = 0.8.V;«h 

This can be written as 


Mr 



(12 20 ) 


which is seen to be an eciuation of the form M — Kbd^. 

in the Jensen-P(\\ method the maximum moment which tlie concrete 
is capable of developing was determined by assuming that crushing b(‘gins 
when the concrete strain b(*comcs eipial to (i. Xo such assumjition was 
made by Whitney. Instead, by e\aluating a large numlx'r of beam tests 
he found that for large reinforcem(*nt p(*n*entage 71 , that is, wh(*n con¬ 
crete rather than steel governed, the r(*sisting moment was 


Mr =- 'I 


( 12 . 21 ) 


From h]qs. ( 12 . 20 ) and ( 12 . 21 ) it is seen that 


0.85/' 


a 

d 



/; 

3 


Solving this equation, one obtains th(* maximum value of a/d at tin* 
moment w’hen compression failure starts which is 


§ = 0.537 

a 
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Since, from Eq. (12.15), p = {a/d)(l/m) the steel percentage at which 
the steel starts yielding at the same time at which the concrete begins 
crushing is 


Po = 


0.537 

m 


( 12 . 22 ) 


For reinforcement ratios p smaller than po, Eq. (12.17) determines the 
strength of the beam. If p is equal to, or larger than, po, the strength of 
the beam is governed by that of the concrete and is given by Eq. (12.21); 
hence the maximum value which K can reach, no matter how large the 
value of p, is 

A'™.. = I (12.23) 

Analysis of a largo number of beam tests with p larger than po showed 
Eq. (12.21) to be very accurate for the range of concre'te strengths /J 
between 3000 and about 5000 psi. For values below 3000, the actual 
test strengths of beams proved to be larger than indicated by Eq. (12.21), 
the more so, the smaller the /'. This discrepancy is undoubtedly due to 
the fact that the Whitney method takes no account of the greater plas¬ 
ticity of low-strength concretes as compared to the more brittle con¬ 
cretes of higher strength. The Jensen-PCA method accounts for this 
difference by means of the plasticity ratio p [Eq. (12.1)], which, however, 
results in rather unwieldy design formulas. The discrepancy in the 
Whitney method, for low-strength concretes with p larger than po, is of 
no particular practical consequence since (1) with modern methods of 
concrete manufacture and control, strengths below /' = 3000 psi occur 
quite rarely; (2) the steel percentage is usually below po, in which case 
Eq. (12.17) holds, rather than Eq. (12.21), (3) the error, if any, is on the 
safe side except possibly for concretes of extremely high strength. 

To show how the two methods compare, the problems of Art. 12.3 will 
now be recomputed using Whitney’s method. 

Illustrative Examples. I. With the same data as Example I, Art. 12.3, 
p — 0.0250 and m = 15.7. From Eep (12.22), 

Po = 0 537M5 7 = 0.0342 

Since p is smaller than po, the steel strength governs and the ultimate 
moment, from Eq. (12.17), is 4,110,000 in.-lb. With a factor of safety 
of 2, the allowable moment becomes M = 2,055,000 in.-lb. This com¬ 
pares with 2,115,000 in.-lb by the Jensen-PCA method and 1,440,000 
in.-lb by presently current codes. 

II. With the same data as Example II, Art. 12.3, p = 0.01215 and 
m — 15.7. From Eq. (12.17), the ultimate moment is 2,430,000 in.-lb, 
and the allowable moment M = 1,215,000 in.-lb. This compares with 
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1,190,000 in.-lb by the Jeiiseii-PCA method and 1,180.000 in.-lb by cur¬ 
rent codes. 

It is seen that the two new methods agree with each other very closely. 
They are in good agreement with the customary (elastic theory only for 
relatively low p. They represent correctly (he higher empirical strength 
of beams with larger p as compared to the errciiieously low strength 
predicted by the elastic analysis. 
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Fig. 12.7. Diagram for design and review of b(‘ams (C. S. Whitney method). 


To simplify the routine use of his method, (y. S. Whitney has prepared 
the diagram of Fig. 12.7. This graph is used for design in the manner 
indicated by the arrows and can also be us(h1 for review by reading it in 
the direction opposite to that of the arrows. The diagram determines 
ultimate moments which must be divided by an appropriate factor of 
safety. 

In addition to beams C. S. Whitney has also applied his method to 
eccentrically loaded columns, i.e,, to the case of bending plus axial com- 
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pression. It is again assumed that the actual stress distribution can be 
replaced by a rectangular stress block. It is further assumed that Eq. 
(12.21) also holds for eccentrically loaded columns, although it was 
derived empirically from tests on beams. Finally, the method is so 
adjusted that in the limit, i.c., with zero eccentricity, it results in the 
well-established formula for the strength of axially loaded columns, Art. 
4.2. The resulting design e(|uations for rectangular sections, though 
naturally more lengthy than those for beams, have been incorporated by 
Whitney in simpk* design graphs.^ 

Test evidence on the stn^ngth of eccentrically compressed members has 
be'en inadequate until recently. An extensive' new series of t(‘sts on 120 
eccentrically loaded columns, of square sections with tie's as wnil as of 
circular seedion with spirals, with eccentricity ratios v/d from 0 to 1 . 20 , 
has filled this gap.^ The results of these tests are in goeid agrt'oment 
with the predicte'd strength as computed both by the Whitney and the 
Jensen-P(^A methoel. In conjunction with the previously available test 
results on concentrically loaded columns on the one hand, and on be'ams 
in simple bending on the other, they confirm the validity of the ultimate 
theory of n'inforced conende design for all tyi)es of me'mbers. 

12.5. PracticaL Significance of Ultimate or Plastic Design. It haj- 
been show'ii in Arts. 12.3 and 12.4 that the ultimate design methods do 
not differ significantly from the elastic theory for values of p smaller than 
the ''ideaF’ percentage p, = n/2r(a + r) of the elastic theory. At that 
value this theory assumes the resisting moments of stec'l and concrete to 
be equal. The corn'sponding ultimate bending monuMit is M = Khd\ 
where K == pJJ. This bending momcait, by the elastic tlu'ory, can be 
increas('d either by increasing the tension steel only or by^ increasing the 
tension ste('l and also furnishing compression steel. Both these mt'as- 
ures rej)resent uneconomical use of steel, since any amount of st('el in 
excess of p,, by tlu' elastic th('ory, provides only half as much oi less 
additional strength than does the same amount in an underreinforced 
beam, f.c., with p less than p,. This is illustrated by^^ the lowTr curve of 
Fig. 12.8, where for low steel ratios below^ p, an increase in p of 0.005 
furnish('s an increase' in moment of about 20{)hd~, wdiile if p is larger than 
p», the same amount of additional steel adds only about 40bd" to the 
carrying capacity. All moment values quoted in this article are ultimate 
moments which must be divided by an appropriate factor of safety to 
result in allow^able design moments. Had compression reinforcement 
been used in addition to added tension reinforcement the situation w'ould 
not have been (]uitc as unfavorable but even then any steel, compression 

' See the third roforence in the footnote on page 4:U. 

* K. Hognestad, “A Study of Combined Bending and .\\ial Load in Reinforcetl 
Concrete Members,” Vniv, III, Eng. Exp. Sta. Bull. ‘.500, 10,51. 
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or tension, beyond p, is only half or less as effective than the same amount 
of steel in an underreinforced beam of the same dimensions. 

Tests and ultimate design methods based on tests have shown that 
this consequence of the elastic theory is incorrect. The actual behavior 
is depicted in Fig. 12.8 by the upper curves. They show that additional 
steel increases the strength of the beam at a practical!}" constant rate 
until the much larger critical percentage po is reached [Eq. (12.14) or 
(12.22)]. For example, to provide M = GOObd^, the elastic theory w’ould 
call for p = 0.0215, while actually only p = 0.014 is recpiired to develop 



P 

Fid 12.8. Ultimate strcngtli of boains by (a) the th(*f)ry; {h) the Jensen-PCA 

method; (r) the C. S. Whitney method, fc = 3()()0 psi; /„ =« .00,000 psi 

this moment. For M = the respi^ctive steel percentages are 

0.040 as compared to 0.0165, a difference of about 150 per cent. 

This large strength of beams with comi)arativ(4y high steel ratios, if 
correctly reflected in design, would allow practically all the beam steel 
to be used in its most economical manner, ?.r., as simple tension rein¬ 
forcement at steel ratios below po. Conversely, in the case of long-span 
vbeams (high moment with low shear) it would allow much shallower 
beams to be used merely by using relatively high ratios of tension rein¬ 
forcement, with a consequent saving in concrete volume, over-all height, 
and dead load of the structure. 

In recent years a definite tendency has developed to use expensive 
high-strength concretes in conjunction with standard-strength steels. 
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This combination is advantageous where high shears combine with rela¬ 
tively low moments (heavily loaded short-span beams). However, the 
seeming advantage of this combination for moment capacity (long-span 
beams) is entirely based on the erroneous conclusion of the elastic theory, 
as can be seen from Table 12.1. »In this table, for various combinations 
of steel and concrete strengths, are shown the critical percentages p* and 
po of the elastic and the ultimate theories, respectively, and the corre¬ 
sponding moment (‘oefficients K. 


TABLE 12.1 


/v 

/' 

Filabtic t 

hcory 

Jcnscn-PCA 

method 

Whitney method 



Vx 

K 

Po 

K 

Po 

K 

40,000 

: H,000 

0 016 

514 

0 0S9 

1,149 

0 084 

1,000 

40,000 

j 5,000 

0 027 

\)2ry 

0 051 

1 601 

0 057 

1,667 

60,000 

' ;i,o(M) 

0 (loss 

42.S 

0 022 

1 024 

0 028 

1.000 

60,000 

, 5,000 

0 014 

I 747 

0 028 

1,891 

0 088 

1,667 


From this table it is seen that for the standard combination 40,000 
3000 uneconomical excess steel would be required by the elastic theory 
for bending moments larger than 5146^^. If high-strength concrete w ith 
/' == 5000 psi is used, the elastic theory indicates that moments up to 
925M- can be dev(*lope(l with economical steel percentages smaller than 
p,. Actually, howH'ver, as indicated by the plastic design methods, 
monuMits up to about I DOOM- can be developed with the lower-strength 
concr(‘tes without adding uneconomical steel in the form of either com- 
pr(*ssion r(*infor(*(‘m(Mit or ex(*ess tensile steel. Hence, the use of high- 
strength concrete in this (*ase has no advantage as far as moment capacity 
is conceriHHl. 

On the other hand, reinforcing steel of higher than average strength 
can be produc(*d at little extra cost. The use of such steels in combina¬ 
tion with averag(*-strength concretcvs is penalized by the elastic theory in 
conseciuence of the incorrectly low^ p, indicated for this combination. In 
fact, for the combination 00,000/3000, by that theory, the maximum 
moment that can be developed with economical us(* of steel is 42Sb(P, 
which is less than that which can be achieved using the combination 
40,000/3(KK), f.c., 5146rf“. In contrast, the plastic theory indicates that 
both these combinations give about the same maximum economical car¬ 
rying capacit^q 1000W-, but that this strength is achieved by using con¬ 
siderably smaller amounts of the high-strength steel than would be 
required for standard steel (po = 0.023 as against 0.034, by the Whitney 
method). This saving in steel is desirable not only because it more than 
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makes up for the small price difference between the two grades. More 
important, the large amount of standard-strength steel which would be 
required to develop such high moments makes for very considerable 
difficulties in placing both steel and concrete. In general, steel ratios in 
excess of 2.5 to 3 per cent are impractical for that reason. 

Finally, for structures requiring maximum strengih (long-span girders 
and the like), the table shows that new’ design methods will permit one 
to take full advantage of the combination of high-strength steels w’ith 
high-strength concretes such as (>0,000/o000. This combination w’ill 
allow’ the development of large bending moments (as indicated by large 
values of K) by means of reasonably low* steel percentages The present 
elastic theory makes this impossible in view' of the low value of indi¬ 
cated for this combination. 

In addition to these practical advantages, the adoption of plastic design 
methods will do aw’ay wnth the inconsistencies and contradictions in pres¬ 
ent codes, where design of beams is now' carried out by the elastic* theory, 
design of axially loaded (‘oliimns by the plastic* theory , and dc'sign of com¬ 
pression reinforced beams and of cc<*entrically loade*! columns by a com¬ 
promise between the two. 

PRESTRESSED CONCRETE 

12.6, Principles and Development of Prestressed Concrete. Modern 
structural engineH*ring tends to achieve more economical structures by 
improved methods of design and the* use* of higher-strength materials. 
This results in reduction of cros.s-s(*ctional dimensions and coiisequent 
weight saving. Such a development is particularly important in the field 
of reinforced concrete w'hc're the* dead load r(‘presents a large* part of the 
total design load; also, in multistory buildings, any saving in depth of 
members, multiplied by the number of stori(\s, can repr(*sent a consider¬ 
able saving in total h(*ight, load on foundation, cubage of space which 
must b(* heated or air-condition(‘d, etc. In Art. 12.5 it w^as shown] that 
'such savings can be achieved if high-strength con(*n*tes and st(*els are 
used in conjunction with ultimate or plastic* design. 

However, in conventional reinfor(*ed <*oncr(*t(* then* are physical limita¬ 
tions to this development, in view' of the following und(‘sirable, but inher¬ 
ent features: 

1 . In flexural members all concrete* b(*low' the neutral axis, roughly tw’o- 
thirds of the total volume, do(‘s not parti(*ipate in resisting b(»nding 
moments and, in this sense, is wasted. 

2 . The size of members is often governcsl by shear, i.c., diagonal ten¬ 
sion, a type of stress to w^hich concrete is not well suited in view of its 
low tensile strength. 

3. Even though the use of high-strength steels in conjunction with 
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similar concretes results in smaller-size members, there is a limit beyond 
which one cannot go in this direction. This is so because hairline cra(•k^ 
on the tension side are inevitable. The width of these cracks is about' 
proportional to the strain, and therefore to the stress in the steel. In 
order for these cracks not to be uhsightly or even detrimental because oi 
corrosion, the width of such cracks must be limited to about tjQo in. as 
an absolute maximum. For this reason reinforcement with yield points 
beyond about 60,000 psi, with correspondingly high working stresses, 
may become objectionable. 
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Kkj. 12.9. Prinnple of prcstrc'ssinK. 


These disadvantages can be, and have been, overcome by the use of 
prestressed concrete. The principle of this method is illustrated by 
Fig. 12.9. 

Suppose a beam is fabricated in the following manner. First, high- 
strength reinforcing steel (with an ultimate tensile strength above 
200,000 psi) is placed in the form and passed through holes in the two 
anchor plates. It is then prestressed by a force Pt, the initial prestress, 
which is applied by suitable means, such as jacks bearing against abut¬ 
ments. The concrete is then (‘ast so that the anchor plates bear against 
the ends of the beam, and is allowed to harden. Next, the steel is secured 
against the anchor plates, and the jacks are removed. The steel tends 
to contract to its original length but is prevented from doing so by the 
concrete interposed between the anchor plates. Hence it remains under 
stress, and this stress is equivalent to a total compression force P applied 
to the beam as shown. 

This force P, after some time has elapsed, wull be somewhat smaller 
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than the initial pretension P, for the following reason: (a) When the jacks 
are removed, the tension in the steel is resisted by un eipial compression 
in the concrete. This compression produces a small shortening in the 
concrete, and thereby in the steel, A\ith a corresponding reduction in steel 
stress, (h) A further shortening of the concrete is produced by its natural 
shrinkage and by creeping under constant load (se»e Art. 4.2). (r) If the 

steel is stre^ssed bej'^ond its creM'p limit (which, by some authorities, is not 
recommendcKl in Ame^rican practice but is widely doin' abroad), it will 
stn'tch somewhat unde'r strevss with a conseeiuent stress reduction. These 
combined losses amount to about 12 to 20 pen* cent so that the final pre- 
str^'ss P is abovt 0.80 to 0.88 oj the initial pn stress /^. 

The ec(*entrically applied force P produces siivss distribution </ in Fig. 
12.9. It is so adjusted that the stress in th(‘ bottom tibtu does not 
exceed the permissible concrete compre.ssion stress /,, and the stress .A in 
the top liber do('s not ('xceed the p(*rmissiblc (‘oncr(‘te tcaision stn\ss//, 
generally of the order of /,/10. Hen(‘e, at this stage' the concrete remains 
fully elTective, since it is not permitted to crack in te'iision. 

When the beam is subseejnently loaded as shown, bending moments 
are set up which by themselv'es result in stn'ss distribution h; these stresses 
sujierpose on distribution a and residt in the final (listrdnition r. The 
dinuMisions of the Ix'arn and the position and amount of jiivstnsss anj so 
arrang('d that in this final distribution .A do(‘s not exci'ed /, and /o doc's 
not ex(T('d/^. Heiu'c*, at tliis .stag(‘, likewise, th(‘ (*oncr(*t(‘ is not allowed 
to crack and thus performs throughout as a monolithic material, carry¬ 
ing its share of stivss over the entire cross siadion, which is principally 
and oft(*n ('xclusively in comj)r(*ssion. 

flence, cracking is avoid('d at any stage*, and tin* ('iitin* concrete* cross 
section is employed to resist momernt. In conjunction wdth high-strength 
concri'te, with/' of about 5000 to 7(KK) psi, ste*(*l of very high strength can 
be used without undesirable conseejuence's. It will be shown later that 
this process also results automati(*ally in a v(*ry sizable reduction of 
diagonal tension due to she'ur. 

The first suggestions for prestressing .seem to havej been made between 
1880 and 1908 by the Americans P. II. Jackson and (i. H. Steiner, the 
Austrian J. Mandl, and the (lerman M. Koenen. The use of high- 
strength steel was first sugg(*.st(*d by the Austrian F. von Krnperger in 
1923, while at about the same time the Ameri(‘an H. H. Dill proposed 
“full prestressing’' to eliminat(* cracks compl(‘t(*ly. While tlu'se pro- 
po.sals remairu'd mainly on paper, the actual d(*v(*l()pment of pr(*.stre.ssed 
reinforced concrete structures abroad is chi(*fly due to E. Freyssinet 
(France, 1928), E. Hoyer ((Germany, 1938), and most recently Prof. G. 
Magnel in Belgium. These methods have found very wide application 
in Europe for bridges up to spans of 200 ft and more, floors and roofs, 
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piles, railroad ties, etc. Moderate-size elements such as prestressed 
joists, beams, and slabs are successfully mass produced by precasting. 

The development in this country has been slow, not for technical but 
for economical reasons. The European methods achieve great savings 
of materials, but the methods of prestressing require a great amount of 
highly qualified labor. Thh is no particular disadvantage under the 
European ratio of high material to low labor cost. The American ratio 
is exactly the reverse, which, so far, has made direct use of the European 
methods not too economical in this country. The first major such struc¬ 
ture in the United States is the Walnut Lane Bridge in Philadelphia 
(1950) er(‘cted according to the Magnel system, with a main span of 
160 ft, while a number of other structures have been constructed in 
recent years. Full economical use in this country has to await the devel¬ 
opment of laborsaving methods, to which much attention is now being 
paid. However, in a difTerent field, an independent American method, 
originated by W. H. Hewitt in 1923, has found wide application. This 
consists in precompressing the cylindrical shells of water tanks and pipes 
by surrounding a concrete shell with hoops of steel which are tightened 
to a predetermined tension and then covered with a protective concrete* 

layer. 

f/ 12.7. Stresses in Beams. In the 

f ^ following, fi and / 2 , and ci and C 2 , are 

9 \ the stresses in, and centroidal distances 

-f *TT ^ bottom fibers, respec- 

A tively, as si own in Fig 12.10. Com- 
^ ^ pression stresses arc positive and ten- 

^ Sion stresses negative. As long as the 
Tkj. 12 .10. Stress distribution due to is prevented from cracking, 

prestress foree F, i ® 

stresses are computed from the equa¬ 
tions pertaining to monolithic members, rather than from the formulas 
derived for cracked reinforced concrete sections. 

If a force P is applied to a monolithic section with an eccentricity c 
measured from the centroid, the outer fiber stress(‘s (Fig. 12.10) are 
obtained from 

. _ P ^ _ P/, - 

/..2 ~j+ J .4 V 

since M = Pe, InIrcHlucing the core radius 

k - ^ 


this can be written as 




(12.24) 
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It is seen from this equation that, if e = ki, /, = 0. Hence, if the force 
is applied with an eccentricity equal to the core radius, the entire section 
is in compression, except that the stress at the opposite outer fiber is 
zero. This is the physical significance of the core radius. 

The center section of a simply supported l)eam, or for that matter any 
section except those at the supports, is subject not only to the prestress 
force P but also to the bending moment .1/ caused by the transverse load. 
Hence, at these span sections 


At the supports, where M == 0, 

- 1 (' + e) 


In the uneraeked section the maximum vertical shear stress at the cen¬ 
troid is (see Art. 3.1) 

a = tl2.29) 


which, if P were absent, would also be the magniliide of the maximum 
diagonal tension stress at that point. Ilowcv(*r, the presence of P results 
in an additional longitudinal compression stress P/A at the level of the 
centroidal axis. The inclined tension at th(* centroid is, therefore, com¬ 
puted from (sec Art. 3.1) 



w^hich is seen to be always numerically smaller than the diagonal tension 
stress [that is, v from Eq. (12 29;] wdiich wmuld act in the absence of P. 

Equations 02.25) to (12.30) furnish all tht* information that is needed 
to compute stresses in the uneraeked sectiorif i.c., up to loads usually con¬ 
siderably in excess of the design loads. 

In addition it is usually dcvsirable to compute the ultimate or failure 
moment of the beam. As the load is gradually increased to the failure 
load, cracking will occur on the tension side. To investigate the failure 
moment in prestressed beams after cracking, it is necessary to take 
account of the properties of high-strength steel which are different from 
those of ordinary reinforcing steel. Figure 12,11 shows the stress-strain 
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diagram of the eold-drawn wire used at the Walnut Lane Bridge, whieh 
is typical of American wires for use in prestressing. It is seen that this 
steel does not show the pronounced yield point of regular mild reinforc¬ 
ing steel. It has a proportional limit of about 142,000 psi, a 0.2 per 
cent offset yield strength of 215,000 psi, and an ultimate strength of 
247,000 psi. On this bridge the final design prestress, after losses from 
shrinkage and cnH'p, was 110,000 psi. It is seen that the strain corre¬ 
sponding to this str(‘ss is about 0.0039 in. per in. Now, if the beam 
is overloaded so that its steel stress is about 220,000 psi and is then 
unloaded, the figure shows that there will be a permanent steel elonga¬ 
tion Cj, of 0.0039 (t.c., the same 



amount as the (*lastic strain at the 
design stress), while the stress in 
the steel is reduced to zero. On 
reloading, consetpiently, the beam 
will perform the same as one with¬ 
out pr(‘stressing. Actually, no 
unloading is necessary for the 
effective prestress to be lost. If a 
beam is oveuioaded so that the 
plastic or permanent part Cp of the 
total steel strain o becomes equal 
to the (dastic strain (, at prestress, 
the j)r(»stress has been dissipated, 
and at still higher loads the mem¬ 
ber performs like conventional 
reinforced concrete 

Since most jirestressed beams 
are und(‘iT(*inforced {p smaller 
than po, as giv(*n by the ultimate 
theory), failure will occur through 
ruptiiH' of th(» steel at its ultimate strength, ij in the substantially hori¬ 
zontal part of the st ress-strain diagram. Therefore, the ultimate moment 
iscomput(*d by Eep (12.12) or K(|. (12.17), with the ultimate steel strength 
substituted for fy. 

12.8. Design of Pretensioned Beams. Prestress can be applied 
through pretensioning or posttensioning, depending upon whether the 
steel is stressed before or after the concrete is cast and hardened. In the 
former method, which will be discussed first, the steel, usually in the 
form of individual win^s, is first stressed between fixed abutments (Fig. 
12.12). The concrete is cast and allowed to harden, after w^hich the 
wires are cut at ihv end faces of the beam Prestress is often maintained 
without special anchorage thnmgh the bond between concrete and steel 


Fkj. 
v\ in 


12.11. Strosh-striiin duigram of bled 
us(‘(l ill Walmil Lane IUkIkc. 
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and also because the wire ends, when the wire is cut, expand slightly 
laterally in view of loss of stress and become conical, thus wedging 
against the concrete. This system is well suited for mass production, 
since casting beds can be made several hundred feet long, the entire 
length cast sirnultaneousiy, and individual beams cut to the desired 
length from the long casting. 


Jocks 




^Fixed 

head 


Wires 


Abutment' 


Movable* 

head 


Fn!. 12.12. Sohoniatic view of prodiu'ing protonsioning 


The following conditions must lx* mot in the l)eam at full design load: 
At the section of maximum moment 



1 - 


(i2.3n 

■'=' :i (‘ + 

;.) - * 

/ 

(12.32) 

and at the supports, 




h- ';(i 



(12.33) 


+ 0 * 


(12.31) 


The allowable compression stress /, is giMierally taken about 0.3 to 
0.4/', \vhil(* th(* pennissibh* tension stress//, to pnwent cracking under 
design load, should not be larger, numerically, than about 0.1/, and is 
often taken as z(*ro. Note that, by the indi(‘ated sign convention,/f is 
negative. Hence, Ec|s. (12.32) and (12.33) stipulate that the respective 
fiber stresses, if tension, are not allowed to cxccmmI /^ in absolute value; 
they can be compression, if this presents an advantage. 

Freciuently one stipiilate\s that /< = 0. If, in addition, the section is 
symmetrical, that is, ki == ko = k, the following simplifications obtain. 
From Eq. (12.33), 

c = A- (12.35) 

From Eq. (12.31), since (1 — e/k) = 0,Mc/I =/r, or the section modulus 

/ M 

N = ^ (12.3G) 

and from Eq. (12.34), since (1 + e/k) = 2, 



(12.37) 
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Hence, for this case, one finds the required section modulus and the cor¬ 
responding cross-sectional dimensions from Eq. (12.36), the required 
eccentricity of the prestress force from Eq. (12.35), and the final value of 
the prestress force from Eq. (12.37). To compensate for losses from 
creep, shrinkage, etc., the initial prestress is made equal to P^ = P/i)K\ 
to P/0.80. 

Illvstrative Example. A slab bridge of 48 ft span is to be designed for 
a live load (including paving) of 400 psf;/i = 0000 psi, 

fc = 0.35 X 0000 = 2100 psi 

ft == 0, maximum diagonal tension in concrete 0.1 X 2100 = —210 psi. 
A steel with ultimate strength of 240,000 psi and with a proportional 
limit of 140,000 psi is to be used. To stay below the proportional limit, 
the initial prestress is limited to 135,000 psi, and the final value after 
shrinkage and creep to 0.8 X 135,000 = 108,000 psi. A section 12 in. 
wide will be d(\signed. 

Assuming a dead load of 300 psf, the maximum moment is 

700 V i«2 

M = 12 = 2,410,000 in.-lb 

o 

From Eq. (12.3(»), with .S' = tho nniuirwi depth 


, /(i X 2,410,000 

* - V 2IIH. xi-a- ' 


From Eq. (12.37), the recpiired final prestress force 

P = 12 X 24 X = 302,000 lb 


and from Ecj. (12.35), since for a rectangle lx = /i/fi, the eccentricity 

c = ‘^"^6 = ^ 

The refpiired st(M4 area is = 302,000/108,0(X) = 2.8 sq in. 

Wires conforming to the specifications given above are manufactured 
in this country with diameters of 0.196, 0.23G, and 0.276 in. and with 
areas, respectively, of 0.0302, 0.0131, and 0.0598 sq in. Taking the 
largest of these, the rec^uired number of 0.276-in. wires is 

N = 2.8/0,0598 = 46.8 

These could be arranged in one group whose centroid is at the specified 
distance of c = 4 in. below mid-depth, but this would not plac'e any steel 
close to the tension face. However, it was pointed out that once crack¬ 
ing starts, the ultimate load for the prestressed beam is the same as if no 
prestress had been applied. From this it is clear that the more steel is 
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placed as closely as possible to the tension face, the larger the ultimate 
moment. In order to maintain the centroid of the wires at the required 
location, it then becomes necessary to place some of them near the com¬ 
pression face. With wires located at the level shown in F^ig. 12.13, the 
number of wires in each group is determined: for the bottom group 

Ni = 4().8(13.r)/18^ = 35.1 

say, 30 wires, and for the top group = 40.8(4.5/18) = 11.7, say 12 
wires. These wires must be stressed ecjually and to a combined initial 
prestress of = 302,000/0.8 = 378,000 11). 

In order to check the moment at \\hich the first cracks an' likely to 
form, these will be assumed to occur at 
a tension stress 

ft = 0.1/' = —(>00 psi. 

This moment 4/., is obtained by ecpiat- 
ing /« from Imp (12 .20) to the above 
value of//, that is, 


302,000 




Mrr 

1152 


= -000 


288 

from which j\l,r = 3 120,000 in.-lb. 
Since the design load of 700 i»sf pro¬ 
duced a moment of 2,110,000 in.-lb, the 

^0 X 3.12 
2‘41 



oad which produces Mrr is 
= 005 psf 


or 1.29 times the d('sign load. IIowev(*r, sin<*e the dead load of 300 psf 
is constant, this m(‘ans that a live load of 005 ])sf, or 1.51 time's the* design 
live load, is re(|uireel to produce the first cracks. This margin of safe'ty 
against cracking is ample'. 

To chce*k the carrying capacity of the slab, the ultimate moment will 
be determined according to C. S. Whitne'y (Art. 12.4). With 


m = 


240,000 


0.85 X 0000 
from Eq. (12.10), 


.r, = 40.8 


and 


V 


30 X 0.0598 
'12 X 20.5 


r - 0.00875 


c = 20.5 1^1 - ^0.00875 X = 16.32 in. 

and, from Eej. (12.17), the ultimate moment 

M, = 2.15 X 240,000 X 10.32 = 8,400,000 in.-lb 


Substitution in Eq. (12.21) shows that M» < Mc^ that is, ultimate 
strength is governed by rupture of steel rather than crushing of concrete. 
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The ultimate moment is seen to be about 3.5 times the design moment, 
a safety factor much larger than in conventional concrete structures. 

To check diagonal tension, with a reaction R = 700 X 24 == 16,800 lb,* 
the maximum shear stress at the centroidal axis of the monolithic*, rec¬ 
tangular section is w = 1.5(F/yl), = 1.5(16,800/288) = 87.5 psi. From 
Eq. (12.30), with P/A = 302,000/288 = 1045 psi, the diagonal tension 
at the centroidal axis is Jtd == 522.5 — \/(522.5)2 + (87.5)^ = — 8 psi 
(tension). The value of this stress is seen to be only about one-tenth of 
the diagonal tension (ecjual to —d) which would act if the prestress P 
were absent. 

Although prestressed slab bridges of this type have been built abroad, 
the low value of the diagonal t<‘nsion (as compared to the permissible 
value, assumed to be 210 psi) indicates that a considerable saving oi 
material and load can be achi(‘V(*d by using beams of I or box shape with 
relatively thin webs instead of solid slabs. These beams can be eith(‘r 
cast in place or fabricated on the side and placed by cranes. For this 
reason such shapes, with webs just thick enough to resist the diagonal 
tension without web reinforcement, are widely used in prestressed con- 
(‘rete construction. The design of such beams is in no way different 
from that of tlu* present example, which has been chosen chiefly in view 
of numerical simplicity. 

12.9. Design of Posttensioned Beams. In posttensioning, wires are 
used in groups usually called ‘‘cal)les,” although they are not in the usual 
form of cabh's. They consist of a number of individual parallel wdres, 
not in contact, but with pr(Hl(‘t(*rmined spacing from each other. In the 
Freyssin(‘t nu'thod, the wir(*s are enclosc'd in a sh(*ath of corrugated sheet 
steel and placed in the forms, after which the concrete is cast. In the 
Magnel method, rubber inlays an* inserted in the forms at the future 
location of the cables, the concrete is cast, and the inlays wdthdraw'ii after 
hardening. The preassembled cables an* then pulled through the \oids 
left by the inlays. Still other w'ays of placing are used or may be devel¬ 
oped. In all these methods tlu* w ires are tensioned subse(iuently by jack¬ 
ing against the hardened concrete, and are fastened to anchorages at the 
ends of the beam. (Irout is then forced under pressure to fill the remain¬ 
ing voids and bond the wires as well as possible to the concrete. One of 
the several advantages of posttensioning is that the reinforcement need 
not be straight, as is evidently necessary in pretensioning, but may be 
curved or bent up at predetermined points. Figure 12.14 show’s a beam 
reinforced with thre(* cables which are at the same elevation at mid-span. 
Iiowev(*r, while the two outer cables are straight, the center cable may 
either be parabolically curved along its. entire length, as shown on the 
right half, or may have a horizontal center portion while being sloped in 
the outer portions, as shown on the left. 
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Analysis and design of posttensioned l'»eams are essentially the same as 
shown in Art. 12.8 for pr(‘tensioned beams, except for a few special fea- 
^ tures. Ill particular, K(is. (12.31) to (12.34) also hold for posttensioned 
beams under design load; /.c., the moment to be substituted in these 
equations is that causc'd by dead plus live load. However, as is evident 
from Fig. 12.14, in the center portion of the beam the wirt's are located 
far outside the core. Ibaice, when the prestress is applied, and before 
the beam is fully loaded, large tension stresses could result in the upper 
fibers wdiich would cause cracking of the concrete. Such cracks are gen¬ 
erally thought to b(* undesirable, even though they w ould probably close 
under full load. It is, therefore, necessary to check stresses at the stage 
when the pn\stress is ajiplic'd. 



Kn.. 12 It Posttcnsiont'd beam vmIIj j)ait of (•al)l(‘s hont • p l)(‘iit on loft, 

panibolio laait on right). 

When the wir(‘s an* t(‘nsioned, th(*y obviously produce a sliorttuiing of 
the bottom fib(‘rs and iitlier a stndching or a smaller short(‘ning of the 
top fibers. This means that in tin* process of tensioning tin* beam deflects 
upward and lifts off its b(‘d. Tin* str(*sses at mid-span an*, therefore, 
never caused by tin* pn‘stn‘s.s force alone, hut by that force and the simul- 
tam‘()usly acting mom(*nt dm* to tin* w(‘ight of th(* b(‘am. 4'his upwuird 
d(‘flection occurs both in |>**et<‘nsi()ned ami in posttensioiu'd beams. In 
^ the forrm*!’, h()W’(*v(*r, tin* d(*sign is not alT(*ct(‘d by this b(‘havior. Since 
all wires are straight, the stress distribution dm* to prestn*ss and dead 
W(*ight need be check(*d only at tin* most unfavorabb* location, i.c., at 
the support. For posttensi()n(*d beams the location of Hu* reinforc(‘ment 
and the corn'sponding ecc('ntricity c at the cent(‘r an* difT(*r(*nt from those 
at the ends. Hence, the stresses due to pn*stress alom* must be checked 
at both locations, using the p(*rtinent c in (*acli case. In this case it is 
economical to take advantage* of the counteracting moment at mid-span 
caused by the wa‘ight of the* upward defleeded beam. 

In order to prevent cracking at any stage, in addition to Heps. (12.31) 
to (12.34) the following conditions must be satisfied in the center portion 
^ of the beam: 

/., = J (l - ^ /•' (12.38) 

/.2 = ( 12 . 39 ) 
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In these equations, the subscript i stands for ‘‘initial,while w stands 
for the weight of the beam. That is, at the moment when full prestress 
Fi has been reached and before losses from shrinkage and creep occur, the 
temporary initial fiber stresses /* are caused by the full initial prestress P, 
and the moment Mv> due to the weight of the beam. The permissible 
fiber stresses at that stage (/.# and /»<.) are often allowed to be somewhat 
larger numerically than those under full load (ft and/c), since they are of 
temporary nature and refer to a stage where significant overloading is 
hardly possible. For this reason a satisfactory design is obtained in most 
cases if, in Eqs. (12.38) and (12.39), ft, and fr are temporaril}'' used 
instead of P,-, fu and After the design is completed, the actual 
stresses at the instant of full initial prestress are then checked by Eqs. 
(12.38) and (12.39), as written. 

It is seen from Eqs. (12.38) and (12.39) that the stresses caused by 
Mw relieve those due to the prestress P. It is, therefore, necessary to 
check these stn'sses at the most unfavorable location, which is that sec¬ 
tion where the prestress has its full value (all cables at bottom) while Mu 
is a minimum. For cables bent up straight (left part of Fig. 12.14), this 
section is at the point of bend, while for curved cables (right part of Fig. 
12.14) it is at midrspan. 

If curved cables are used and if, as in Art. 12.8, /< = 0 and, for sym¬ 
metrical sections, ki = A *2 = k, from Eq. (12.38), 



If this value is substituted in Eq. (12.31), one obtains 

Me _ M,,^, _ 

r r “ 


or 



M - Mu, 
Sr 


(12.40) 


Comparison with Eq. (12.30) shows one of the advantages of posttension- 
ing: the recpiired s(H*tion modulus, instead of being governed by the full 
dead-load plus live-load moment M, depends merely on the smaller 
moment {M — 4/,„). It can be said that the weight of the beam is com¬ 
pletely carried by the prestress. 

Once the cross-sectional dimensions are found from Eq. (12.40), rein¬ 
forcement in the center portion of the beam is pla(‘ed as closely to the 
bottom face as insulation will permit. The eccentricity e is thereby 
determined. Then, from Eq. (12.32), with/t = 0, 


P 

A 



Me 

I 
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If fc = IIcA is substituted in this expression, it yields after some elemen¬ 
tary transformation 


F = 


M 

k + e 


( 12 . 41 ) 


This determines the vahie of the required prestress, after losses. 

The losses in posltensioning are somewhai smaller than in pretension¬ 
ing. This is so because part of the shrinkage has taken place before, and 
part of the creep during tension, while all the elastic compression of the 
concrete caused by P occurs during rat Inn* than after the tensioning 
process. These deformations, therefore, do not cause a decrease in /\. 
Consequently, for posttensioning, the required initial preslress force 
F, - F/0.88 to 770.85. 

Illustrative Examph, The same slab bridge as in Art. 12.8 is to be 
designed for posltensioning. The permissible stn sses, at the instant of 
full initial tensioning, will be assumed as f,r = 0.40 X OOOo == 2400 psi 
and fu = — O.l.Ar = -240 psi. 

Since the total load minus the \\eight of the slab is 700 — 300 = 400 psf, 
the moment M - Mn = 2,410,000(400/700) = 1,370,000 in.-lb. From 
Kq. (12.40), with S = hh-/C\ 


h 


4 


0 X 1,370,000 
2 X 2,100 


18.2 in., say, 19 in. 


4'his results in a slal) weight of (19/12)150 = 218 p^f, or a total load of 
018, instead of 700 psf, as w’as o})tain(‘d with pretensioning. Hence 
M = 2,n0,00(»(018 700) = 2,230,(K)0 in-Jb. Assuming the center of 
the cables to be 2.5 in. from the bottom, < - 9.5 — 2.5 = 7.0 in., while 
I: = = 3.17 in. From K(|. (12.41) the re(|uired prestress force 

becomes 


2,230,000 
3.17 + 7.0 


219,000 lb 


and the required steel area is 


219,000 

0.85 X 135,000 


1.91 s(| in. 


This is only about tw^o-thirds of the steel ar(*a previously determined for 
pretensioning. 

The required number of 0.27()-in. diameter w4res is 1.91/0.0598 = 32; 
three cables of 11 wires each will be used per foot of width of the slab. 

It is now necessary to check /,« and /,c at the instant of full prestress, 
from Eqs. (12.38) and (12.39), using 7A = 219,000/0.85 = 258,000 lb, 
and Mw = 2,230,000 — 1,376,000 = 854,000 in.-lb. If these values are 
substituted in the quoted equations, it is fo\ind that/»i » —190 psi (ten- 
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sion) and ft 2 = + 2445 psi. The former is smaller than the temporarily 
permissible tension stress {f^t = —240 psi) while the latter exceeds 
/,c = 2400 psi by a mere 2 per cent, a negligible discrepancy. 

At the supports no moment Mw is available to counteract the stresses 
caused by If all cables were carried straight to the supports, large 
tension stresses and cracking would result at the top face in view of the 
large eccentricity For this reason every third cable will be bent up as 
shown in Fig. 12.14, their location at the supports being given in Fig. 
12.15. The eccentricity e of ]\ at the supports is then the distance from 

the centroid of all cables to the axis 
of the beam. It is easily verified that 
this arrangement results in e < k so 
that no tension is caused in the top 
fibers. The compression / 2 , if checked 
by K(\. (12.28), is found to be belo\\ 
the permissible value. 

The methods of determining the 
moment Mcr which produces first 
cracking and the ultimate moment 
il/uit are the same as for prctensioiied 
beams (Art. 12.8). 

12.10. Additional Information References. The discussion in the 
[)r(*ceding articles is lirnitcnl to the basic features of prestressed concrete 
design presented in th(‘ir simplest form. A number of points of detail 
have been omitted, such as the follouing: determination of diagonal ten¬ 
sion stresses in beams with bent cables; design of continuous, prestressed 
l)(*anis; partial versus full prestressing; specific information on bond, 
cr(‘ep, and shrinkage; and almost all reference to details of erection and 
production procedures, mostly European, as well as to design of pre¬ 
stressed pipes and tanks, long and successfully used in this country. 
Except for the last-mentioned field it is c('rtain that all the enumerated 
features will undergo considerable, independent development as pre¬ 
stressed concrete becomes more firmly established in the United States, 
while the basic principles of Arts. 12.() to 12.9 are likely to remain sub¬ 
stantially unchanged. 

The following references may be consulted on the details of the present 
status of prestressed concrete design and technicjin^: 

1. ‘'Principles and Practice of Prestressed Concrete,P. W. Abelcs, 
Fr. Ungar Publ. Co., New York, 1949. 

2. "Prestressed Concrete,’^ C. Magnel, 2d ed., Concr. Publ. Ltd., 
London,1950. 

3. "Design of Prestress(»d Concrete,’' Concrete Information St74, Port¬ 
land Cement Association. 
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4. ** Typical Specifications for Prestressed Concrete Tanks/' Concrete 
Information St5&, Portland Cement Association. 

5. *Trestressed Circular Concrete Tanks/' J. L. Mason, Portland 
Cement Association, R/C No. 5. 

6. Design of Prestressed Tanks/’ J. M. (Vom, Proc. Al^CE, vol. 7(>, 
no. 37, September, 1930. 

7. Prestressed Concrete: Principles and Applications,” E. Freyssinet, 
J. Inst. Civ. EngrH. (London), vol. 33, p. 331, 1949. 

8. The following articles in the Journal of the American Concrete 
Institute: 

а. Prestressed Concrete (Construction Pro{‘edur(\s,” T Cerrnunds- 
son, vol. 21, p. 837, 1930. 

б. ‘‘Patents and (\)des Relating to Rrestressed (ConcTete,'’ C. 
Dobell, vol. 21, p. 713, 1930. 

c. “Factors in Prestressed Cirder l)(‘sign” (Walnut Lane Bridge), 
M. Fornerod, vol. 22, p. 409, 1931. 

d. “Designing for (Continuity in Brestr(\ssed Conen'te Structures,” 
A. L. Parme and C. H. l^uis, vol. 23, p. L), 1931. 

e. “Prototype Prestressed Beam Justifies Walnut Lane Bridge 
Dc'sign” (test results), C. Magnel, vol. 22, p. 301, 1930. 

/. A symposium of several papers on Ameri(‘an developments in 
prestressed concrete in vol. 24, pp. 401 490, 1933. 

Mii(*h scattf'red information has been gathered conveniently in a book 
by .V. K Kornendant, “Pr(*stressed (Vmcrete Structures,” McCravv-lIill 
]h)()k (Company, Inc., New York, 1932. However, even this book is 
already s()me^^hat out of date*, particularly in r(*gard to rec(*nt Am(*rie*an 
devele)pments. The re‘aeler intfuvsteel in this rapielly d(*v(*le)pirig field 
should look for information in the latevst perie)dical literature. 
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STANDARD NOTATION 


The principal symbols used in the several sections hav(' been collect( d hero for con¬ 
venience of reference. For additional notation for flat slabs, s(‘e Aj)])* iidix C. 

Ae * area of core of a spirally rc'inforced column nu*asi:r<‘d to the outside diameter of 
the spiral 

Ag = the over-all or ^ross area of spirally reinforced or tied crilunins 
At « effective cross-sectional area of metal reinforcement r> tension in beams, and of 
longitudinal bars in columns 

A\ = effective cross-sectional area of metal reinforcement in compr(‘ssion in beams 
Av * total area of web reinforcement in tension within a distance « (measured in a 
direction parallel to that of the main reinforcement}, or the total area of all 
bars bent up in any one plane 
a *= over-all depth of beam 

CL “ angle betw'een inclined web bars and axis of beam 

b = width of rectangular flexural member or wudth of flange in T and I sections 
b' « width of w'cb in T and I flexural members 

C =» total compr(‘ssive stress in conende; ratio of allowable concrete stress fa in 
axially loaded eoluirm to allowable fiber stresb for concrete in flexure 
C' = total conipresbiv(‘ stress in reinforeement 

D = = a factor, usually varying from d to 9. (The tiTin K as used here is the 

radius of gyration of the whole column seetimi.) 
d = depth from eompression face of beam or slab to centroid of longitudinal ten¬ 
sile reinforeement: the least lateral dimension of a concrete column 
d' = depth from compression face of beam or slab to centroid of compression rein¬ 
foreement 

Ee = modulus of elasticity of concrete in eompression 
E» = modulus of elasticity of steel in tension 
6 - eccentricity of the resultant load on a eohirnn, measured from the gravity axis 
fa = average allow^able stress in the concrete of an axially loaded reinforced concrete 
column 

fe = allowable fiber stress for concrete in flexure: computed concrete fiber stress in 
an eccentrically loaded column 

/' = compressive strength of concrete at age of 28 days, unless otherwise specified 
fp =*= maximum allowable concrete fiber stress in an eeeentrieally loaded column 
ft « tensile unit stress in longitudinal reinforci'ment in beams: nominal allowable 
stress in vertical column reinforcement 
f, « compressive unit stress in longitudinal reinforcement in beams 
/, ■» tensile unit stress in web reinforcement 
h “ unsupported length of column 
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/ =s moment of inertia of a section about the neutral axis for bending 
i = nominal diameter of reinforcing bar 
j = ratio of lever arm of resisting couple to depth d 
jd - d z = lever arm of resisting couple 

K ^ fekj or pfnj in rectangular beams: the ratio I/I or I/h for beams and columns, 
respectively 

I « span length of beam or slab center to center of supports 
V — clear span for positive mom<*nt and shear and the average of the two adjacent 
clear spans for negative moment 
Xe = unit strain in concrete, in. per in. 

X, = unit strain in metal rc'inforcement, in. per in. 

N = axial load applied to reinforced concrete* column 


n 

So 

p 

P' 

p 

p' 


Pa 

P 

S 

T 

i 

t] 

u 

V 

Vc 

V' 


~ —~— = ratio of modulus of elasticity of steel to that of concrete 
Pe fc 

~ sum of perim(*ters of bars in one* set 

= total allowable axial load on a column whose length does not exceed ten times 
its least cross-sectional dimension 
= total allowable axial load on a long column 

» ratio of cross-sectional area of tensile reinfor{‘em(*nt to effective compressive 
area of concrete in beams 

= ratio of cross-sectional area of compressive reinforcement to effective compres¬ 
sive area of concrete in beams: ratio of volume of spiral reinforcement to the 
volume of the concrete con* (o\it to out of spirals) of a spirally reinforced con¬ 
crete column . 

= ratio of the effective cross-sectional area of vertical reinforcement to the gross 
area A(, 

— least radius of gyration of a section 

= spacing of w'(*b reinforcement, measured in the direction of the longitudinal axis 
of the beam 

= total tensile stress in longitinlinal reinforcement 
~ thickness of flange of T beam: over-all depth of column section 
= minimum total thickness of slab 
= bond stress per unit of surface area of bar 
== total shear 

total shear resisted by the concrete 
« F - K. 


V = shearing unit stress 
Ve « unit shear resisted by the concrete 
v' = V — 


w uniformly distributed load per unit of length of beam or slab 
z = depth from compressive face of beam or slab to the resultant of the compressive 
stresses 
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ALLOWABLE UNIT STRESSES 


Allowable Unit Stresses in Concrete (ACI Code) 


Allowable unit stresses 




For an> 


For strength of concrete 



strength of 

Maxi- 


show n 

b(‘l()W 


Descript ion 


concrete^ 

mum 

/;» 

/: - 





Section 302, 

value, 

2000 

2500 

1 5000 

3750 



30,000 

psi 

psi 

jisi 1 

psi 

1 P^i 



" /; 


>1 - 15 

N = 12i 

n « 10 

a = 8 

Flexure- 








Fxtn‘ni(‘ filler .stri-ss in coin- 








pr<‘ssioii 

fr 

0.45/: 


.a)o 

1125 

1350 

1G88 

h]xtn‘in(* fiber stress in ten- 








Sion in plain concrete foot- 








ings . 

/. 

0.03/; 


GO 

75 

90 

113 

Shear:* 








Beams with no web rein- 








forcenient 


0 («/: 


GO 

75 

90 

113 

B<‘ains with pioperly <le- 








sigru'd web rt'inforcenient 

V 

012/; 


240 

300 

1 3G0 

450 

Flat '•labs a* a distance d 








from edg<* of column cnjii- 








tal or droj) panel. 

Vc 

0 (Kie; 


(iO 

75 

90 

113 

Footings . 

\ 

0 ml 

75 

(>0 

75 

75 

75 

Bond: 








I)(‘forin(*d bars 






i 


Top barsf . 

it 

0 07/; 

215 

1 40 

175 

210 

215 

In two-way footings (ex- 

1 







c(*pt top barsj. 

H 

0 08/; 

280 

IGO 

200 

210 

280 

All others. 

U 

010/; 

350 

200 

250 

300 

350 

Plain bars (must be hooked) * 








Top bars 

U 

0 05/; 

105 

GO 

75 

90 

105 

In two-way footings (ex¬ 








cept top bars; . 

\ 

u 

0 03C/; 

126 

72 

90 

108 

12G 

All others. 

1 

u 

0.045/; 

158 

90 

113 

135 

158 

Bearing: 

1 







On full area. 

/c 

0 25/; 


500 

G25 ’ 

750 ! 

938 

On one-third area or lessj 

fc 

0 575/; 


750 

938 

1125 i 

1405 


* F as a measure of diagonal tension. 

t Top bars are horizontal bars so placed that more than 12 in. of concrete is cast in 
the member below the bar. 

t The allowable bearing stress on an area greater than one-third but less than the 
full area shall be interpolated between the values given. 
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Allowable Unit Stresses in Reinforcing Steel (ACI Code) 

TensUe unit stress in longitudinal and web reinforcement: 

20,000 psi for bars of intermediate and hard grade 
18,000 psi for bars of structural grade 

Tensile unit stress in main reinforcement in one-way slabs of not more than 12-ft span 
for bars % in. or less in diameter: 

50 per cent of the minimum yield point specified in the Standard Specifications 
of the American Society for Testing Materials, but in no case to exceed 30,000 
psi 

Compressive unit stress in vertical column reinforcement: 

40 per cent of the minimum yield specified in tlie Standard Specifications of the 
American Society for Testing Materials, but in no case to exceed 30,000 psi. 
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FLAT SLABS WITH SQUARE OR RECTANGULAR 
PANELS 


This appendix is a part of the report of the American Concrete Institute's (com¬ 
mittee 318 on Building Code Requirements for Reinforced Conende, adopted by the 
American Concrete Institute in 1951. Only those portions of the report which deal 
specifically with flat-slab design and construction are included. The notations used 
in the Code are dt‘fin(*d as follows: 

A *• The distance from the center line of the column, ir the direction of any span, 
to the intersection of a 45-degree diagonal line from the cent it of the column 
to the bottom of the flat slab or drop panel, where such line lies wholly within 
the (olumn, capital, or bracket, provided such capital or bracket is structu¬ 
rally capable of resisting shears and moments without excessive unit stress. In 
no case shall A be greater than one-eighth the span in the direction considered. 
Aav ~ Average of the two values of A for the two columns at the ends of a column 
strip, in the direction of the spans (‘onsidennl. 

C = Diameter or width of column capital at the under side of the slab or drop 
panel. No portion of the column capital shall be considered for structural 
purposes which lies outside the largest right circular cone, with 90 degrees 
vertex angle, that can be included within the outlines of the column capital. 

L = Span length of slab ccuiter to center of columns m the direction of which bend¬ 
ing IS considered. 

A/o = Sum of the positive and the average negative bending moments at the critical 
design sections of a flat slab panel. See Section 3(5). 

<2 *= Thickness of flat slab without drop panels, or the thickness of flat slab through 
the drop panels where such are used. 

ts = Thickness of flat slab (with drop panels) at points outside the drop panel. 

W = Total dead and live load uniformly distributed over a single panel area. 

Wt,v — The average of the total load on two adjacent panels. 

X — Coefficient of span L which gives the distance from the center of column to 
the critical section for negative bending in design according to Section 2(a), 

1. Scope 

(a) The term flat slab shall mean a reinforced concrete slab supported by columns 
with or without flaring heads or column capitals, with or without depressed or drop 
panels and generally without beams or girders. 

(b) Recesses or pockets in flat slab ceilings, located between reinforcing bars and 
forming cellular or two-way ribbed ceilings, whether left open or filled with permanent 
fillers, shall not prevent a slab from being considered a flat slab; but allowable unit 
stresses shall not be exceeded. 

(c) This chapter provides for two methods of design of flat slab structures. 
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1. Any typo of flat slab construction may be dcsiRncd by application of the prin¬ 
ciples of continuity, using the method outlined in Section 2, or using other 
recognized methods of elastic analysis. In either case, the design must be sub¬ 
ject to the provisions of Sections 5(a) and (r), 6, 8 and 9. 

2. The common cases of flat slab construction described in Section 3 may be 
designed by the use of moment coefficients, given in Sections 3 and 4, and sub¬ 
ject to the provisions of Sections 5, 6, 7, 8 and 9. 

2. Design of Flat Slabs as Continuous Frames 

(a) Except in the cases of flat slab construction where specified coefficients for bend¬ 
ing may be used, as provided in Section 3, beinling and shear in flat slabs and their 
supports shall be determined by an analysis of the structure as a continuous frame, 
and all sections shall be proportioned to resist the moments and shears thus obtained. 
In the analysis, the following assumptions may be made: 

1. The structure may be considered divided into a number of bents, each consist¬ 
ing of a row of columns and strips of supported slabs, each strip bounded 
laterally by the center line of the panel on either side of the row of columns. 
The bents shall be taken longitudinally and transversely of the building. 

2. Each such bent may be analyzed in its entirety; or each floor thereof and the 
roof may be analyzed separately with its adjac(‘nt columns above and below, 
the columns being assumed fixed at their remote ends. Where slabs are thus 
analyzed separately, in bents more than four panels long, it may be assumed in 
determining the bending at a given support that the slab is fixed at any sup¬ 
port two panels distant therefrom beyond which the slab continues. 

3. The joints between columns and slabs may be considc'red rigid and this rigidity 
may be assumed to extend in the slabs a distance' A from the center of the col¬ 
umns, and in the column to the intersection of the sides of the columns, and in 
the column to the intersection of the sides of tlu' column and the 45 degree line 
defining A. The change in length of columns and slabs due to direct stress, 
and deflections due to shear, may be negh'cted. Where metal column capitals 
are used, account may be taken of their contributions to stiffness and resist¬ 
ance to bending and shear. 

4. The supporting columns may be assumed frc'c from settlement or lateral move¬ 
ment unh'ss the amount thereof can be reasonably determined. 

5. The moment of inertia of slab or column at any cross-section may be assunu'd 
to be that of the gross section of the concrete. Variation in the moments of 
inertia of the slabs and columns along their axes shall be taken into account. 

6. Where the load to be supported is definitely known, the structure shall be ana¬ 
lyzed for that load. W^here the live load is variable^ but does not exceed three- 
quarters of the dead load, or the nature of the h\e load is such that all panels 
will be loaded simultaneously, the maximum bending may be assumed to obtain 
at all sections under full live load. lOlsewhere, maximum positive bending 
near mid-span of a panel may be assumed to obtain und(*r full live load in the 
panel and in alternate panels; and maximum negative bending at a support may 
be assumed to obtain under full live load in the adjacent panels only. 

7. W'here neither beams nor girders help to transfer the slab load to the support¬ 
ing column, the critical section for negative bending may be assumed as not 
more than the distance xL from the column center, where 


X - 0.073 + 0.57 2 


(17) 
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In slabs supported by beams, girders, or walls, the critical section for negative 
bending shall be assumed at the face of such support. 

8. The numerical sum of the maximum positive and tiie average maximum nega¬ 
tive bending moments for which provision is made in the design in the direc¬ 
tion of either side of a rectangular panel shall be assumed as not less than 

( 18 ) 

9. The bending at critical sections across the slabs of each bent may be appor¬ 
tioned between the column strip and middle strip, as defined in Section 6, in 
the ratio of the specified coefficients which affect such apportionment in the 
special cases of flat slabs provided in Section 3. 

10. The maximum bending in columns may be assumed to obtain under full live 
load in alternate panels. Columns shall be proportioned to resist the maximum 
bending combined with the maximum direct load consistent thco'with; and for 
maximum direct load combined with the bending under full load, the direct 
load subject to allowable reductions. In computing moments in columns at 
any floor, the far ends of the columns may be considered fixed. 

(h) The foregoing provisions outline the method to be Tollowed in analyzing and 
designing flat slabs in the general case. In all instances the design must conform to 
the requirements for panel strips and critical d(‘sign sections, slab thickness and drop 
panels, capitals and brack(‘ts, arrangement of reinforcement and openings in flat 
slabs, as provided in Sections 5(a) and (r), 0, 8 and 9. 

3. Design of Flat Slabs by Moment Coefficients 

(а) In those cases of flat slab construction which fall within th(‘ following limita 
tions as to continuity and dimensions, the bending moments at critical sections may 
be det(Tmined by the use of specified coefficients as provid(*d in Section 4. 

1. The ratio of length to width of panel does not exceed 1.33. 

2. The slab is continuous for at least three panels in each din*ction. 

3. The successive lengths in each direction differ by not mon* than twenty per cent 
of the shorter span. 

(б) In such slabs, the numerical sum of the positive and negative bending moments 
in the direction of either side of an interior rectangular panel shall be assumed as not 
less than 

Mo = o.oowa (l -^y (19) 

(c) Three-fourths of the width of the strip shall be taken as the width of the section 
in computing comiiression due to bending, except that on a section through a drop 
panel, three-fourths of the width of the drop panel shall be taken. Account shall be 
taken of any recesses which reduce the compressive area. Tension reinforcement dis¬ 
tributed over the entire strip shall be included in the computations. 

(d) The design of slabs under the procedure given in this section is subject to the 
provisions of all subsequent sections of this chapter (Sections 4 to 9). 

4. Bending-moment Coefficients 

(a) The bending moments at the critical sections of the middle and column strips of 
an interior panel shall be assumed as given in Table 4(a). 
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(h) The bending moments at critical sections of strips, in an exterior panel, at right 
angles to the discontinuous edge, where the exterior supports consist of reinforced 
concrete columns or reinforced concrete bearing walls integral with the slab, the ratio 
of stiffness of the support to that of the slab being at least as great as the ratio of the 
live load to the dead load and not l(‘ss than one, shall be assumed as given in Table 
4(6). Where a flat slab is so supported by a wall providing restraint at the discon¬ 
tinuous edge, the coefiicient for negative bending at the edge shall be assumed more 
nearly equal in the column and middle strips, the sum remaining as given in Table 
4(6), but that for the column strip shall not be less than 0.30 Mn. Bending in middle 
strips parallel to a discontinuous edge, except in a corner panel, shall be assumed the 
same as in an interior panel. Mu shall be determined as provided in Section 3(6) for 
an interior panel. 


TABLE 4(a). Bending Moments in interior Flat Slab Panel 

With drop panel: 


Column strip.. 

Negative moment 

0.50Afo 

Column strip 

Positive moment 

0.2()3/„ 

Middle strip. . 

Negative moment 

0.15Mo 

Middle strip. 

Without drop pand; 

Positive moment 

O.lSMo 

Column strip. 

Negative' moment 

OAUh 

Column strip. 

. . . Positive niornent 

0.22Mo 

Middle strip . 

Negative mome'nt 

0.16Mo 

Middle strip. 

. . I’ositive moment 

0 JOyifo 


TABLE 4(6). Bending Moments in Exterior Flat Slab Panel 

With drop panel: 


Column strip. 

Kxterior negat i ve 


Column strip. 

., . Positive moment 

0.25^11 

(/olumu strip. 

. . . Interior negative 

0 55V 0 

Middle strip. 

.. . Kxterior negative 

0 HWo 

Middle strip. 

... Positive moment 

0.1<)Vo 

Middle strip . 

Without drop panel: 

.. . Interior negative 

O.lfifiMo 

Column strip. 

.. . Exterior negative 

OAlMo 

Column strip. 

. . . Positive momi'iit 

0.28M(, 

Column strip. 

. . . Interior ne'gative 

0 50Mo 

Middle* strip. 

. . . Exterior negative 

O.lOAfo 

Middle strip. 

Positive moment 

().20Mo 

Middle strip . 

. . Interior negative 

0.17(>il/o 


(c) The bending moments at critical sections of strips, in an exterior panel, at right 
angles to the discontinuous edge, where the exterior supports arc masonry bearing 
walls or other construction which provide only negligible restraint to the slab, shall be 
assumed as given in Table 4(6) with the following modifications. 

1. On critical sections at the face of the exterior support, negative bending in each 
strip shall be assumed as 0. 05M o. 

2. The coefficients for pcysitive bending shall be increased by forty per cent. 

3. The coefficients for negative bending at the first interior columns shall be 
increased thirty per cent. 
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TABLE 4(c). Bending Moments in Panels with Marginal Beams or Walls 



Marginal beams with depth 

Marginal beams with 


greater than 1>^ times the 

depth 1 V ^2 times the slab 


slab thickness; or bearing wall 

thickness or less 

(a) Load to be carried 

Loads directly 

superimposed j 

Ivoads directly superim- 

by marginal beam or 

upon it plus a 

uniform load 

posed upon it exclusive 

wall 

equal to one-quarter of the 

of any panel load 


total live and dead panel load j 





With drop 

Without drop 

With drop 

Witliout drop 

(h) Moment to be used 

NeR. 

0.125il/o 

0.115.V„ 

0.25il/o 

().23AIo 

in the design of half 
column strip adjacent 
and parallel to margi¬ 
nal beam or wall 

Pos. 

0.05^/o 


0.1 (W„ 

O.llil/o 

(c) Negative moment 

i Keg. 

0.1U5Mo 

0.20HAJo 

O.ISjUo 

o.iejtfo 

to be used in design 
of middle strip con¬ 
tinuous across a beam 
or wall 







(d) The bending moments in panels with marginal b(‘ams or walls, in the strips 
parallel and close thereto, and in the beams, shall be d(*lerniin(‘d upon the basis of 
assumptions presented in Table 4(e). 

(e) For design purposes any of the moment coefficients of Tables 4(tt), 4(6), and 
4(c) may be varied by not more than six per cent, but the nuiruTical sum of the positive 
and negative moments in a pa^el shall not be taken as h‘ss than tlie amount specified. 

(/) Panels supported by marginal beams on opposite edges shall be designed as 
solid one or two-way slabs to carry the entire pan(‘l load. 

(gr) The ratio of reinforcement in any strip shall not be less than 0.0025. 

5. Panel Strips and Critical Design Sections 

(а) A flat slab panel shall be considered as consisting of strips in each direction as 
follows: 

A middle strip one half panel in width, symmetrical about panel center line and 
extending through the panel in the direction of the span for bending. 

A column strip consisting of the two adjacent quarter-panels either side of the 
column center lines. 

(б) The critical sections for bending are located as follows: 

Sections for negative bending shall be taken along the edges of the panel, on column 
center lines between capitals and around the perimeters of column capitals. 

Sections for positive bending shall be taken at mid-span of the strips. 

(c) Only the reinforcement which crosses a critical section within a strip may be 
considered effective to resist bending in the strip at that section. Reinforcement 
which crosses such section at an angle with the center line of the strip shall be assumed 
to contribute to the resistance of bending only its effective area in the direction of the 
strip, as defined in Section 4. 
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6. Slab Thickness and Drop Panels 

(o) The thickness of a flat slab and the size and thickness of the drop panel, where 
used, shall be such that the compressive stress due to bending at the critical sections 
of any strip and the shear about the column capital and the drop panel shall not exceed 
the unit stresses allowed in concrete of the quality used. 

( 6 ) The shearing unit stress on a vertical section which lies at a distance /2 — 1 ^2 
in. beyond the edge of the column capital and parallel or concentric with it, shall not 
exceed the following values with d taken as /a — 1 in.: 

1. 0.03/c, when at least 50 per cent of the total negative reinforcement in the column 
strip passes directly over the column capital. 

2. 0.025/c, when 25 per cent or less of the total negative reinforcement in the column 
strip passes directly over the column capital. 

3. For intermediate percentages, intermediate values of the shearing unit stress 
shall be used. 

(c) The shearing unit stress on vertical sections which lie at a distance fz — in. 
beyond the edge of the drop panel and parallel with them shall not exc('ed 0.03/' with 
d taken as <3 — IK in. At least 50 per cent of the cross-sectional area of the negative 
reinforcement in the column strip must be within the width of strip directly above the 
drop panel. 

(d) Slab thickness shall not, however, be less than L/40 with drop panels or L/3G 
without drop panels. 

(c) The thickness of th(‘ drop panel below the slab shall not be more than one- 
fourth tlie distance from the edge of the column capital to the edge of the drop panel. 

7. Capitals and Brackets 

(a) Where a column is without a flaring concrete capital the distance c shall bo 
taken as the diameter of the column. Structural nu'tal (Uiibedded in the slab or drop 
panel may be regarded as contributing to resistant^* in bending and shear. 

(b) Where a reinforced concrete beam frames into a column without capital or ])racket 
on the same side with the beam, the value of r may be taken as the wudth of the col¬ 
umn plus twice the projection of the beam above or below the slab or drop panel for 
computing bending in strips paralh*! to tlu‘ beam. 

(c) Brackets capable of transmitting the negative bending and the shear in the 
column strips to the columns without excessive unit stress may be substituted for 
column capitals at exterior columns. The value of r when* brackets are used shall be 
taken as twice the distance from the c(*nter of the column to a i)oint where the bracket 
is IK inches thick, but not more than the thickness of the column plus twice the 
depth of the bracket. 

(d) The average of the diameters c of the column capitals at the four corners of a 
panel shall be used in dt'termining the bending in the middle strips of the panel. The 
average of the diameters c of the two column capitals at the ends of the column strip 
shall be used in determining bending in the strip. 

8. Arrangement of Reinforcement 

(a) Slab reinforcement shall be provided to resist the bending and bond stresses 
not only at critical sections, but also at intermediate sections. 

(b) Bars shall be spaced evenly across strips or bands and the spacing shall not 
exceed three times the slab thickness. 

(c) In exterior panels the reinforcement perpendicular to the discontinuous edge 
for positive bending, shall extend to the edge and have embedment of at least six 
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inches in spandrel beams, walls or columns. All such reinforcement for negative 
bending shall be bent, hooked or otherwise anchored in spandrel beams, walls or 
columns. 

9. Openings in Flat Slabs 

Openings of any size may be cut through a flat slab if provision is made for the total 
positive and negative resisting moments, as required in Sections 2 or 3, without exceed¬ 
ing the allowable stresses. 
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TABLE 1. Designations^ Areas, Perimeters, and Weights of Standard Bars 


Bar designation* 

Diameter, in. 

Cross-st'ctional 
area, sq in. 

Perimeter, 

in. 

Unit wt per 
ft, lb 

No. 2 

H = 0.250 

0.05 

0.79 

0.167 

No. 3 

U = 0.375 

0.11 

1.18 

0.376 

No. 4 

M = 0.500 

0.20 

1.57 

0.668 

No. 5 

H = 0.625 

0.31 

1.96 

1.043 

No. G 

H = 0.750 

0.44 

2.36 

1.502 

No. 7 

% =? 0.875 

0.60 

2.75 

2.044 

No. 8 

1 = 1.000 

0.79 

3.14 

2.670 

No. 9 

li<t = 1.128 

1.00 

3.54 

3.400 

No. 10 

= 1.270 

1.27 ^ 

3.99 

4.303 

No. 11 

l?^t = 1.410 

1.56 

AAZ 

5.313 


* Based on the number of eighths of an inch included in the nominal diameter of the 
bars. The nominal diameter of a deformed bar is cq\uvalent to the diameter of a 
plain bar having the same weight per foot as the deformed bar. Bar No. 2 in plain 
rounds only. All others in deformed rounds, 
t Approximate to the nearest in. 


TABLE 2. Areas of Groups of Standard Bars, Square Inches 


Bar 


Number of bars 


tion 

2 

3 

4 

5 

6 

7 

8 


10 

11 

12 

13 

14 

No. 4 

0.39 

0.58 

0.78 

0.98 

1.18 

1.37 

1.57 

1.77 

1 96 

2.16 

2.36 

a.55 

2.75 

No. 5 

0.61 

0.91 

1.23 

1.53 

1.84 

2.15 

2.45 

2.76 

3.07 

3.37 

3.68 

3.99 

4.30 

No. 6 

0.88 

1.32 

1.77 

2.21 

2.65 

3.09 

3.53 

3.98 

4.42 

4.86 

5.30 

5.74 

6.19 

No. 7 

1.20 

1.80 

2.41 

3.01 

3.61 

4.21 

4.81 

5.41 

6.01 

6.61 

7.22 

7.82 

8.42 

No. 8 

1.57 

2.35 

3 14 

3.93 

4.71 

5.50 

6.28 

7.07 

7.85 

8.64 

9.43 

10.21 

11.00 

No. 9 

2.00 

3,00 

4.00 

5.00 

6.00 

7.00 

8.00 

9.00 

10.00 

11.00 

12.00 

13.00 

14.00 

No. 10 

2.53 

3.79 

5.06 

6.33 

7.59 

8.86 

10.12 

11.39 

12.66 

13.92 

15.19 

16.45 

17.72 

No. 11 

3.12 

4.68 

6.25 

7.81 

9.37 

10,94 

12.50 

14.06 

15.62 

17.19 

18.75 

20.31 

21.87 
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Bar 


Number of bars 


desig¬ 

nation 

2 

3 

4 

5 

6 

7 

8 

0 

10 

11 

12 

13 

14 

No. 4 

3.1 

4.7 

6.2 

7.8 

9.4 

11.0 

12.a 

u,i 

15.7 

17.3 

18. 8i 

20.4 

22.0 

No. 5 

3.9 

5.9 

7.8 

9.8 

11.8 

13.71 

15.7 

17.7 

19.5 

21.6 

23.6 

25.5 

27.5 

No. 6 

4.7 

7.1 

9.4 

11.8 

14.1 

16.5 

18.8 

21.2 

23.6 

25.9 

28.3 

30.6 

33.0 

No. 7 

5.5 

8.2 

11.0 

12.7 

16.5 

19.2 

22.0 

24.7 

27.5 

30.2 

33.0 

35.7 

38.5 

No. 8 

6.3 

9.4 

12.6 

15.7 

18.9 

22.6 

25.1 

28.3 

31.4 

34.6 

37.7 

40.9 

44.0 

No. 9 

7.1 

10.6 

14.2 

17.7 

21.3 

24.8 

28.4 

31.9 

35.4 

39.0 

42.5 

46.0 

49.6 

No. 10 

8.0j 

12.0 

16.0 

20.0 

23.9 

27 9 

31.p 

35.9 

39.9 

43.9 

47.9 

51.9 

55.9. 

No. 11 

8.9 

13.3 

17.7 

22.2 

26.6 

31.0 

35.4 

39.9 

44.3 

48.7 

53.2 

57.6 

62.0 


TABLE 4. Areas of Bars In Slabs, Square Inches Per Foot 


Spacing, 




Bar desigiiation 




in. 

No. 3 

No. 4 

No. 5 

No. 0 

No. 7 

No. 8 

No. 9 

No. 10 

No. 11 

3 

0.44 

0.78 

1.23 

1.77 

2.40 

3.14 

4.00 

5.06 

6.25 

CO 

0.38 

0.67 

1,05 

1.51 

2,p6 

2.69 

3.43 

4.34 

5.36 

4 

0.33 

0.59 

, 0.92 

1.32 

1.80 

2.36 

3.00 

3.80 

4.68 


0.29 

0.52 

0.82 

1.18 

1.60 

1 2.09 

2,67 

3.37 

4.17 

5 

0.26 

0.47 

0.74 

1,06 

1.41 

1.88 

2.40 

3.04 

3.75 


0.24 

0.43 

0.67 

0.96 

1.31 

1.71 

2.18 

2.76 ! 

3.41 

6 

0.22 

0.39 

0.61 

0.88 

1.20 

1.57 

2.00 

2.53 

3.12 


0.20 

0.36 

0.57 I 

0.82 

1.11 

1.45 

1.85 

2.34 

2.89 

7 

0.19 

0.34 

0.53 1 

0.76 

, 1 JKi 

1.35 

1.71 

2.17 

2.68 


0.18 

0.31 

0.49 1 

0.71 

0.96 

1.26 

1.60 

2.02 

2.50 

8 

0.17 

0.29 

0.46 

0.66 

0.90 

1.18 

1.50 

1.89 

2.34 

9 

0.15 

0.26 

0.41 

0.59 

0.80 

1.05 

1.33 

1.69 

2.08 

10 

0.13 

0.24 

0.37 

0.53 

0.72 

0.94 

1.20 

1.52 

1.87 

12 

0.11 

0.20 

0.31 

0.44 

0.60 

0.78 

1.00 

1.27 

1.56 
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TABLE 6. Review of Rectangular Beams and Slabs 

h = \/2pn + (pn)* - pn ; = 1 — 



00 

1 

n *■ 

10 

n ■■ 

12 

n = 

15 


k 

i 

k 

i 

k 

i 

ib 

i 

0.0010 

0.119 

0.960 

0.132 

0.956 

0.145 

0.952 

0.158 

0.947 

0.0020 

0.164 

0.945 

0.181 

0.940 

0.196 

0.935 

0.217 

0.928 

0.0030 

0.196 

0.935 

0.217 

0.928 

0.235 

0.922 

0.258 

0.914 

0.0040 

0.223 

0.926 

0.246 

0.918 

0.266 

0.911 

0.292 

0.903 

0.0050 

0.246 

0.918 

0.270 

0.910 

0 291 

0.903 

0.320 

0.893 

0.0054 

0.254 

0.915 

0.279 

0.907 

0.300 

0.900 

0.329 

0.891 

0.0058 

0.262 

0.913 

0.287 

0.904 

0.309 

0.897 

0.337 

0.888 

0.0062 

0.269 

0.910 

0.296 

0.901 

0.317 

0.894 

0.348 

0.884 

0.0066 

0.276 

0.908 

0.304 

0.899 

0.325 

0.892 

0.356 

0.881 

0.0070 

0.283 

0.906 

0.311 

0.896 

0.334 

0.889 

0.365 

0.878 

0.0072 

0.286 

0.905 

0.314 

0.895 

0.338 

0.887 

0.369 

0.877 

0.0074 

0.290 

0.903 

0.318 

0.894 

0.342 

0.886 

0.372 

0 876 

0.0076 

0.293 

0.902 

0.321 

0.893 

0.345 

0.885 

0.?'"6 

0 875 

0.0078 

0.297 

0.901 

0.325 

0.892 

0.349 

0.884 

0.380 

0.873 

0.0080 

0.300 

0.900 

0.328 

0.891 

0.353 

0.882 

0.384 

0.872 

0.0082 

0.303 

0.899 

0.332 

0.889 

0.356 

0.881 

0.387 

0.871 

0.0084 

0.306 

0.898 

0.336 

0.888 

0.360 

0.880 

0.390 

0.870 

0.0086 

0.309 

0.897 

0.338 

0.887 

0.363 

0.879 

0.394 

0 869 

0.0088 

0.312 

0.896 

0.341 

0.886 

0.366 

0.878 

0.398 

0.867 

0.0090 

0.314 

0.895 

0.344 

0.885 

0.370 

0.877 

0.402 

0.866 

0.0002 

0.317 

0.894 

0.347 

0.884 

0.373 

0.876 

0.405 

0.865 

0.0094 

0.320 

0.893 

0.350 

0.883 

0.376 

0.875 

0.407 

0 864 

0.0096 

0.322 

0.893 

0.353 

0.882 

0.379 

0.874 

0 411 

0 863 

0.0098 

0.325 

0.892 

0.366 

0.881 

0.381 

0.873 

0.414 

0 862 

0.0100 

0.328 

0.891 

0.368 

0.881 

0.385 

0.872 

0.418 

0.861 

0.0104 

0.333 

0.889 

0.363 

0.879 

0.391 

0.870 

0.423 

0.859 

0.0108 

0.339 

0.887 

0.369 

0.877 

0.396 

0.868 

0.429 

0 867 

0.0112 

0.343 

0.886 

0.375 

0.875 

0.402 

0.866 

0.434 

0 855 

0.0116 

0.348 

0.884 

0.380 

0.873 

0.407 

0.864 

0.440 

0.853 

0.0120 

0.353 

0.882 

0.384 

0.872 

0.412 

0.863 

0.446 

0.851 

0.0124 

0.357 

0.881 i 

0.389 

0.870 

0.417 

0.861 

0.451 

0.850 

0.0128 

0.362 

0.879 

0.394 

0.869 

0.422 

0.859 

0.457 

0.848 

0.0132 

0.366 

0,878 

0.398 

0.867 

0.427 

0.858 

0.461 

0.846 

0.0136 

0.370 

0.877 

0.403 

0.866 

0.432 

0.856 

0.466 

0.845 

0.0140 

0.374 

0.875 

0.407 

0.864 

0.436 

0.855 

0.471 

0.843 

0.0144 

0.379 

0.874 

0.412 

0.863 

0.440 

0.853 

0.476 

0.842 

0.0148 , 

0.383 

0.872 

0.416 

0.861 

0.444 

0.852 

0.479 

0.840 

0.0152 

0.386 

0.871 

0.420 

0.860 

0.449 

0.850 

0.483 

0.839 

0.0156 ' 

0.390 

0.870 

0.424 

0.859 

0.453 

0.849 

0.487 

0.838 

0.0160 

0.394 

0.869 

0.428 

0,857 

0.457 

0.848 

0.493 

0.836 

1 

0.0170 1 

0.403 

0.866 

0.437 

0.854 

0.467 

0.^5 

0.502 

0.838 

0.0180 

0.412 

0.863 

0.446 

0.851 

0.476 

0.841 

0.513 

0.829 

0.0190 

0.420 

0.860 

0.455 

0.848 

0.485 

0.838 

0.522 

0.826 

0.0200 1 

0.428 

0.857 

0.463 

0.846 

0.493 

0.836 

0.581 

0.828 
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TABLE 7. Columns with Longitudinal Bars and Spirals 

Loads in thousand pounds 
P = 0.225/:^, +J.A. 


Diameter 

of 

column, in. 

dross 

area 

Agj sq in. 

Load on bars, 
for Jig * 0.01 

Load on concrete. 

0.225/', A, 

f. 

K 

Interme¬ 

diate 

grade 

16,000 

Hard 

grade 

20,000 

2000 

2500 

3000 

3750 

5000 

12* 

113 

14 

18 

41 

51 

61 

76 

102 

13* 

133 

17 

22 

48 

00 

72 

90 

119 

14 

154 

25 

31 

69 

87 

104 

130 

173 

15 

177 

28 

35 

80 

99 

119 

149 

199 

16 

201 

32 

40 

91 

113 

136 

170 

227 

17 

227 

36 

45 

102 

128 

153 

192 

256 

18 

255 

41 

51 

114 

143 

172 

215 

287 

19 

284 

45 

57 

128 

159 

191 

239 

319 

20 

314 

50 

63 

141 

177 

212 

205 

353 

21 

346 

55 

69 

156 

195 

234 

292 

390 

22 

380 

61 

76 

171 

214 

257 

321 

428 

23 

416 

06 

83 

187 

234 

280 

350 

467 

24 

452 

72 

90 

204 

254 

305 

1 382 

510 

25 

491 

79 

98 

221 

276 

331 

414 

552 

26 

531 

85 

106 

239 

299 

358 

448 

598 

27 

573 

92 

115 

258 

322 

387 

483 

644 

28 

016 

98 

123 

277 

346 

416 

519 

693 

29 

661 

106 

132 

297 

372 

446 

557 

743 

30 

707 

113 

141 1 

318 

398 

477 

596 

795 


* vSpirals for those are oxoossivo and seldom available. The loads given in the table 
are for circular columns with lateral ties. 
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TABLE 8. Columns with Longitudinal Bars and Lateral Ties 

Loads in thousand pounds 
P « OAS/.Ag + O.SfA, 


Dimensions 
of column, 
in. 



i 

Gross 

Load on bars, 
O.SfsA* for 

Pg = 0.01 

area 
Agy 
sq m. 

j 

Interme- tt i 
diate 
„rade 

fejoo 20,000 

120 

140 

160 

15 19 

18 22 

20 26 

144 

168 

192 

18 23 

22 27 

25 31 

196 

224 

252, 

25 31 

29 36 

32 40 

256 

33 41 


Load on concrete, 0.18U, 


fc 
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TABLE 9. Areas, Weights, and Moments of Inertia 

Moments of inertia about the axis A-A 








\ 




f 



i / 






•* 


► 


A 

^ A i 


- \jk 













t 



A 

f A- 


-A 



I \ 

V. . 

J 

1 


/ 


ir 

















Area, 
sq. in. 

Weight 
per ft., 
lb. 

I, 

in.^ 

Area, 
sq. in. 

Weight 
per ft., 
lb. 

I 

in 

4 

Area, 
sq. in. 

Weight 
per ft., 
lb. 

I, 

in* 

12 

113 

118 

1,018 

119 

124 

1,136 

12.0 

12.6 

144 

13 

133 

138 

1,402 

140 

146 

1,565 

13.0 

13.5 

183 

14 

154 

160 

1,886 

162 

169 

2,105 

14.0 

14.6 

229 

15 

177 

184 

2,485 

186 

194 

2,775 

15.0 

15.6 

281 

16 

201 

210 

3,217 

212 

221 

3,591 

16.0 

16.7 

341 

17 

227 

237 

4,100 

239 

249 

4,577 

17.0 

17.7 

409 

18 

255 

265 

5,153 

268 

280 

5,753 

18.0 

18.8 

486 

19 

284 

295 

6,397 

299 

312 

7,142 

19.0 

19.8 

672 

20 

314 

327 

7,864 

331 

345 

8,768 

20.0 

20.8 

667 

21 

346 

361 

9,547 

365 

381 

10,658 

21.0 

21.9 

772 

22 

380 

396 

11,499 

401 

418 

12,837 

22.0 

22.9 

887 

23 

416 

433 

13,737 

438 

457 

15,335 

23.0 

24.0 

1,014 

24 

452 

471 

16,286 

477 

497 

18,181 

24.0 

25.0 

1,162 

25 

491 

511 

19,175 

518 

539 

21,406 

25.0 

26.1 

1,302 

26 

531 

653 

22,432 

560 

683 

25,042 

26.0 

27.1 

1,465 

27 

573 

697 

26,087 

604 

629 

29,123 

27.0 

28.1 

1,640 

28 

616 

642 

30,172 

650 

677 

33,683 

28.0 

29.2 

1,829 

29 

661 

688 

34,719 

697 

726 

38,759 

29.0 

30.2 

2,032 

30 

707 

736 

39,761 

746 

777 

44,388 

30.0 

31.2 

2,250 
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TABLE 10, Size and Pitch of Spirals, ACI Code 


Diameter of 

Out to out of 


column, in. 

spiral, in 

2500 

3000 

3750 

6000 


Hot -rollod Interm(Mliate-grado 


14, 15 

11, 12 



’ 2-24 

’2 

16 

13 

H-2 

?8-l *4 

’2-2’2 

H-2 

17-19 

14-16 

%-2^i 


}i-2H 

’ 2-2 

20-23 

17-20 


H m 

H-2-^'i 

H-2 

24-30 


h-2^ 

H-2 

H-2h 

’2 2 


Cold-drawn ^\l^o 


14, 15 

11, 12 


3 , 2H 

H-2 

’2-2^ 

16 23 

13-20 

’ i-Vi 

\ 2H 

h 2 ’i 

’^-3 

24-29 

21-26 

U 

•’s-3 

^ 2M 

’ 2-3 

30 

27 

' 11?1 

•‘> 8^-3 

\-2H 

’^3’i 
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TABLE 11. Values of fat the Average Allowable Stress in Axially 
Loaded Columns 



2500 

12 

521 

551 

579 

604 

627 

648 

668 

704 

744 

760 

781 

3000 

10 

613 

645 

675 

702 

728 

751 

774 

814 

850 

881 

910 

3750 

8 

750 

785 

817 

847 

875 

902 

927 

974 

1016 

1055 

1089 

5000 

6 

979 

1016 

1051 

1084 

1117 

1147 

1177 

1233 

1284 

1331 

1375 


Spiral Columns,/, = 16,000 


2500 

12 

651 

689 

723 

755 

784 

810 

835 

879 

917 

050 

980 

3000 

10 

766 

806 

843 

878 

909 

939 

967 

1017 

1062 

1101 

1137 

3760 

8 

938 

981 

1021 

1059 

1094 

1127 

1159 

1218 

1270 

1318 

1361 

5000 

6 ! 

1224 

1270 

1314 

1356 

1396 

1434 

1471 

1540 

1604 

1663 

1718 


Tied Columns, /, = 20,000 


2500 

12 

550 

592 

631 

667 

699 

729 

757 

806 

850 

887 

920 

3000 

10 

642 

687 

729 

767 

803 

836 

868 

924 

974 

1019 

1059 

3750 

8 

780 

828 

873 

915 

955 

992 

1027 

1094 

1152 

1205 

1251 

5000 

6 

1010 

1060 

1109 

1156 

1200 

1243 

1283 

1360 

1430 

1496 

1557 


Spiral Columns, /, = 20,000 


2500 

12 

687 

740 

789 

833 

874 

912 

946 

1008 

1062 

1109 

1150 

3000 

10 

803 

869 

911 

959 

1004 

1046 

1085 

1155 

1218 

1273 

1323 

3750 

8 

975 

1035 

1091 

1144 

1193 

1240 

1284 

1366 

1439 

1506 

1567 

6000 

6 

1262 

1326 

1386 

1444 

1500 

1553 

1604 

1700 

1788 

1870 

1946 
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TABLE 12. Moment of Inertia of Column Verticals Arranged in a 
Circle of Diameter 5 In. Less than Diameter of Column 

Values of (n ~ l)/a in inches^ for « 0.01 



Diameter 
of column 
t, in. 

Diameter 
of steel 
circle (//, in. 

A» where 



/: 



Pg = O.Ol 

2000 

2500 

3000 

3750 

5000 

12 

7 

1.13 

97 

76 

62 

40 

35 

13 

8 

1.33 

149 

117 

96 

74 

53 

14 

9 

1.54 

218 

172 

1 140 

109 

78 

15 

10 ! 

1.77 

310 

243 

199 

155 

111 

16 

11 ! 

2.01 

426 

335 

274 

213 

152 

17 

12 

2 27 

572 

449 

308 

281) 

204 

18 

13 

2 55 

754 

593 

485 

377 

271 

19 

14 

2.81 

974 

765 

1 626 

487 

348 

20 

15 

3.14 

1166 

916 

750 

583 

416 

21 

16 

3.46 

1550 

1218 

996 

775 

554 

22 

17 

3.80 

1922 

1510 

1236 

961 

686 

23 

18 

4.16 

2359 

1853 

1516 

1179 

842 

24 

19 

4.52 

2856 

2244 

1836 

1428 

1020 

25 

20 

4.91 

3437 

2701 

2210 

1719 

1227 

26 

21 

5.31 

4098 

3220 

2635 

2049 

1464 

27 

22 

5.73 

4853 1 

3813 

3120 

2427 

1733 

28 

23 

6 16 

5703 

4481 

3666 

2852 

2037 

29 

24 

6.61 

6663 

5235 

4283 

3331 

2380 

30 

25 

7.07 

7733 

6076 

4971 

3867 

2762 


The bars are assumed transformed into a thin-walled cylinder having the same sec¬ 


tional area as the bars. Then I, = -r 8. 

For other values of multiply the value from the table by lOOpp. 
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TABLE 13. Moments of Intertio of Bars in Inches* 

For various distances from an axis A A 
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Table 14. Values of Z) = for Eccentrically Loaded Columns 



(n - l)p 

g 


1 




0.10 

0.20 0.30 0.40 0.50 | 0.60 

1 

0.70 

0.80 

Square or Rectangular Sections witli Ties 

0.80 

5.53 

5.20 4.95 4.75 4.59 4.46 

4.35 

4.26 

0.70 

5.75 

5.56 5.41 5.29 5.19 5.10 

5.03 

4.96 

0.60 

5.95 

5.92 5.89 5.86 5.84 5.82 

5 SO 

5.79 

Square Sections with Spirals 

0.80 

6.01 

6.03 6.05 6.07 6 08 6 09 

6.10 

6.00 

0.70 

6.15 

6.27 6.39 6.49 658 6.66 

6.74 

0.80 

0.60 

6.25 

6.49 6.70 6.90 7.08 7.24 

1 

7.39 

7.53 

Round Sections with Spirals 

0.80 

7.80 

7.64 7.51 7. II 7 32 7 21 

7.17 

7.11 

0.70 

8.02 

8.03 804 8 05 8 06 8 06 

8.07 

8.08 

0.60 

8.21 

8.39 8.55 8.70 8.82 8 91 

1 

9.01 

9.14 



Diagram 1. Location of points where bars may be bent up for simply sup 
beams uniformly loaded. 
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Values of 

Diagram 8 (tingiilar Ix'ains romforcod for (onipicssjon (l)as<'d on -/«). 













































































Allowable Unit Stress, fg 

































































Values of Y 

Diagram 11. Allowable unit stresses in eccentrically loaded circular spiral columns. 
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Diagram 12 Allowable unit stresses in eccentrically loaded circular spiral columns. 
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Diagkam 11 . Allowable unit stresRcs in eeeontrically loaded tied columns. 
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Diagram 17. Bonding and axial stress, oircuh 
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INDEX 


A 

Abutments, highway bridge, 397 
Aggregates, coarse, 4 
determination of unit weight, 11 
fine, 3 

fineness modulus, 8 
grading, 6, 7 
maximum size, 5, 7 
minimum size, 6 
moisture absorbed by, 10, 15, 17 
moisture content, 18 
organic impurities in, 8 
surface area, 3, 8 
water absorbed by, 15, 18 
Allowalde stresses, 52, 85, UO, 159, 188 
493 

bond, 39, 459 

for combined compression a ml Ixaid- 
ing, 140, 488 493 
Anchor plate for arch ti(‘s, 385 
Anchorage of web reiiiforc(‘ni('nt, 92 
Arches, advantages of, 350 
axis, length of, 372, 374 
shape of, 351, 307 
for bridge arches, 368 
parabolic, 367 
for roof arches, 367 
barrel, 352 

bridge, open-spandrel, 351 
spandrel-filled, 351 
buckling of, 386 
critical load positions, 371 
economical steel percentages, 353 
fixed (see Fixed arches) 
hinges in, 353, 375 
for long-span roofs, 350 352 
moments of inertia, 367 
preliminary design, 367 
rib shortening, 356, 375 
shrinkage, 357 


Arches, structural action of, 350 
temperature, 357, 375 
thre(*-hing(‘il, 350 

two-hingcd (see Two-hinged arches) 

B 

Bars, areas, pcTimeters, and weights of, 
468, 4b<) 

siz(» extras for, 33 
standard hooks for, 92 
standard sizes of, 168 
Beams, arrangeimuit of n'inforcement, 51 
continuous, 116, 152 

moment-distri})ution imdhod, 178, 
180 

moments in (table), 153 
slopi'-detlection method, 162, 165 
theorem of thr(‘e moments, 152 
in fiat-slab buildings, design of, 315 
Ilex u re, 44 62 

allowable unit stn'sses, 52 
assumptions in theory of, 46 
forimilas, 48 

floor, design of, 99, 116, 269, 272, 282 
joist, 278, 286 
slat) beam-and-ginl(‘r, 266 
framing stair well, design of, 265, 320 
highway bridge, 406, 410, 415, 420 
moments in, 49-51 
plain concrete, 43 

diagonal tension in, 82 
shearing stn'ss in, 78 
prestressed concrete, postensioned, 
450-453 

pretensioned, 446, 448 
rectauguiai, with tension reinforce¬ 
ment, 44 

illustrative examples, 53, 56 
tables for, 50, 470, 471 
transformed section, 58 


501 
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Beams, reinforced for compression, 10b 
diagrams for n view, 112, 483-487 
flexure, 106 115 
formulas, for design, 107 
for review, 109 
illustrative examples, IH 
shearing stresses m, 85, 159 
stresses m homogeneous, 41 
T (see T beims) 

Bearing capacity of soils, 207, 208 
Bending and ixi il s< re ss 1 14 

allowable stres-ses loi combined com 
pressiem and, 140, 488 191 
circular see turns, compression over 
whole seetion, 1 18 
diagrams for, 191 19b 
te nsion eive r p ut erf se e turn, 110 
illustrative e xam pie s, 115 
ree tangul ir se e turns e ornpre ssurn erve i 
whole section, 1 lb 
diagrams, 197 199 
tension o^eI part of see turn, \ M 
Bond be twe e ii e erne re te ind ste e 1 15 
length of embedment leepiiied for, 
19 

new, to old eone rete, 28 
Bond stresse s, 1(r 
allowable, 19, 159 
Bridge s, aie he s, 151 
axis for IbS 

highw iy (see llighw r> bridges) 
Biiileliiig e ode s, A( I fl it slalr le gul it ions, 
4b 1 

allow ible be iiing pressures, seal, 208 
ler ids, 211 
stairways 2b5 
walls, 2b0-2b2 
Building frames, 18b 201 
hori/orit il loids 197 
prehmin iry an il> sis, 204 
sidesway m, 189 
vertical loids, 18b 

apprerximate analysis, 189 
Buildings, 211 
flat-slab, 25b, 287 
advantages of, 288 
columns in (see Columns) 
design of, 298-32b 
engineering drawings, 324 326 
floor syste ms, 245 258 
(See also I loors) 

steel vs concrete, relative merits, 243 


Buildings, ties, live-load reduction in, 209 
Bulking factor, 10 

C 

Cement, 1 

high-early-strength, 2 
Portland, 2 
Cinders, b 
Clirk, A P, 38 

Cerlerr metric test, 8 
( erlumn footings (see Footings) 

(krluinn se e turns, are as erf, 472 474 
inerme nt of inerti i of, 474 
weights of, 474 

( olurrin spirals, pitches and si/es, 131, 
175 

Columns, eermbm ition, 128 
composite, 128 
dime nsions e f, 129 
e e (e ntrie lo ids on 110 
extenoi design ot 147 
m flat si lb buildings 102 111 
bending in, 104 110 
d( sign of 102 107 
lie \ur il stie sse s in 1 10 
dlow d)l( 1 10 ISS 191 
illustr iti\e e \ iinjrle s 1 15 
inte noi design eil 1 IS 
liteidtus size indspieingof 128 
long 129 

with longitudm il ind spiral re inf oicc 
merit 122 

illow drle lends 12(), 172 
diigrims for ecerntne illy loaded 
191 196 

with longitudinal steel xnei lateral ties, 
127 

illerw ible lo ids, 127, 471 
di igi ims for e e e e ntrieally loaeled, 
497 199 

moments in, 130 

pipe, 128 

tallies for design of, 472, 473 
types of, 122 

ultimate design of, 123 126, 437 
unsupported length, 129 
Composite beams (ste Highway bridges, 
e omposite) 

^ oncre te 1 

ibiasiM re sistance, 30 
emeier, b 
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m 


Concrete, coefficient of expansion, 28, 
35 

compressive strength, 25 
consistency, 14 
contraction, 28 
curing, 21 
steam in, 22 
effect on, of acids, 32 

of air-tmtraining agents, 23 
■ of alkali, 31 
of calcium chloride, 24 
of freezing, 22 
* of hydrated lime, 24 
of oils, 32 
of sea water, 31 
of sewage, 32 
of time of mixing, 20 
of waterproofing compounds, 21 
elastic limit, 27 
elasticity, modulus of, 26, 120 
ex])ansion, 28 
mixing, control of, 10 
design of, 15 
workability of, 13, 11 
yield of, 13 
permeability, 11 
placing of, 20 
plastic flow of, 27, 124 
plasticity of (,s<f Iflnsticity) 
pr(*stressed (s<c l*r('str(‘.ss(‘d concrett') 
proportioning of, 0 
reinforced, 35, 10 
resistance' to fire, 20 
shearing stn'iigtli, 25 
soil friction, 331 

stress-strain diagram, 26, 124, 426, 428 
structural properties, 25 
tensile strength, 25, 10 
thermal conductivity, 29 
transverse strength, 25 
weathering qualities, 30 
weight, 20 
Continuity, 150 
Continuous beams (see Beams) 

Cross, Hardy, 173 
Crushed stone, 4 

D 

Design of concrete mixtures, 15-16 
(See also Preliminary design; Ultimate 
design) 


Diagonal tension, 81 
distribution of, 87 
in pl'iiik concrete Ix'ams, 82 
provision for, 83 
in reinforced concrete beams, 82 
Diagrams, beams reinforced for compres¬ 
sion, 183-487 

bending and axial stress, 188 199 
bending of reinforcement, 480, 481 
T-bcam review, 482 

E 

Earth pn'ssure, 328 
active, 329 

for eommon conditions of loading, 332 
determination of, 328-334 
eff(‘ct of groundwater on, 333 
passive 329 
rest, 329 

witli Mil charge, 332 
Earthquake force's, 197 
Effective span length, 201 

F 

Finc'uess modulus, 8 
Fire protection, ^^alls, 263 
Fixed arch(\s, 351 
critical load positions, 371 
moments and reactions (tables), 370, 
373 

preliminary design, 366, 367 
integral ('valuation, 366 
tlu'ory of, 359 

elastic c('nter, 362, 364 
rib shortening, 365, 375 
shrinkage, 363 
tempi'rature, 3()3, 375 
thickness variation (table), 374 
P^ix(*d-('nd moments, 159 

for far c'lid hinged, 160, 163, 164, 177 
for moment-distribution method, 171, 
177 

table of, l(j3, 164 
Flat-slab floors (see Floors) 

Flexure, beams reinforced for compres¬ 
sion, 106 115 
n'ctangular beams, 44-62 
T beams, 93-105 
Floors, 245 
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Floors, beam-and-girder, 246 
design of, 266 
flat-plate, 256 
flatnslab, 256, 287 
ACI code requirements, 461 
advantages of, 288 * 

bending moments in, 289-294, 299, 
301 

design of, 298 
factors in, 295 

engineering drawings, 324-326 
methods of reinforcing, 294, 324- 
326 

ribbed, 256 
thickness of, 294 
joist {see ribbed, below) 
loads on, 244 
precast, 253 
ribbed, 247 

with eJay-tile fillers, 250 
design of, 286 
reinforcement, 285 
with 8te('l-pan fillers, 248 
design of, 278 
two-way slab, 254 
weights of, 279, 286 
slab-band, 247 
steel deck, 254 
steel joists, 251 
surfaces, 258 
two-way slab, 254 
ribbed, 254 
Footings, 207 
area proportioning, 209 
cantilever, 224 
design of, 235 
combined, 213, 224-240 
design of, 225, 230 

concrete, factors affecting design of, 
214 

plain, 221 
connected, 224 
design of, 235 
design loads of, 209 
live-load reduction for, 209 
multiple-column, 224 
on piles, 240 

pressure distribution under, 212 
single-column {see Single-column foot¬ 
ings) 

size, effect of, on settlement, 211 
strap, 213, 224 


Footings, strap, design of, 235 
types of, 213 
wall, 213, 215 
Foundations, 207 
mat, 213 
raft, 213 
spread, 207 
types of, 213 

Frames, building {see Building frames) 
rigid, 151 
hinges for, 375 

moment-distribution method, 181 
preliminary design, 204 
slope-deflection method, 166, 168, 
171 

Freezing prevention, 22 
Frost action on soils, 330 
Frost depth, 214 

G 

Girders (see Beams) 

Gravel, 5 

H 

Highway bridges, 387 
AASIIO requirements, 389 
abutments, 397 
beaina, 406, 410, 415, 416 
bearings, 400 
composite, 388, 418 
properties of, 420 
shear connectors, 419, 423 
deck-girder, 387 
design of, 404 
details of, 412 

construction, 398-402, 413, 418 
impact, 393 
joints in, 400 
live loads, 389-393 
distribution of, 393, 396 
moments in, 394, 403, 405, 406, 414 
prestressed, 388, 448, 453 
slab, 387 

design of, 402-404 
details of, 404-405, 414 
through-girder, 387 
design of, 413 
details of, 417 
types, 387 

wheel-load distribution, 393, 396 
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Hinges, 375 

in arches and rigid frames, 353, 375 
Consid^re, 376 
function of, 375 
Mesnager, 375 
design of, 375-377 
steel, 375 

I 

Tin pact, 393 

J 

Jensen, V. P., 428 

Joints, expansion and contraction, in re¬ 
taining walls, 338 
in highway bridges, 400 

Joists (see Beams; Floors, ribbed) 

h 

Tmitance, 20 

liateral ties, arrangement of, 128 
size and spacing foi columns, 128 

Live-load reduction in tier buildings, 209 

I^oads, building frames, horizontal, 197 
vertical, 186, 189 
design, of footings, 209 
on floor and roof, 244 
on highway bridges, 389-393 
truck, 389, 393, 396 
ultimate, theory of, 445, 449, 454 
on walls, 260 

weight of ribbed floors, 279, 286 

M 

Modulus of elasticity, of concrete, 26, 429 
of steed, 429 

Moisture absorbed by aggregates, 10, 15, 
17 

Moment-area principles, 153 

Moment-distribution method, 173-185 
carry-over factors, 175 
continuous beams, 178, 180 
distribution factors, 175, 178 
fixed-end moments, 174, 177 
rigid frames, 181 
sidesway, 173, 181, 185 
unbalanced moments, 174 

Moments, in beams, 49-51 
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Moments, bending, in flat-slab floors, 
289-294, 299, 301 
in continuous beams, 152, 153 
fixed-end {see Fixed-end moments) 
in highway bridges, 394, 403, 405, 406, 
414 

of inertia, arches, 367 
column sections, 474 
column verticals, 477, 478 
effective, 202 

two-hinged arches (tabl(‘); *109 
Mortar mixtures, density of, 12 
design of, 10 
permeability of, 11 
strength of, 11 
workability of, 13 
yield of, 13 

P 

Partitions* fsce Walls) 

Piles, footings on, 240 
Plastic design (see Ultimate design) 
Plasticity, in arches, influ(*nce of, 357 
of concrete, in beams with compression 
reinforceunent, 106 
in column design, 123 
relief, by, of overstress, 205 
of settlement stresses, 209 
Plasticity ratio in ultimate design, 429 
Portal method, 198 

Postensioning (see l^restressed concrete) 
Precasting, 444 
floors, 253 

Preliminary design, 204 
of arches, 367 
fixed, 366, 367 
two-hinged, 379 
of building frames, 205 
of single-story frames, 206 
Pressure distribution in soils, 212 
Prestressed concrete, 441-455 
allowable stresses, 447 
cracking, 443, 449, 451 
creep, 443 
final prestress, 443 
highway bridges, 388 
high-strength steel, 446, 448 
history of, 443 
initial prestress, 442 
postensioned beams, 450 
advantages of, 451 
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Prestressed concrete, postensioned beams, 
anchorage, 450 
bond, 450 
design of, 453 
Freyssinet method, 450 
grouting, 450 
MagiK'l method, 450 
theory of, 451 
precasting, 444, 447 
pretensioncd beams, bond, 446 
design of, 448 
theory of, 446 
principles of, 441 
saf(‘ty factor in, 449, 450 
shrinkage, 443 
stress distribution, 443 
theory of, 444 
bending stresses, 445 
diagonal tc'iision, 415, 450 
slu'ar stresses, 415 
ultimate loads, 445, 419, 454 
wires, sizes and properties of, 448 

IVestressed highway bridges, 388, 448, 
453 

Pretensioning (sec Prc'stressed concrete) 

R 

Reinforced concrete, advantages of, 35 
in tension, 40 

Reinforcement, anchoring of, 92 
co(‘fficicnt of expansion, 35 
column, 126, 127 
moment of inertia of, 477, 478 
deformed bars, 37 
deformations of, 39 
length, quantity, and size extras, 33 
tables, 468, 469 
embedment for bond, 39 
expanded metal, 34 
in flat-slab floors, 294, 324-326 
grade of steel, 34 
modulus of elasticity, 35 
placing of, in beams, 51 
in slabs, 64 
in ribbed floors, 285 
in single-column footings, 218 
in slab-beam-and-girder floors, 276 
temperature, 40 
ultimate strength of, 35 
web (see Web reinforcement) 


Reinforcement, wire fabric, 34 
Retaining walls, 327 
bearing pressure, 208, 336, 338 
bridge abutments, 397 
cantilever, 327 
design of, 340 
counterfort, 327 
design of, 346 
drainage, 327 

importance of, 330 
provision for, 337 

expansion and contraction joints in, 
338 

external stability of, 334 
overturning, 337 
sliding, 334 
gravity, :i27 
design of, 338 
types of, 327 

Rigid frames (.see Frames) 

Roofs, arch, 350-352 
design of, 377 
shape of axis, 367 
general n'quirements, 258 
loads on, 241 
(See also l^'Joors) 

S 

Safety factor, in conventional design, 
425 

in pH'stressed concrete, 149, 150 
in ultimate design, 425 
Sand, 3 
selection of, 6 
standard Ottawa, 8 
tests of, 6 
Settlement, 207 
differential, 209 
effect of footing size on, 211 
uniform, 209 
design for, 210 
Shearing stresses, 78 
allowable unit, 85, 459 
in haunched members, 349 
in nonprismatic members, 349 
in plain concrete beams, 78 
in reinforced concrete beams, 78 
in wedge-shaped members, 349 
Sides way, 169 

in building frames, 189 
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Sidesway, momenf-distribiition method, 
173^ 181, 185 

&lop<'-defie(*tion method, 169-172 
Single-column footings, 217-224 
bendhig moments, 218 
bond, 219 
cap, 217 

design of square footing, 222, 311 

dowels, 217, 221 

under octagonal columns, 221 

pedestal, 217, 218 

plain concrete, 221 

rectangular, 313 

for rectangular columns, 313 

reinforcement, 218 

under round columns, 221, 311 

shear, 219 

sloped, 217 

Stepp''d, 217 

stress at base of column, 221 
w(‘ight of, 217 
Slabs, 62 

flat (sec Floors) 

higliway bridges, 102, 405, 414 
one-way, d(*sign of, 267 
stairuay, design of, 319 
supported on four sides, 69 
design of, 71, 71 
momc'iit coeflicients for, 73 
supported on three sides, moments in, 
316 

support(Hl on two si(l(‘s, 63 
design of, 65 

temperature r(*infore(*ment in, 64 
under triangular and trai)ezoidal load, 
346 

Slag, 5 

Slop(‘-deflection method, 154 172 
continuous beams, 162, 165 
restraint conditions, 159 
tabl(‘ of, 161 

sign convention, 156, 158 
Slump test, 14 
Soils, 207 

angle, of internal friction, 329 
tabic of, 331 
of repose, 328 
bearing capacity, 207 
table of allowabh‘, 208 
cohesion, 328, 330 
friction with concrete, table, 331 
frost action, 330 


Soils, frost depth, 214 

pressure distribution in, 212 
unit weight, table, 331 
Span, effective, 201 
Stairways, beams around, 265, 320 
building-code n^quiremimts, 265 
construction details, 266 
layout, 264 
Standard hook, 92 
Steel, modulus of elasticity, 429 

stress-strain diagram, of prestressing, 
416 

of reinforcing, 124, 128 
(See aho Ihdnforcemi'nt) 

Stirrups, inclined, size of, 89 
spacing of, 88 
vertical, size of, 89 
spacing of, 88, 89 

Stress-strain diagram, of concrete, 26, 
124, 426, 428 
of presti''ssing steel, 446 
of nunforeing st(‘(4, 124, 428 
St ress(*s, allowable (see Allowable' stresses) 
bending (see Bending and axial stress) 
bond, 36, 39, 459 
flexural, in columns (see (!5olumns) 
in homogeiK'ous beams, 11 
settlement, relief by plasticity, 209 
shearing (ste Shearing stresses) 
in single-column footings, 218 
at base of column, 221 
Subs!ruetuH’s, 207 
Support conditions, 203 
Surfac(‘ area, 3, 8 

T 

T beams, 93 
design of, 99, 100 
in bridges, 406 
in buildings, 270, 273 
over supports, 116 
diagrams for revie'w, 98, 482 
flexure, 93-105 
formulas for, 95 
proportions of, 98 
shearing strength of, 97 
types of, 98 

Tables, bars, area, perimeters, and 
weights, 468, 469 

columns, allowable concentric loads, 
131, 472, 473 
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Tables, columns, areas, weights, and 
moment of inertia, 131, 472-474 
pitch and size of spirals, 131, 475 
rectangular beam, design, 56, 470 
review, 56, 471 
Talbot, A. N., 424 
Three moments, theorem of, 152 
Transformed section, members subject 
to bending and direct stress, 135 
rectangular beams, 58 
design, 61 
review, 60 
Truck loads, 389 
distribution of, 393, 396 
Two-hinged arches, 351 
critical load positions, 371 
design of roof arch, 377 
anchor plate, 385 
final, 381 
hinges, 386 
preliminary, 379 

moments and reactions (table), 369 
preliminary design, 367 
theory of, 354 
integral evaluation, 366 
rib shortening, 356, 358, 375 
shrinkage, 357 

temperature changes, 357, 375, 381 
tie rods, 352, 358, 381 
tied, 352 

U 

Ultimate design, 424-441 
columns, 123-126 
eccentrically loaded, 437 
uiference between elastic dt'sign and, 
432, 433 

Jensen-PCA method, 428 
plasticity ratio, 429 
practical significance of, 438 
compression steel, 438 
high-strength concrete, 439 
high-strength steel, 440, 441 
safety factor in, 425 


Ultimate design, stress and strain 
tribution, 427, 430, 432, 434 
Whitney method, for beams, 434 
design chart, 437 
for eccentrically loaded columns, 
Unit stresses {see Allowable stresses) 

V 

Vibrators, 20 

W 

Wall footings, 213, 215 
design of, 215 
Walls, basement, 262 
bearing, 261 

building code requirements, 260-261 

covering, 263 

loads on, 260 

panel and curtain, 259 

parapet, 262 

partitions, 263 

retaining (see Retaining walls) 
Water absorbed by aggregates, 15, 18 
Water-cement ratio, 13 
Web reinforcement, 83 
anchorage of, 92 
bent bars, 89 
arrangement of, 89 
design of, 87 
stirrups, inclined, 88, 89 
vertical, 88, 89 
types of, 83 
where not required, 85 
Whitney, C. S., 124, 434, 357 
Wind-load analysis, 197, 198 
Workability of mixtures, 13-15 
Working stresses (see Allowable stress 

Y 

Yield, of concrete mixtures, 17 
of mortar mixtures, 13 
Young’s modulus, 26, 429 




